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Department of Mathematical, Karadeniz Technical University
61080 Trabzon, Turkey

∗Corresponding author: nazliyazici@ktu.edu.tr

Article history

Received: 10 May 2018
Received in revised form: 25 March 2019
Accepted: 1 May 2019
Published online: 1 August 2019

Abstract In this study, the notion of a conformable partial differentiation of order α

on time scales is introduced. Some properties of this new concept are given and relation

between the conformable partial differentiation on time scales and the classical partial

delta differentiation is revealed.

Keywords Calculus on time scales; fractional calculus; conformable partial derivation.

Mathematics Subject Classification 26A33, 26B12, 26E70.

1 Introduction

Recently, fractional calculus is one of the most attracted field of mathematics. The purpose
of the field is to generalize the ordinary differentiation and integration to non integer order.
In accordance with this purpose, several definitions of a differentiation of fractional order is
given by various mathematicians, including Riemann-Liouville and Caputo. The theory has
advanced many disciplines including signal processing, diffusion problems and wave problems.
Studies about fractional calculus could be found in [1–7].

In 2014, a new definition of the fractional derivative called conformable fractional derivative
was given by the authors Khalil et al.. [8]. Their definition was developed in [9, 10]. In 2016,
a natural extension of the conformable fractional derivative to time scales theory was given
by the authors Benkhettou et al. [11]. Also, this study extended the time scale calculus to
fractional time scale calculus. The authors showed that the fractional calculus on the time
scale T = [0,∞) corresponds the conformable fractional calculus in [8]. Recently, studies related
fractional calculus on time scales is also found in [12–15]. All these developments motivate us
to investigate the fractional partial differentiability on time scales.

In this paper, we introduce the notion of a conformable partial differentiation of order α on
time scales, give some properties of the concept, and reveal the relation between the conformable
partial differentiation on time scales and the classical partial delta differentiation.
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2 Preliminaries

We would like to recall some necessary concepts from the calculus on time scales [16]. A time
scale T is an arbitrary nonempty closed subset of the real numbers R. For t in T, the forward
jump operator is the function σ : T → T defined by σ(t) = inf{s ∈ T | s > t} and the backward
jump operator is the function ρ : T → T defined by ρ(t) = sup{s ∈ T | s < t}. For t ∈ T, if
σ(t) > t, then t is called right-scattered; if ρ(t) < t, then t is called left-scattered. Further, if
t < sup T and σ(t) = t, then t is called right-dense; if t > inf T and ρ(t) = t, then t is called
left-dense. The graininess function µ : T → [0,∞) is defined by µ(t) = σ(t) − t for all t ∈ T.
For the function f : T → R, the forward shift fσ : T → R is defined by fσ(t) = f(σ(t)) for all
t ∈ T. The set T

κ is defined by

T
κ =

{

T\(ρ(sup T), sup T], sup T < ∞

T, otherwise.

The differentiability of a function of one variable is given by the following definition.

Definition 1 [16] Assume that f : T → R is a function and let t ∈ T. We define f∆(t) to be
the number, provided it exists, with the property that for any ε > 0, there exists a neighbourhood
U of t, U = (t − δ, t + δ) ∩ T for some δ > 0, such that

| fσ(t)− f(s) − f∆(t)(σ(t)− s) |≤ ε | σ(t)− s | (1)

for all s ∈ U . f∆(t) is called the delta or Hilger derivative of f at t.

It is easily seen that for T = R, the delta derivative corresponds to the classical derivative.
The authors Benkhettou et al. extended this definition to the fractional order.

Definition 2 [11] Let f : T → R, t ∈ T
κ, and α ∈ (0, 1]. For t > 0, we define Tαf(t) to be the

number, provided it exists, with the property that given any ε > 0, there is a δ-neighbourhood
νt ⊂ T of t, δ > 0, such that

| (fσ(t) − f(s))t1−α − Tαf(t)(σ(t)− s) |≤ ε | σ(t)− s | (2)

for all s ∈ νt. Tαf(t) is called the conformable fractional derivative of f of order α at t, and
the conformable fractional derivative at 0 is defined as Tαf(0) = limt→0+ Tαf(t).

One can see that for α = 1, Definition 2 corresponds to the delta derivative of time scales,
i.e. Definition 1. Also, if T = R, than Definition 2 corresponds to the conformable fractional
derivative introduced in [8].

