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Abstract Analyzed the effects of thermal radiation, chemical reaction, heat gener-
ation/absorption, magnetic and electric fields on unsteady flow and heat transfer of
nanofluid. The transport equations used passively controlled. A similarity solution is
employed to transformed the governing equations from partial differential equations to
a set of ordinary differential equations, and then solve using Keller box method. It was
found that the temperature is a decreasing function with the thermal stratification due to
the fact the density of the fluid in the lower vicinity is much higher compared to the upper
region, whereas the thermal radiation, viscous dissipation and heat generation enhanced
the nanofluid temperature and thermal layer thickness.
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1 Introduction

Magnetic nanofluid analyzes the flow of electrically conducting fluids, for example, salt water,
liquid metals, and plasmas. The magnetic field causes current dynamics in a liquid and gener-
ates forces on the liquid. Nanofluids are prepared by dispersing ultra-fine solid nanoparticles
in conventional fluids such as water, oil, ethylene glycol [1]. This tiny size and low volume
fraction of ultrafine solid particles required for thermal conductivity enhancement. The ther-
mal conductivity of these fluids plays a key role in the heat transfer coefficient, so different
techniques have been adopted to enhance the thermal conductivity of these fluids. Magnetic
field plays an essential role due to applications in medicine, physics, and engineering. Numer-
ous equipment’s like magnetohydrodynamics (MHD) generators, pumps, bearing and boundary
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layer control is significantly exaggerated by the interaction between the electrically conducting
fluid and a magnetic field [2-4]. The behavior of the movement greatly lies in the orientation
and intensity of the applied magnetic field. The applied magnetic field manipulates the dilute
suspended nanoparticles and rearranges their concentration in the liquid which greatly changes
heat transfer features of the flow behavior. Buongiorno [5] has conducted a study attributed to
the factors due to the abnormal increase in the thermal conductivity relative to conventional
fluids and viscosity. His developed model for convective transport in nanofluids incorporated
Brownian diffusion and thermophoresis effects. The effects of a magnetic field in the presence
of Brownian diffusion and thermophoresis can be checked in [6-11] and other applications in
many aspects as presented in [12-17].

Thermal radiation impacts have a key role in the areas of science and engineering as result of
industrial processes. These are employed at an extreme temperature under various conditions
and in a case of smaller convective heat transfer coefficients. Some of the equipment specially
used in the design with radiative heat include the model of pertinent, hypersonic flights, nuclear
reactors, nuclear power plants, space vehicles, gas turbines. Considering thermal radiation ef-
fects on MHD flow model are relevant in the Astrophysical ground, electrical power generation,
re-entry space vehicles, solar power technology etc. Stratification is an essential aspect of heat
and mass transfer and it has been studied by different investigators [10, 18-21]. It deals with
formation or deposition of layers which occur as result of variation in temperature, concentra-
tions or presence of immiscible fluids. The applications involve heat rejection into the system
(like rivers, lakes, and seas), thermal energy storage vicinity (solar ponds) and heat transfer
generated from thermal sources (the condensers of power plants) [22-27].

Most of the research on unsteady MHD natural convection flow of nanofluid due to stretching
sheet and heat transfer with effects of Brownian motion and thermophoresis do not incorporate
the combined impact of thermal radiation, thermal stratification, electrical field, chemical reac-
tion and viscous dissipation with the aids of revised nanofluid model Kuznetsov and Nield [28]
has not being considered by any researcher. Due to motivation on the need to crisp the un-
derstanding of the combined effects of thermodynamic analysis, this analysis is carried out in
order to enhance the system performance, with the aforementioned used as a source of unsteady
electrical MHD natural convection flow of nanofluid and heat transfer due to a linear permeable
stretching sheet with water based nanofluid is used which is a novel. Implicit finite difference
scheme presented in Cebeci and Bradshaw [29] is employed to solve the problem. The influence
of electric and magnetic fields, thermal radiation, thermal stratification, viscous dissipation and
chemical reaction are investigated and shown in details. The influence of physical involves pa-
rameters on nanofluid for velocity, temperature, and particle concentration has been discussed
extensively and presented graphically. Tables for the skin friction, and local Nusselt number
are also presented and analyzed. The results obtained are presented and compared with the
previous results published in the literature and found to be in good agreement.

