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1 Introduction

Recently, fractional calculus is one of the most attracted field of mathematics. The purpose
of the field is to generalize the ordinary differentiation and integration to non integer order.
In accordance with this purpose, several definitions of a differentiation of fractional order is
given by various mathematicians, including Riemann-Liouville and Caputo. The theory has
advanced many disciplines including signal processing, diffusion problems and wave problems.
Studies about fractional calculus could be found in [1-7].

In 2014, a new definition of the fractional derivative called conformable fractional derivative
was given by the authors Khalil et al.. [8]. Their definition was developed in [9,10]. In 2016,
a natural extension of the conformable fractional derivative to time scales theory was given
by the authors Benkhettou et al. [11]. Also, this study extended the time scale calculus to
fractional time scale calculus. The authors showed that the fractional calculus on the time
scale T = [0, co) corresponds the conformable fractional calculus in [8]. Recently, studies related
fractional calculus on time scales is also found in [12-15]. All these developments motivate us
to investigate the fractional partial differentiability on time scales.

In this paper, we introduce the notion of a conformable partial differentiation of order o on
time scales, give some properties of the concept, and reveal the relation between the conformable
partial differentiation on time scales and the classical partial delta differentiation.
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2 Preliminaries

We would like to recall some necessary concepts from the calculus on time scales [16]. A time
scale T is an arbitrary nonempty closed subset of the real numbers R. For ¢ in T, the forward
jump operator is the function o : T — T defined by o(t) = inf{s € T | s > t} and the backward
jump operator is the function p : T — T defined by p(t) = sup{s € T | s < t}. Fort € T, if
o(t) > t, then t is called right-scattered; if p(t) < ¢, then t is called left-scattered. Further, if
t <supT and o(t) = t, then t is called right-dense; if ¢ > inf T and p(t) = ¢, then ¢ is called
left-dense. The graininess function p : T — [0, 00) is defined by u(t) = o(t) — ¢ for all ¢ € T.
For the function f: T — R, the forward shift f7: T — R is defined by f7(t) = f(o(t)) for all
t € T. The set T* is defined by

e [T\ T) supT], supT < oo
T, otherwise.

The differentiability of a function of one variable is given by the following definition.

Definition 1 [16] Assume that f : T — R is a function and let t € T. We define f2(t) to be
the number, provided it exists, with the property that for any € > 0, there exists a neighbourhood
Uoft,U=(t—06,t+9)NT for some § >0, such that

| f7(t) = f(s) = fR@)(o(t) —5) [< €| a(t) = 5| (1)
for all s € U. fA(t) is called the delta or Hilger derivative of f att.

It is easily seen that for T = R, the delta derivative corresponds to the classical derivative.
The authors Benkhettou et al. extended this definition to the fractional order.

Definition 2 [11] Let f : T — R, t € T*, and o € (0,1]. Fort > 0, we define T, f(t) to be the
number, provided it exists, with the property that given any € > 0, there is a d-neighbourhood
vy CT oft, 6 >0, such that

[ (f7(8) = f())E ™ = Taf (t)(o(t) —s) [< €| o(t) — s | (2)

for all s € vy. T,f(t) is called the conformable fractional derivative of f of order «a at t, and
the conformable fractional derivative at 0 is defined as Tof(0) = limy o+ Ty f(t).

One can see that for a = 1, Definition 2 corresponds to the delta derivative of time scales,
i.e. Definition 1. Also, if T = R, than Definition 2 corresponds to the conformable fractional
derivative introduced in [§].