3 Fractional Differentiation on Time Scales for the Functions of Sev-

eral Variables

For the theory of the functions of several variables on time scales, firstly, we would like to give
some necessary definitions and properties. For each i = 1, 2, ..., n, let Ti be a time scale, then
the set

T
n = T1 × · · · × Tn = {t = (t1, ..., tn) | ti ∈ Ti, i = 1, 2, ..., n}
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is called an n-dimensional time scale. If we equip Tn with the metric

d(t, s) =

(

n
∑

i=1

| ti − si |
2

)1/2

for t, s ∈ Tn, then for the metric space (Tn, d), we have all fundamental properties on Tn,
including open sets, neighbourhoods, limits, continuity, and so on. For each i = 1, 2, ..., n, let
σi be the forward jump operator in Ti, then the forward jump operator σ : Tn → R

n in Tn is
defined by

σ(t) = (σ1(t1), ..., σn(tn))

for all t ∈ Tn. In the same way we can define the backward jump operator ρ : Tn → R
n in Tn

as
ρ(t) = (ρ1(t1), ..., ρn(tn))

for all t ∈ Tn. For x = (x1, x2, ..., xn) ∈ R
n and y = (y1, y2, ..., yn) ∈ R

n, x ≥ y iff xi ≥ yi for all
i = 1, 2, ..., n. In the same way, we can write x > y,x < y, and x ≤ y.

Definition 3 [16] Let t ∈ Tn, t = (t1, t2, ..., tn).

i. If σ(t) > t, then t is called strictly right-scattered.

ii. If σ(t) ≥ t and there are j, l ∈ {1, 2, ..., n} such that σj(tj) > tj and σl(tl) > tl, then t is
called right-scattered.

iii. If t < sup Tn and σ(t) = t, then t is called right-dense.

iv. If ρ(t) < t, then t is called strictly left-scattered.

v. If ρ(t) ≤ t and there are j, l ∈ {1, 2, ..., n} such that ρj(tj) > tj and ρl(tl) > tl, then t is
called left-scattered.

vi. If t > inf Tn and ρ(t) = t, then t is called left-dense.

The graininess function µ : Tn → [0,∞)n is defined by

µ(t) = (µ1(t1), ..., µn(tn))

for all t ∈ Tn. For a function f : Tn → R, following equalities are given:

fσ(t) = f(σ1(t1), ..., σn(tn)),

fσi

i (t) = f(t1, ..., ti−1, σi(ti), ti+1, ..., tn)

for all t ∈ Tn. Also, the set Tκn is defined by

T
κn = T

κ
1 × · · · × T

κ
n,

and the set Tκin is defined by

T
κin = T1 × · · · × Ti−1 × T

κ
i × Ti+1 × · · · × Tn

for each i = 1, 2, ..., n. Now, we are ready to introduce the notion of the conformable fractional
partial differentiability.
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Definition 4 Let f : T
n → R, t ∈ T

κin
i , and α ∈ (0, 1]. For ti > 0, we define

∂αf

∆it
α
i

(t) to be the

number, provided it exists, with the property that for any ε > 0, there exists a neighbourhood
U = (ti − δ, ti + δ) ∩ Ti, for some δ > 0, such that

| (f(t1, ...ti−1, σi(ti), ti+1, ..., tn) − f(t1, ..., ti−1, si, ti+1, ..., tn))t
1−α
i

−
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ ε | σi(ti) − si |
(3)

for all si ∈ U . We call
∂αf

∆it
α
i

(t) the conformable partial derivative of f of order α with respect

to ti at t. We say that f is conformable partial differentiable of order α with respect to ti in

T
κin
i if

∂αf

∆it
α
i

(t) exists for all t ∈ T
κin
i .

Remark 1 If α = 1, then we obtain by Definition 4 the partial delta derivative or partial Hilger
derivative of f with respect to ti at t.

Remark 2 For t ∈ Tn and si ∈ Ti, if we write

tsi
= (t1, ..., ti−1, si, ti+1, ..., tn),

fσi

i (t) = f(t1, ..., ti−1, σi(ti), ti+1, ..., tn), i = 1, 2, ..., n,

then we can rewrite (3) as

| (fσi

i (t)− f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ ε | σi(ti) − si | . (4)

Example 1 Let the function f : T3 → R be defined by f(t) = t21 + 4t2t3. For t1 > 0, we will

show that
∂1/2f

∆1t
1/2
1

(t) = t
1/2
1 σ1(t1) + t

3/2
1 .

For any ε > 0, there exists a number δ, 0 < δ ≤
ε

t
1/2
1

such that for any s1 ∈ (t1−δ, t1+δ)∩T1.