2 Mathematical Formulation

We consider a two-dimensional unsteady natural convection flow and heat transfer of MHD
nanofluid past a permeable stretching sheet in the presence of electric field, thermal radia-
tion, viscous dissipation, heat generation/absorption, and chemical reaction. The Cartesian
coordinate system such that x is chosen along the stretching sheet and y-axis denotes the nor-
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mal to the stretching sheet, u and v are the velocity components of the fluid in the x and
y-direction see Figure 1. The flow is due to stretching of the sheet from a slot through two
equal and opposite force and thermally radiative. The velocity of the stretching sheet is de-
noted as w, (z,t) = bx/(1 — at) where b is the stretching rate and a represent the constant
having dimension (time)™ such as (at < 1,a > 0). In place of time ¢ > 0, it is assumed that
the flow is in steady state, whereas the unsteady fluid flow setting out at ¢ = 0 [23, 30]. The
boundary layer equations of the fluid flow consist of the continuity equation, the momentum
equation, energy equation and concentration equation. The flow equation is formulated based
on Maxwell’s equation, Ohm’s law in the presence of electrical MHD. The magnetic and electric
fields obey the Ohm’s law define J = ¢ (£ + V x B) where J is the Joule current, o is the elec-
trical conductivity and V represent the fluid velocity. Magnetic and electric fields of strength
B = Bg/\/l —at and F = EO/\/l — at are applied normal to the flow field (Bjy is the uniform
magnetic field intensity and Fj is the electric field factor), such that the magnetic Reynolds
number is selected small. The induced magnetic field is smaller to the applied magnetic field.
Hence the induced magnetic field is absence for small magnetic Reynolds number. Assuming
the nanofluid flow to be unsteady two-dimensional boundary layer flow, incorporating Brown-
ian movement for nanofluid and thermophoresis (mass diffusion), the viscous dissipation and
heat generation/absorption in the thermal equation and chemical reaction in the concentration
equation. The investigation of the nanofluid involved with nanoparticles and liquid. The fluid
properties are indicated with subscript (pc); and that of particles properties (pc),. Under these
assumptions and employing Oberbeck-Boussinesq approximation [7, 31], the unsteady MHD
natural convection model governing the flow, heat and mass transfer are given:

Boundary Layer

Nanofluid

Stretching permeable Sheet

_ X, U
Slit i I I i
Wall transpiration (suction/injection) Force
B E B

Magnetic field Electric field Magnetic field

Figure 1: Physical Model and the Co-ordinate System of the Problem

Continuity equation
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Yahaya Shagaiya Daniel et al. / MATEMATIKA 34:2 (2018) 393417 396
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Concentration equation
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The boundary conditions at the sheet for the physical model are presented by

Oy  Tw Oy
y—oo: u—0, T—)TOO:TO+A2£E(1—at)_1, © = Yoo, (6)

y=0:u=1uy(x,t), v=0y, T="Ty(xt)=To+Ax(l—at)", Dpg=— =0,

Here vy, (t) = —vo/+/1 — at is the wall mass transfer, when v, (f) < 0 denote the injection
while v, () > 0 indicates the suction. w and v represent the velocity components along
thexr and y—axis, A; and A, are the dimensional constants with dimension L™! respectively,
psa = k/(pc)s, p, p, py, and p, are for the fluid pressure, thermal diffusivity (ratio of thermal
conductivity to the heat capacity of the fluid), the kinematic viscosity, the density, the fluid
density and particles density respectively. We also have D, Dr, 7 = (pc) (pc) ; which represents
the Brownian diffusion coefficient, the thermophoresis diffusion coefficient, the ratio between
the effective heat transfer capacity of the ultrafine nanoparticle material and the heat capacity
of the fluid and k1 = ko/(1 —at),Q = Qo/(1 — at) are the rate of chemical reaction and heat
generation, absorption (@) is the heat generation or absorption coefficient and kg is the chem-
ical reaction coefficient) respectively. The radiative heat flux ¢, via Rosseland approximation
(30, 32] is applied to equation (4), such that

1o o1
3k* Oy

(7)

qr = —
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Where o* represent the Stefan-Boltzmann constant and k* denote the mean absorption coeffi-
cient. Expanding 7% by using Taylor’s series about T, and neglecting higher order terms, we
have,

T~ 4T3 T — 3T (8)

Using equation (8) into equation (7), we get

dq, _ 16T30* °T ()
dy 3k* Oy?