3 Fractional Differentiation on Time Scales for the Functions of Sev-
eral Variables

For the theory of the functions of several variables on time scales, firstly, we would like to give
some necessary definitions and properties. For each i = 1,2, ....n, let T; be a time scale, then
the set

=Ty x---xT, = {t = (tl,...,tn) | t; € Ti, 1= 1,2,...,71}
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is called an n-dimensional time scale. If we equip " with the metric

n 1/2
d(t,s) = <Z |t — s |2>

i=1

for t,s € " then for the metric space (T",d), we have all fundamental properties on ¥",
including open sets, neighbourhoods, limits, continuity, and so on. For each ¢ = 1,2,...,n, let
o; be the forward jump operator in T;, then the forward jump operator ¢ : T* — R™ in T" is
defined by

o(t) = (o1(t1), ..., oultn))
for all ¢ € ¥". In the same way we can define the backward jump operator p : €% — R"™ in "
as

p(t) = (pr(t1), ., pu(tn))

for allt € ". For x = (x1,x9,...,x,) € R and y = (y1, Y2, ..., yn) € R", & >y iff x; > y; for all
1=1,2,...,n. In the same way, we can write x > y,x < y, and z < y.

Definition 3 [16] Lett € ", t = (t1,t2,...,tn).
i. If o(t) > t, then t is called strictly right-scattered.

ii. If o(t) >t and there are j,l € {1,2,...,n} such that o;(t;) > t; and oy(t;) > t;, then t is
called right-scattered.

iii. Ift <sup %" and o(t) =t, then t is called Tight-dense.
iv. If p(t) <t, then t is called strictly left-scattered.

v. If p(t) <t and there are 5,1 € {1,2,...,n} such that p;(t;) > t; and pi(t;) > t;, then t is
called left-scattered.

vi. If t >inf " and p(t) =t, then t is called left-dense.
The graininess function p: " — [0,00)" is defined by
u(t) = (pa(ta), -, tn(tn))

for all t € T". For a function f : T* — R, following equalities are given:

fcr(t) = f(al(t1)> "'70n(tn))>
figi (t) = f(tl, ceey ti—l, O'i(ti), ti+1, ceey tn)

for all £ € ™. Also, the set T"" is defined by
T =T7 x--- x Ty,
and the set T%" is defined by
T =Ty x -+ X Tjmy X TF X Tyyq x -+ x Ty

for each i = 1,2, ...,n. Now, we are ready to introduce the notion of the conformable fractional
partial differentiability.
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(e}

of
Arte (t) to be the

number, provided it exists, with the property that for any ¢ > 0, there exists a neighbourhood
U= (t;—0,t; +6)NT;, for some § > 0, such that

| (f(tl, ---ti—b O'i(ti), ti+1, ceey tn) - f(tl, ceey ti—l, Si, ti+1, ceey tn))t}_a

Lo -slselaw sl O

Definition 4 Let f: T — R, t € T7", and « € (0,1]. Fort; > 0, we define

o~ f
At$
tot; att. We say that [ is conformable partial differentiable of order oo with respect to t; in

T af (t) exists for all t € TF™.

for all s; € U. We call

(t) the conformable partial derivative of f of order a with respect

Ao

Remark 1 Ifa =1, then we obtain by Definition 4 the partial delta derivative or partial Hilger
derivative of f with respect to t; att.

Remark 2 Fort e T" and s; € T;, if we write

tsi = (tl, ...,ti_l,si,ti+1, ...,tn),
flcrl(t) = f(th --->ti—170i(ti)>ti+1> "‘>tn)> it = 1727 s 1,

then we can rewrite (3) as

(70 = DA = S Oen(t) = 5) 1< €|t =5 . @)

Example 1 Let the function f : € — R be defined by f(t) = ¢ + 4tat3. For t1 > 0, we will
o2 f 1/2 3/2
show that 7 (t) =t ou(t1) + 1"

For any € > 0, there exists a number 4, 0 < § < tl% such that for any s; € (t1—9,t;+0)NT;.
Since t; — 0 < s7 < t; + 6, it is obtained that —¢ 1< t1 — s < dgiving | t; —s1 |<d < %
Hence, b

70~ 100" = () - )|
=| (f(a1(tr), ta.ts) = sty )1 = (1 %01(1) + 77)(02(11) = s1) |
=| (03(t1) + Atats — 52 — dtats)ty” — 1% (01(11) + 1) (01 (1) — 1) |
=1,/ | (04(tr) — 51)(04(t1) + 51) — (04(t1) + t2)(04(t1) — 51) |