Since t1 − δ < s1 < t1 + δ, it is obtained that −δ < t1 − s1 < δ giving | t1 − s1 |< δ ≤
ε

t
1/2
1

.

Hence,

| (fσi

i (t) − f(tsi
))t

1/2
i −

∂1/2f

∆it
1/2
i

(t)(σi(ti) − si) |

=| (f(σ1(t1), t2, t3) − f(s1, t2, t3))t
1/2
1 − (t

1/2
1 σ1(t1) + t

3/2
1 )(σ1(t1) − s1) |

=| (σ2
1(t1) + 4t2t3 − s2

1 − 4t2t3)t
1/2
1 − t

1/2
1 (σ1(t1) + t1)(σ1(t1) − s1) |

= t
1/2
1 | (σ1(t1) − s1)(σ1(t1) + s1) − (σ1(t1) + t1)(σ1(t1) − s1) |

= t
1/2
1 | (σ1(t1) − s1)[(σ1(t1) + s1) − (σ1(t1) + t1)] |

= t
1/2
1 | t1 − s1 || σ1(t1) − s1 |< δt

1/2
1 | σ1(t1) − s1 |≤ ε | σ1(t1) − s1 | .

Theorem 1 Let f : Tn → R be a function, t ∈ T
κin
i , α ∈ (0, 1], and ti > 0. If f is conformable

partial differentiable of order α with respect to ti at t, then

lim
si→ti

f(tsi
) = f(t). (5)
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Proof Since f is conformable partial differentiable of order α with respect to ti at t, we
have that for any ε > 0, there exist a number δ > 0, δ < min{1, γ}, such that for any
si ∈ (ti − δ, ti + δ) ∩ Ti we have

| (fσi

i (t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ γ | σi(ti) − si |,

and

| (fσi

i (t) − f(t))t1−α
i −

∂αf

∆it
α
i

(t)(σi(ti) − ti) |≤ γ | σi(ti) − ti |

for γ =
εt1−α

i

1 + 2µi(ti)+ |
∂αf

∆it
α
i

(t) |

.

Hence, for every si ∈ (ti − δ, ti + δ) ∩ Ti we get

| f(t) − f(tsi
) | =| (fσi

i (t)− f(tsi
)) −

∂αf

∆it
α
i

(t)(σi(ti) − si)t
α−1
i

− [(fσi

i (t)− f(t)) −
∂αf

∆it
α
i

(t)(σi(ti) − ti)t
α−1
i ] +

∂αf

∆it
α
i

(t)(ti − si)t
α−1
i |

≤| (fσi

i (t) − f(tsi
)) −

∂αf

∆it
α
i

(t)(σi(ti) − si)t
α−1
i |

+ | (fσi

i (t)− f(t)) −
∂αf

∆it
α
i

(t)(σi(ti) − ti)t
α−1
i |

+ |
∂αf

∆it
α
i

(t) || (ti − si) | tα−1
i

≤ γ | σi(ti) − si | tα−1
i + γ | σi(ti) − ti | tα−1

i + |
∂αf

∆it
α
i

(t) || (ti − si) | tα−1
i

≤ γ | σi(ti) − si | tα−1
i + γµi(ti)t

α−1
i + γ |

∂αf

∆it
α
i

(t) | tα−1
i

= γ

(

µi(ti)+ | σi(ti) − si | + |
∂αf

∆it
α
i

(t) |

)

tα−1
i

= γ

(

µi(ti)+ | σi(ti) − ti + ti − si | + |
∂αf

∆it
α
i

(t) |

)

tα−1
i

≤ γ

(

2µi(ti)+ | ti − si | + |
∂αf

∆it
α
i

(t) |

)

tα−1
i

≤ γ

(

1 + 2µi(ti)+ |
∂αf

∆it
α
i

(t) |

)

tα−1
i = ε.

Theorem 2 Let f : Tn → R, t ∈ T
κin
i , α ∈ (0, 1], ti > 0, and

lim
si→ti

f(tsi
) = f(t).

If ti < σi(ti), then f is conformable partial differentiable of order α with respect to ti at t and

∂αf

∆it
α
i

(t) =
fσi

i (t) − f(t)

µi(ti)
t1−α
i .
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Proof As si → ti, by using (3) and limsi→ti f(tsi
) = f(t), we get

∂αf

∆it
α
i

(t) =
fσi

i (t) − f(t)

µi(ti)
t1−α
i .