Use equation (9) in equation (4), we obtain

2 a_T+ 82T a2T
at " or 022+
agpaT D OT +& or 2+ oT\*
&r&r dy Oy Ty ox dy
i

Ou Q 1 (16T%0" 9°T
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equation which is normal to the stretching sheet and boundary layer approximation Ibrahim
and Shankar [33], such as

u>>
ou Oou Ov Ov Ov
- ittt 11
oy " 9z Ot 0z oy (11)
dp

After the analysis, the boundary layer equations (1) — (5) are reduced to the following as:
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The boundary conditions at the sheet for the physical model are presented by
dy T 8y
y—o0o: u—0, T—oTe=To+Ax(l—at)™", ¢ — ¢u. (16)

y=0:u=1uy(x,t), v=0vy, T=T,(xt) =To+ Ax(l—at)™", Dg== =0,

The equations are reduced into the dimensionless form by introducing the following dimension-
less quantities defined as:

bv b T —-Tk — Poo
_ — - = ) 17
(0 Tt mn=y a—a! T, oI O = . (17)
The stream function 1 can be given as:
oY oY
— S 18

Using equations (17) — (18) into equations (12) — (15). The equations of momentum, energy
and nanoparticle concentration in dimensionless form become:

PSP = =0 (D) 4 M (B = ) 4 Aaf+ Ao =0 (19)
L Rd 0"+ f0 — f’@—é(s +ﬁ9’+9) + Nboo'
Pr D)
+Nt0? + Ec(f")’ + 0 — s, f' =0 (20)
17 Nt 1" r Q o o
) —I-Nbe + Scfo 5052¢ Seyg = 0. (21)

The boundary conditions are given by

f=s f'=1, 0=1-s5, Nb +Ntd =0, at n=0,

/ (22)
ff=0, =0, ¢=0, as n — o0,

Here f’,6 and ¢ are the dimensionless velocity, temperature, and concentration, respectively,
d = a/b represent the unsteadiness parameter, Ay = Gr/Re? is the thermal convective pa-
rameter, Re = wu,l/v is the Reynolds number , \y; = Gm/Re? denotes the mass convective
parameter, Gr = g3 (1 — vuo) (T — Two) I3 /v? is the Grashof number, X = z/[ is the dimen-
sionless constant, Gm = g8, (pp — pf) Pool®/V?py is the mass Grashof number, Pr = v/« stand
for Prandt]l number, Nb = (pc), Dppeo/(pc) ;v is the Brownian motion parameter, Sc =v/Dp
is the Schmidt number, Nt = (pc), Dr (T — Tw)/(pc) ;vTw is the thermophoresis parameter,
M = aBg/bpf is the magnetic field parameter, F; = FEy/u, By is the electric field parame-
ter, Ec = u2 /c, (T\, — Ti) is the Eckert number, s = vy/v/vb is the suction (s > 0) injection
(s < 0) parameter and Rd = 40*T2 /k*k is the radiation parameter, s; = Ay/A; denote the
thermal stratification parameter, ¢ = Qo/b (pc); is the heat generation/absorption as (¢ > 0)
denotes heat generation and (¢ < 0) denotes heat absorption, and v = ko/b is the chemical
reaction, for (v > 0) associates to destructive chemical reaction while (7 < 0) corresponds to
generative chemical reaction respectively. Where prime represents differentiation with respect
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to . In our present study, the selection of non-dimensional embedded parameters of nanofluids
is considered to vary in view of the works of [6, 33-35].
The skin friction coefficient and the local Nusselt number are as follows:

Tuw Ty
- T Ny=_TI 23
= T R -Ta) (2]
where
ou - 160*T2\ OT (24)
Tw = Y ’ w = = 9, :
K Y/ 4o ¢ 3k* Y ) =0

Here 7, is the shear stress in the stretching surface, ¢, is the surface heat flux and k is the
thermal conductivity of the nanofluid. For the local skin-friction coefficient and local Nusselt
number are presented in non-dimensional form as

Re'c; = f"(0), Nu/Re'? = — (1 - %Rd) 0’ (0). (25)