1/2

=1,"" | (o1(t1) — s1)[(01(tr) + s1) — (o1 (t1) + t1)] |
=t |t —s1 || ou(tr) — s1 |< S8 | o1 (t1) — s1 |< €| or(t1) — 51 | -

Theorem 1 Let f : T — R be a function, t € T, a € (0,1], and t; > 0. If f is conformable
partial differentiable of order o with respect to t; at t, then

lim f(t.) = £0). )
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Proof Since f is conformable partial differentiable of order o with respect to t; at t, we
have that for any € > 0, there exist a number 6 > 0, § < min{l,~}, such that for any

si € (t; —d,t; +0) N'T; we have

U7 = FED — S

(t)(oiti) — si) |[< v [ oilts) — si |,

. (70 = F0)e "~ TE0entt) =) |< 7 ()~
et ™
R )+ 3o |
Hence, for every s; € (t; — 6,1 +8) N T we get
0= 0 | =1 70 = 0.~ Ta0fente) = s
~ 710 = £0) = o (O(ar(t) = 05 )+ (et — )|
<170 = 5(00) = Bt = s |

LT 0= 10) — S0 enn) — e |

aaf a—1
+ | Aﬂt?(t) || (i = s0) | &5

<qloiti) —si [ 77+ [ou(ts) —ti | 177 1+|Ata()||( si) | 77

a— a— aa-f a—
< loi(ts) = si [ 487 ()t + | gt

aa
= (sttt L olt) = s |+ T ) 2
aa
(0t o)~ 6t =+ L0 ]) 1
aa
<o (Bt - sl + | 50 [) e

<o (12t | g0 ]) 6 =

Theorem 2 Let f: 3" - R, t € ", a € (0,1], t; > 0, and
Jim f(ts,) = ().
Ift; < oi(t;), then f is conformable partial differentiable of order ac with respect to t; at t and

of v fT) = () 1,
At (t)= pi(ti) W
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Proof Ass; — t;, by using (3) and limg, ., f(ts,) = f(t), we get

of . ()= f(t)
At (t)= pi(ti)

11—«
e,

Example 2 Let h > 0, T; = hZ* and Ty = 3. Let T2 = hZ* x 3" and define f : T2 — R by
f(t) =36 +tity, t=(t,t2) € T

We have o1(t;) = t; + h, t1 € hZ and o9(ty) = 3ty, ty € 3V, Therefore, t; < oy(t;) and
ty < 09(ty). By Theorem 2, we have

OV2f ()~ f(t)

1/2 3/2 . ,1/2 1/2
£) = 12 — 6832 4%, 4 30t
Alti/z( ) plt) Lo e
and
oV f (t) = 5 (t) — f(t)t1/2 _ tlté/z.
Aqth/? pa(t)

Theorem 3 Let t € T/", t; = oy(t;) > 0, and o € (0,1]. Then f is conformable partial
F)—f(s;) j1—a
ti—s; ?

differentiable of order o with respect to t; at t if and only if the limit limg, .,
exists as a finite number. In this case,

P )=y 1Oy

si—t; t; — S;

Proof Let f be conformable partial differentiable of order o with respect to ¢; at t. Then for
any € > 0, there exists 6 > 0 such that for any s; € (t; — d,t; + 9) N T;, we have (4). Since

oi(t;) = ti, we get
JO = F) o %(t) <e

ti — S;
Then we have o f ) — ()
= lim e
Ait? (t) Silirtli ti — S tl
On the other hand, let
aaf . f(t) - .f(tS') 1—
t) = lim —————"~¢: 7%,
Ait?( ) Silirtli t;, — S; !

Then for any € > 0, there exists a number § > 0 such that for any s; € (t; — 9,t; + §) N'T; we
have
o~ f

(f(t) = ft )™ = m(t)(ti — si)| < efti = sil.