Example 2 Let h > 0, T1 = hZ
+ and T2 = 3N. Let T2 = hZ

+ × 3N and define f : T2 → R by

f(t) = 3t21 + t1t2, t = (t1, t2) ∈ T
2.

We have σ1(t1) = t1 + h, t1 ∈ hZ and σ2(t2) = 3t2, t2 ∈ 3N. Therefore, t1 < σ1(t1) and
t2 < σ2(t2). By Theorem 2, we have

∂1/2f

∆1t
1/2
1

(t) =
fσ1

1 (t)− f(t)

µ1(t1)
t
1/2
1 = 6t

3/2
1 + t

1/2
1 t2 + 3ht

1/2
1 ,

and

∂1/2f

∆2t
1/2
2

(t) =
fσ2

2 (t) − f(t)

µ2(t2)
t
1/2
2 = t1t

1/2
2 .

Theorem 3 Let t ∈ T
κin
i , ti = σi(ti) > 0, and α ∈ (0, 1]. Then f is conformable partial

differentiable of order α with respect to ti at t if and only if the limit limsi→ti
f(t)−f(tsi

)

ti−si

t1−α
i

exists as a finite number. In this case,

∂αf

∆it
α
i

(t) = lim
si→ti

f(t) − f(tsi
)

ti − si
t1−α
i .

Proof Let f be conformable partial differentiable of order α with respect to ti at t. Then for
any ε > 0, there exists δ > 0 such that for any si ∈ (ti − δ, ti + δ) ∩ Ti, we have (4). Since
σi(ti) = ti, we get

∣

∣

∣

∣

f(t)− f(tsi
)

ti − si
t1−α
i −

∂αf

∆it
α
i

(t)

∣

∣

∣

∣

≤ ε.

Then we have
∂αf

∆it
α
i

(t) = lim
si→ti

f(t) − f(tsi
)

ti − si
t1−α
i .

On the other hand, let
∂αf

∆it
α
i

(t) = lim
si→ti

f(t) − f(tsi
)

ti − si

t1−α
i .

Then for any ε > 0, there exists a number δ > 0 such that for any si ∈ (ti − δ, ti + δ) ∩ Ti we
have

|(f(t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(ti − si)| ≤ ε|ti − si|.

Since σi(ti) = ti,

| (fσi

i (t)− f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ ε | σi(ti) − si | .

Remark 3 If we consider the case Tn = R
n, then Theorem 3 corresponds to the conformable

fractional derivative introduced in [9].
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4 Some Properties of the Conformable Partial Derivative

Theorem 4 Let t ∈ T
κin
i , ti > 0, and α ∈ (0, 1]. Let f : Tn → R be a function that is

conformable partial differentiable of order α with respect to ti. If c ∈ R, then cf is conformable
partial differentiable of order α with respect to ti, and

∂α(cf)

∆it
α
i

(t) = c
∂αf

∆it
α
i

(t).

Proof Assume that c 6= 0. Since f is conformable partial differentiable of order α with respect
to ti, for any ε > 0, there exists δ > 0 such that for any si ∈ (ti − δ, ti + δ) ∩ Ti, we have

| (fσi

i (t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤
ε

|c|
| σi(ti) − si | .

Hence, we have

| ((cf)σi

i (t) − (cf)(tsi
))t1−α

i − c
∂αf

∆it
α
i

(t)(σi(ti) − si) |

= |c| | (fσi

i (t)− f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ ε | σi(ti) − si | .

Example 3 Let f(t) = t1t2t3, t = (t1, t2, t3) ∈ Λ3 and
∂1/2f

∆1t
1/2
1

(t) = t
1/2
1 t2t3. We will show

that
∂1/2(3f)

∆1t
1/2
1

(t) = 3t
1/2
1 t2t3. For any ε > 0, there exists δ > 0 such that for every s1 ∈

(t1 − δ, t1 + δ) ∩ T1, we have

| ((3f)(σ1(t1), t2, t3) − (3f)(s1, t2, t3))t
1/2
1 − 3t

1/2
1 t2t3(σ1(t1) − s1) |

=| (3σ1(t1)t2t3 − 3s1t2t3)t
1/2
1 − 3t

1/2
1 t2t3(σ1(t1) − s1) |

= 3t
1/2
1 | t2t3(σ1(t1) − s1 − σ1(t1) + s1) |= 0 ≤ ε | σ1(t1) − s1 | .

Theorem 5 Let t ∈ T
κin
i , ti > 0, and α ∈ (0, 1]. If f, g : Tn → R are conformable partial

differentiable of order α with respect to ti, then f + g is conformable partial differentiable of
order α with respect to ti, and

∂α(f + g)

∆it
α
i

(t) =
∂αf

∆it
α
i

(t) +
∂αg

∆it
α
i

(t).