3 Result and Discussion

The set of highly nonlinear ordinary differential equations (19) — (21) with boundary conditions
(22) are solved with the aids of Keller box method for several values of embedded parameters in
the equations such as magnetic field M, electric field F1, suction/injection parameter s, thermal
convective parameter Ar, mass convective parameter Ay, thermal radiation Rd, Eckert number
Ec, unsteadiness parameter J, Brownian motion parameter Nb, thermophoresis parameter N,
Schmidt number Se¢, heat generation/absorption €, and chemical reaction parameter «y. For the
validation of present numerical scheme, the results are presented and examined with Ibrahim
and Shankar [33] in some limiting case when E; = 6 = Ap = Ayy = 0. The numerical values are
in good agreement as displayed in Table 1 presents the effects of evolving parameters on the
skin friction coefficient. Numerical values of the local Nusselt number for different involving
parameters are presented in Table 2. It is noted that the local Nusselt number decreases for
higher values of M, Rd, Ec,e > 0,7 > 0, and \;, conversely, it increases for higher values of
Sc, Nb, Nt,0,s;,7v<0,s,F1,e <0, and Ap.

The velocity, temperature, and nanoparticles concentration profiles see Figs 2-19 for various
values of parameters such as the electric field Fy, suction/injection parameter s, unsteadiness
0, magnetic field M, thermal radiation Rd, Eckert numberFc, thermophoresis Nt, Brownian
motion Nb, Schmidt number Se¢, chemical reaction v, thermal convective parameter Ay, mass
convective parameter Ay, heat generation/absorption €, and thermal stratification parameters;.
The effect of magnetic field parameter M results in a decrease in fluid velocity profile f' (n).
Magnetic field depicts the ratio of hydromagnetic body force to viscous force, an increase in
magnetic field parameter leads to a stronger hydromagnetic body force which has a tendency
to reduce fluid movement. Hence application of an applied magnetic field is a resourceful mech-
anism for controlling the nanoparticle fluid movement. Figure 3 is sketched to highlight the
effect of electric field parameter E; on the non-dimensional nanofluid velocity profile. It is worth
perceiving that velocity of the nanofluid enhances significantly with an increase in electric field
parameter E;. The reason is that increasing electric field E', resistance between fluid particles
increases so that Lorentz force tends to accelerate the body forces and hence leads to increase
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Table 1: Comparison of Skin Friction Coefficient —f” (0) When Ay = Ay = 0 for Various
Values of M, s, F/y, and

M s E, J Ibrahim and Shankar [33] Present results
0 0.5 0 0 1.2808 1.280777
0.5 1.5000 1.500000
1.0 1.6861 1.686141
1.5 1.8508 1.850781
2.0 2.0000 2.000000
1.0 0 1.4142 1.414214
0.2 1.5177 1.517745
0.7 1.8069 1.806880
1.0 2.0000 2.000000
0.2 0.1 - 1.335083
0.3 - 1.003660
0.5 - 0.698797
0.1 0.2 - 1.400699
0.7 - 1.547543
1.5 - 1.774626

in the flow of the nanofluid velocity and hence thicker momentum boundary layer. Fig. 4 es-
tablishes the impact of suction/injection parameter s on the non-dimensional nanofluid velocity
profile f'(n). In this Fig. it is experiential that the momentum boundary layer thickness re-
ductions with intensification in suction parameter (s > 0). As a result of the mass suction, the
fluid is approaching to the surface and hence it prevents the vorticity diffusion. The momentum
boundary layer thickness becomes thinner and the velocity is reduced. Reversed effects occurred
in the case of injection parameter (s < 0). The influence of unsteadiness parameter § on the
non-dimensional nanofluid velocity is revealed in Fig. 5. Increasing values of the unsteadiness
parameter designate smaller stretching rate which eventually decreases the nanofluid velocity
and momentum boundary layer thickness. Fig. 6 uncovered the influence of thermal convective
parameter Ay on the non-dimensional nanofluid velocity profile f’ (). The thermal convective
parameter for the flow field demonstrates the relative impact of the thermal buoyancy force
to the viscous momentum force in the boundary layer. It is detected that there is an increase
in the nanofluid velocity due to the enhancement of thermal buoyancy force. Figure 7 shows
the effects of mass convective parameter \j; on the non-dimensional nanofluid velocity profile
f(n). The convective parameter for mass transfer embodies the buoyancy force to the viscous
momentum force. As typical, the nanofluid velocity diminutions distinctively as results of an
enhancement in the viscous momentum force. The nanofluid velocity distribution reaches a
distinctive smallest value in the locality of the stretching sheet. It is noticed that the velocity
magnifies with decreasing values of convective parameter for mass transfer.