Since o;(t;) = t;,

(F04() = F(ta )t — i%(t)(ai(m ) < el ot — i

Remark 3 If we consider the case € = R"™, then Theorem 3 corresponds to the conformable
fractional derivative introduced in [9].
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4 Some Properties of the Conformable Partial Derivative

Theorem 4 Let t € 7", t; > 0, and o € (0,1]. Let f : " — R be a function that is
conformable partial differentiable of order o with respect to t;. If c € R, then cf is conformable
partial differentiable of order a with respect to t;, and

9*(cf) ,\ _ 0°f
A 0= caatt)

Proof Assume that ¢ # 0. Since f is conformable partial differentiable of order o with respect
to t;, for any € > 0, there exists § > 0 such that for any s; € (t; — §,t; + 9) N'T;, we have

o l1-a aaf €
| (7 () = Fta))t ™ — Arts (@) (oi(ts) — si) |< T | oi(ti) —si |-

Hence, we have

o i
[ ()7 (0) = ()t = e (Dot — 50) |
T 11— aa.f
=l [ (F7(O) = fEs))t™ = e O(oits) — i) [< e oilti) — i |-
5 al/2f 1/2 )
Example 3 Let f(t) = titots, t = (t1,%2,t3) € A® and 1/2(t) = t;'“tats. We will show
1t1
0'2(3
that %(t) = 3ti/2t2t3. For any e > 0, there exists 6 > 0 such that for every s; €
1t1

(t1 — 9,1 +6) N'Ty, we have

| ((3)(01(tr), b2, t3) — (3f)(s1, ta, t3))t/* — 36 *tats (01 (1) — s1) |
:| (30’1 (tl)tgtg — 3$1t2t3)t1/2 — 3t1/2t2t3(0'1 (tl) — 81) |
= 3612 | tots(o1(t)) — s1 — o1 (t1) + 51) [=0 < e | o (ts) — 51 | -
Theorem 5 Let t € T, t; > 0, and o € (0,1]. If f,g : T — R are conformable partial

differentiable of order o with respect to t;, then f + g is conformable partial differentiable of
order o with respect to t;, and

0“(f +9)
At

_of
N

(t) () +

A0

Proof The proof is straightforward.

Example 4 Let A2 = N x N and define h : A> — R by h(t) = 3 + 2t1ta, (t1,t2) € A2 We
o0Y/2h
will find W(t) for t € A™2 Let f(t) = t2, g(t) = 2tity, t € A%, Here T, = Ty = N and
1t1
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o1(t1) =t + 1, t; € T;. We have
al/2f

12 3/2
Alti/g (t) - tl 01 (tl) + tl
=261 41,
81/29 1/2
) =211,
Thus we have
al/2h 81/2 81/2
1/2 t) = 1{2 (t) + 1?2 (t)
Altl Altl Altl

3/2 1/2 1/2
=232 4 112 4 2t/

Theorem 6 Lett € T7'", t; > 0, and o € (0,1]. If f,g : " — R are conformable partial
differentiable of order o with respect to t;, then fg is conformable partial differentiable of order
a with respect to t;, and

of o 979

A ()= 3 (000 + 7O 50

7

Proof Since f and ¢ are conformable partial differentiable of order @ with respect to t;, for
any € > 0 there exists a number ¢ > 0 such that for any s; € (t; — 0,¢; + 6) N T; we have

(0 = e = T8 =) < 7 [ 3(6) = |
G0 = gl D = G (Olar(t) = 5) 1< 7] tt) = s,
e RO+ ot + 170 o

[(F90°0) = )ttt = (@90 + £ (5 (0 tt) = )

= 7O 0 - st ) = g (Olas(t) =)

U2 (09(0) = F(E)a(t )" = T al0)ortt) 0]

= 7O 0 - st ) =~ S Ot — )