Proof The proof is straightforward.

Example 4 Let Λ2 = N × N and define h : Λ2 → R by h(t) = t21 + 2t1t2, (t1, t2) ∈ Λ2. We

will find
∂1/2h

∆1t
1/2
1

(t) for t ∈ Λκ12
1 . Let f(t) = t21, g(t) = 2t1t2, t ∈ Λ2. Here T1 = T2 = N and
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σ1(t1) = t1 + 1, t1 ∈ T1. We have

∂1/2f

∆1t
1/2
1

(t) = t
1/2
1 σ1(t1) + t

3/2
1

= 2t
3/2
1 + t

1/2
1

∂1/2g

∆1t
1/2
1

(t) = 2t
1/2
1 t2.

Thus we have

∂1/2h

∆1t
1/2
1

(t) =
∂1/2f

∆1t
1/2
1

(t) +
∂1/2g

∆1t
1/2
1

(t)

= 2t
3/2
1 + t

1/2
1 + 2t

1/2
1 t2.

Theorem 6 Let t ∈ T
κin
i , ti > 0, and α ∈ (0, 1]. If f, g : Tn → R are conformable partial

differentiable of order α with respect to ti, then fg is conformable partial differentiable of order
α with respect to ti, and

∂α(fg)

∆it
α
i

(t) =
∂αf

∆it
α
i

(t)g(t) + fσi

i (t)
∂αg

∆it
α
i

(t).

Proof Since f and g are conformable partial differentiable of order α with respect to ti, for
any ε > 0 there exists a number δ > 0 such that for any si ∈ (ti − δ, ti + δ) ∩ Ti we have

| (fσi

i (t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ γ | σi(ti) − si |,

| (gσi

i (t)− g(tsi
))t1−α

i −
∂αg

∆it
α
i

(t)(σi(ti) − si) |≤ γ | σi(ti) − si |,

where γ <
ε

1 + |
∂αf

∆it
α
i

(t)|+ |g(tsi
)| + |fσi

i (t)|

. Then,

| ((fg)σi

i (t) − (fg)(tsi
))t1−α

i −

(

∂αf

∆it
α
i

(t)g(t) + fσi

i (t)
∂αg

∆it
α
i

(t)

)

(σi(ti) − si) |

= |fσi

i (t)[(gσi

i (t)− g(tsi
))t1−α

i −
∂αg

∆it
α
i

(t)(σi(ti) − si)]

+ (fσi

i (t)g(tsi
) − f(tsi

)g(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)g(t)(σi(ti) − si)|

= |fσi

i (t)[(gσi

i (t)− g(tsi
))t1−α

i −
∂αg

∆it
α
i

(t)(σi(ti) − si)]

+ g(tsi
)[(fσi

i (t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si)]

+ (g(tsi
) − g(t))

∂αf

∆it
α
i

(t)(σi(ti) − si)|

≤ γ(1 + |
∂αf

∆it
α
i

(t)| + |g(tsi
)| + |fσi

i (t)|)|σi(ti) − si| < ε|σi(ti) − si|.
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Example 5 Let Λ2 = N×N
2
0 and define h : Λ2 → R by h(t) = (t21 +2t1)(t

3
1 + t2), t ∈ Λ2. Here,

T1 = N and T2 = N
2
0. Then σ1(t1) = t1 + 1, t1 ∈ T1, σ2(t2) = (1 + t

1/2
2 )2, t2 ∈ T2. We will find

∂1/2h

∆1t
1/2
1

(t), t ∈ Λκ12
1 . Let f(t) = t21 + 2t1, g(t) = t31 + t2, t ∈ Λ2. Hence, h(t) = f(t)g(t). For

t ∈ Λκ12
1 it is obtained

∂1/2h

∆1t
1/2
1

(t) =
∂1/2f

∆1t
1/2
1

(t)g(t) + fσ1

1 (t)
∂1/2g

∆1t
1/2
1

(t)

= (σ1(t1)t
1/2
1 + t

3/2
1 + 2t

1/2
1 )g(t) + (σ2

1(t1) + 2σ1(t1))(σ
2
1(t1)t

1/2
1 + t

3/2
1 σ1(t1) + t

5/2
1 )

= (2t
3/2
1 + 3t

1/2
1 )(t31 + t2) + (t21 + 4t1 + 3)(3t

5/2
1 + 3t

3/2
1 + t

1/2
1 )