Fig. 8 depicts the behavior of thermal radiation parameter Rd on the non-dimensional tem-
perature profile 6 (). The increment in thermal radiation parameter results in an enhancement
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Table 2: Numerical Values for Local Nusselt Number when Pr = 6.2 for Different Values of
M, Rd, Ec,Sc, Nb, Nt, Ey,7,S8,0, A\r, A\, Si, and €

M |Rd| Ec| Sc | Nb|Nt|E | v | s |0 | A |du]| s | ¢ | —(1+3Rd)6(0)

01(02(01})15}02|01;01})0101|01(02]|011]01] 0.1 2.824002
0.5 2.784553
1.0 2.738007
0.1 |04 2.523965
0.6 2.296389
1.0 1.969363
0.2 0.2 2.704594
0.4 2.467419
0.8 1.999549
0.1 ] 1.7 2.829751
5.0 2.903472
10 2.975645
1.5 ] 0.1 2.811417
0.3 2.828431
0.4 2.830671
0.2 1] 0.2 2.863585
0.3 2.905399
0.4 2.953178
0.1 ] 0.2 2.831726
0.5 2.858938
1.0 2.901846
0.1 | -0.1 2.827327
-1.0 2.660728
1.0 2.829533
0.1 | 0.2 3.141008
0.3 3.476122
0.4 3.827053
0.1 1] 0.2 2.949185
0.3 3.036321
0.5 3.130515
0.1 1] 0.5 2.902639
1.0 3.009461
1.5 3.086433
05| 0.2 2.889889
0.3 2.876898
0.4 2.863809
0.1 0.2 2.887425
0.5 2.784005
0.7 2.610419
0.1 | -0.5 3.253990
-0.2 3.064355
0.2 2.830488
0.5 2.679725
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Figure 2: Velocity Profile for Varying M
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of temperature profile. Increasing the thermal radiation parameter implies that the absorption
coefficient reduces. Thus temperature field increases. In Fig. 9 is the influence of Eckert
number Ec¢ on the non-dimensional temperature profile 6 (n). It is perceiving that temperature
is an increasing function of the Eckert number. The Eckert number stands for the ratio of
the kinetic energy to enthalpy. For an increase in Eckert number, kinetic energy rises which
leads to enhancement in the nanofluid temperature and thermal layer thickness. As the effect
of thermal stratification s; on the non-dimensional temperature is displayed in Fig. 10. It is
witnessed that the temperature is reduced with an increase in thermal stratification parameter.
The prescribed surface temperature condition can be attained when s, = 0. Moreso, higher
values of s; pointers lower nanofluid temperature and thinner thermal layer thickness. Fig.
11 illustrate the variation of heat generation/absorption £ on non-dimensional temperature
profilef (n). Here € > 0 corresponds to heat generation and £ < 0 leads to heat absorption.
Noted that temperature profile and thickness of thermal layer are advanced for the heat gener-
ation in contrast to the heat absorption. The temperature and thickness of thermal layer rise
when heat generation parameter increases while a reverse effect is witnessed for heat absorption
case. Clearly, heat generation process more heat is produced which leads to the development
of temperature field. In Fig. 12 disclosed the effect of thermal convective parameter Ay on
the non-dimensional nanofluid temperature profile 6 (). The thermal convective parameter for
heat transfer proves the relative impact of the thermal buoyancy force to the viscous momentum
force in the boundary layer. It is spotted that there is a decay in the nanofluid temperature
as result of an improvement in the viscous momentum force. Figs. 13 and 14 displayed the
effects of nanoparticles parameters on the temperature profiles. Temperature field enhances
and thermal boundary layer becomes thicker as thermophoretic and Brownian motion effect
rises. The behavior of thermophoretic force ensure that the nanoparticles close the hot surface
circulate at random towards the quiescent fluid at the ambient, which finally increases the ther-
mal energy. It is interesting to note that the temperature and thermal boundary layer thickness
are increasing function of Brownian motion and thermophoresis parameters. Thus one expects
thermal boundary layer to become thicker in the presence of thermophoretic effect.