) [U70) = FE)E = T (o) - 59)

alt) = 9(0) T ) (e(8) = 0)

oo f
Ao

<y(1+|

O+ lg(ts) | + [T OD]oi(ts) = sil < eloi(ts) = sil.
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Example 5 Let A = N x N2 and define h : A2 — R by h(t) = (t3+2t1)(t3 +t2), t € A% Here,
Ty =Nand Ty = Ng Then Ul(tl) =1 + 1, t1 € Tl, Ug(tg) (1 + t1/2)2’ to € Ty. We will find

OY2h

—5(t), t € A2 Let f(t) = t2 + 2y, g(t) = t3 + to, t € A% Hence, h(t) = f(t)g(t). For
141

t € Aj'? it is obtained

al/2h al/2f 61/2
apr =3 m (O)g(t) + f7 (1) —5 AP (t)
= (o1 (t)ty> + £+ 267)g(t) + (03(t1) + 201 (01)) (02t + 01 (1) + £777)

= (2632 4 3672 (83 + 1) + (£2 + 4ty + 3) (372 + 3632 4+ 417
= 50 4 18¢1/% + 2265/2 1 13632 4 26374, + 3124, + 311/
Theorem 7 Lett € T7'", t; > 0, and o € (0,1]. If f,g : T — R are conformable partial

differentiable of order o with respect to t; and g;'(t)g(t) # 0, then 5 is conformable partial
differentiable of order o with respect to t;, and

o) R~ FO5

R ()= 090

(t)

)

Proof Since f and g are conformable partial differentiable of order a with respect to t;, for
any € > 0 there exists a number ¢ > 0 such that for any s; € (t; — 0,¢; + 6) N T; we have

9o f

| () = Flts )t = Age Deilt) = si) [< v [ oilti) = i ],
G0 = gl D = S (O(ar(t) = 5) 1< 7] e = s,
Shore - < ¢ o Olstelol g,
L+ g@)lg(s)l + [9@I1f ()] + IAtQ()I
o~ f 0%g
()g(t) — f(t) 15 (1)
[ o, . i l-o _ Atg At} g.(t:) — s,
| ((E)i (t) (g)(tsi))tz T (oi(t:) — s4) |
— 1 Ti(+) — l—a _ of o:(t.) — s
= T YOI @) = Fa ) = Ze@) (ot = 5]

= f(ts)g(@)(g7 (t) — gt ))t; ™ = A e Delt) = i)l

—a(O(f()g(ts;) = f(ts) = g(t))(o(t:) = s1)]

< < Dloit) s

+ 9@ f(Es)] +

(1 +1g@)]]g(ts,)

_ 1
~ g7 lg(ts)

< E|0’i(ti) — S;l.

g(1)]
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12 4 21ty + t5

Example 6 Let A2 = N x N and define h : A> — R by h(t) = P , (t1, 1) € A2
1 2
OY/2h )
We will find W(t) for t € AT, Let f(t) = t] + 2t1ta + 3, g(t) = t1 + t2, t € A% Here
141

T, =Ty =Nand o,(t;) =t; + 1, t; € T;. We have

al/2f

A= 1% (t) + 177 + 26ty
141
= 2637 4 11?4+ 261/%,
31/29 12
A t1/2 (t) - tl
141

gt =t +ta+ 1

Thus we have

al/2f 61/29

— (t)g(t) — flt)—=(t
9172, - Alﬁ/g( )g(t) — f( )Alt}/z( )
Agty/? 97 (t)g(t)

2652 1 4172 4 26128,) (1 + ) — (12 + 2t1ts + £3)11/°

(t1 +ta+ 1)(t1 + t2)
P8P 28ty 0P+ 207 - 178

(t1 +ta+ 1)(t1 + t2)

5 Conclusion

In our paper, fractional calculus on multidimensional time scales is investigated by using the
most recent notion of the fractional derivative called conformable fractional derivative. Our
findings are in agreement with the partial delta derivative on multidimensional time scales and
the conformable fractional derivative on R"™, and generalize them together. In the future, we will
investigate the successive conformable partial differentiation and the completely conformable
fractional differentiable functions on multidimensional time scales.
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