= 5t
9/2
1 + 18t

7/2
1 + 22t

5/2
1 + 13t

3/2
1 + 2t

3/2
1 t2 + 3t

1/2
1 t2 + 3t

1/2
1

Theorem 7 Let t ∈ T
κin
i , ti > 0, and α ∈ (0, 1]. If f, g : Tn → R are conformable partial

differentiable of order α with respect to ti and gσi

i (t)g(t) 6= 0, then f
g

is conformable partial
differentiable of order α with respect to ti, and

∂α(f
g
)

∆it
α
i

(t) =

∂αf

∆it
α
i

(t)g(t)− f(t)
∂αg

∆it
α
i

(t)

gσi

i (t)g(t)
.

Proof Since f and g are conformable partial differentiable of order α with respect to ti, for
any ε > 0 there exists a number δ > 0 such that for any si ∈ (ti − δ, ti + δ) ∩ Ti we have

| (fσi

i (t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si) |≤ γ | σi(ti) − si |,

| (gσi

i (t)− g(tsi
))t1−α

i −
∂αg

∆it
α
i

(t)(σi(ti) − si) |≤ γ | σi(ti) − si |,

where γ < ε
|gσi

i (t)||g(tsi
)||g(t)|

1 + |g(t)||g(tsi
)| + |g(t)||f(tsi

)| + |
∂αg

∆it
α
i

(t)|

. Then,

| ((
f

g
)σi

i (t)− (
f

g
)(tsi

))t1−α
i −









∂αf

∆it
α
i

(t)g(t) − f(t)
∂αg

∆it
α
i

(t)

gσi

i (t)g(t)









(σi(ti) − si) |

=
1

|gσi

i (t)||g(tsi
)||g(t)|

|g(t)g(tsi
)[(fσi

i (t) − f(tsi
))t1−α

i −
∂αf

∆it
α
i

(t)(σi(ti) − si)]

− f(tsi
)g(t)[(gσi

i (t) − g(tsi
))t1−α

i −
∂αg

∆it
α
i

(t)(σi(ti) − si)]

+
∂αg

∆it
α
i

(t)(f(t)g(tsi
) − f(tsi

) − g(t))(σ(ti) − si)|

≤
1

|gσi

i (t)||g(tsi
)||g(t)|

γ(1 + |g(t)||g(tsi
)| + |g(t)||f(tsi

)| + |
∂αg

∆it
α
i

(t)|)|σi(ti) − si|

< ε|σi(ti) − si|.
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Example 6 Let Λ2 = N × N and define h : Λ2 → R by h(t) =
t21 + 2t1t2 + t32

t1 + t2
, (t1, t2) ∈ Λ2.

We will find
∂1/2h

∆1t
1/2
1

(t) for t ∈ Λκ12
1 . Let f(t) = t21 + 2t1t2 + t32, g(t) = t1 + t2, t ∈ Λ2. Here

T1 = T2 = N and σ1(t1) = t1 + 1, t1 ∈ T1. We have

∂1/2f

∆1t
1/2
1

(t) = t
1/2
1 σ1(t1) + t

3/2
1 + 2t

1/2
1 t2

= 2t
3/2
1 + t

1/2
1 + 2t

1/2
1 t2

∂1/2g

∆1t
1/2
1

(t) = t
1/2
1

gσ1

1 = t1 + t2 + 1.

Thus we have

∂1/2h

∆1t
1/2
1

(t) =

∂1/2f

∆1t
1/2
1

(t)g(t)− f(t)
∂1/2g

∆1t
1/2
1

(t)

gσ1

1 (t)g(t)

=
(2t

3/2
1 + t

1/2
1 + 2t

1/2
1 t2)(t1 + t2) − (t21 + 2t1t2 + t32)t

1/2
1

(t1 + t2 + 1)(t1 + t2)

=
t
5/2
1 + t

3/2
1 + 2t

3/2
1 t2 + t

1/2
1 t2 + 2t

1/2
1 t22 − t

1/2
1 t32

(t1 + t2 + 1)(t1 + t2)
.

5 Conclusion

In our paper, fractional calculus on multidimensional time scales is investigated by using the
most recent notion of the fractional derivative called conformable fractional derivative. Our
findings are in agreement with the partial delta derivative on multidimensional time scales and
the conformable fractional derivative on R

n, and generalize them together. In the future, we will
investigate the successive conformable partial differentiation and the completely conformable
fractional differentiable functions on multidimensional time scales.
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