In Fig. 15 depicts the variation of Brownian motion parameter Nb on the non-dimensional
nanoparticle concentration profile ¢ (). In this Fig. higher values of Brownian motion pa-
rameter relate to the thinner thickness of the nanoparticles concentration layer becomes and
lower nanoparticles concentration field. As detected in the nanofluid motion, as results of the
presence of nanoparticles, the Brownian motion occurred and with an upsurge in the Brownian
motion parameter, the Brownian motion is exaggerated and therefore the nanoparticles con-
centration layer thickness drops. Variation of thermophoresis parameter Nt on nanoparticles
concentration profile ¢ () is sketched in Fig. 16. Both nanoparticles concentration profile and
corresponds thickness are boosted for cumulative values of thermophoresis parameter. Fig. 17
displays that an increase in Schmidt number Sc¢ amounted to a diminution in nanoparticles
concentration profile ¢ (7). Schmidt number has an opposite bond with the Brownian diffusion
coefficient. Higher values of Schmidt number associates to a fragile Brownian diffusion coeffi-
cient, and consequently drop in nanoparticles concentration profile. Fig. 18 shows the effects of
mass convective parameter \y; on the nanoparticle concentration profile¢ (n). The nanoparticle
concentration decreases as results of an augmentation in the buoyancy force. The nanoparticle
profile reaches a distinctive highest values closely to the stretching sheet. It is noticed that
the nanoparticle concentration reduces with increasing values of convective parameter for mass
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transfer. Fig. 19 portrays the effect of chemical reaction parameter on the concentration profile
¢ (n). It is evident that the fluid concentration losses with an intensification in the destructive
chemical reaction parameter (y > 0). Larger values of chemical reaction parameter associated
with a higher rate of destructive chemical reaction which tends to destroy (dissipates) the fluid
type strongly. Consequently, concentration profile drops.

The effects of ratio magnetic field and suction versus thermal convective parameter, electric
field alongside with heat generation and absorption versus mass convective parameter on skin-
friction coefficient are graphically demonstrated through Figures 20 and 21. It is understood
from these illustrations that the skin friction and hence the corresponding wall shear stress gets
enhanced their values with increase in magnetic field and suction parameters as well as heat
absorption, conversely for the case with electric field, heat generation, thermal and mass con-
vective parameters. In Figures 22 and 23, the reduced Nusselt number versus the nanoparticles
parameters are plotted with the variations of thermal radiation and thermal stratification, as
well as Eckert number, generative and destructive chemical reaction. For greater the radiative
heat transfer, and thermal stratification, the lower the heat transfer rate at the surface turns
out to reacts. For the case of viscous dissipation and thermophoretic parameters, as well as
generative and destructive chemical reactions behaves in opposite manner. The Nusselt number
is independent of the thermophoresis Brownian motion parameter which is being controlled at
the wall with nanoparticle concentration and field. As a result the heat transfer rate is de-
creasing function of thermal radiation and viscous dissipation, it increases destructive chemical
reaction when is increased.
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Figure 23: Nusselt Number for Varying Ec

4 Final Remarks

In this work, the thermal stratification and heat generation/absorption analysis has been con-
ducted to investigate the electrical unsteady magnetohydrodynamic (MHD) natural convection
flow and heat transfer in the presence of thermal radiation, viscous dissipation and chemical
reaction of nanofluid over a permeable stretching sheet. The effects of pertinent parameters
on two-dimensional flow characteristics and heat transfer are discussed numerically. The main
conclusion of the study are presented as:

(1) Velocity profile augmentation for higher for larger values of the electric field but decreases
with a magnetic field. Rise in thermal convective parameter leads to lower temperature
and high nanofluid velocity flow.

(2) Effects of heat generation/absorption and suction/injection in terms of magnetic and elec-
tric fields are qualitatively opposite for temperature and velocity. Larger values of thermal
stratification cause a diminution in temperature profile, and prescribed surface temperature
condition is attained when s; = 0

(3) Nanoparticles concentration profile is developed for larger values of thermophoresis param-
eter while the opposite behavior is noticed for Brownian motion parameter.

(4) The skin friction coefficient upsurges with magnetic field M, suction s, and unsteadiness o
parameters, whereas it reductions with electric field E; parameter.
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