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Abstract Topological indices are numerical values that can be analysed to predict the
chemical properties of the molecular structure which are computed for a graph related to
groups. Meanwhile, the conjugacy class graph of G is defined as a graph with a vertex set
represented by the non-central conjugacy classes of G. Two distinct vertices are connected
if they have a common prime divisor. The main objective of this article is to find various
topological indices including the Wiener index, the first Zagreb index and the second
Zagreb index for the conjugacy class graph of dihedral groups of order 2n where the
dihedral group is the group of symmetries of regular polygon, which includes rotations
and reflections. Many topological indices have been determined for simple and connected
graphs in general but not graphs related to groups. In this article, the Wiener index and
Zagreb index of conjugacy class graph of dihedral groups are generalized.
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1 Introduction

Graph theory has very wide applications in chemistry. For instance, a graph can be represented
as a molecular structure where the vertices represent the atoms and the edges represent the bond
between the atoms. In addition, various topological indices have been used to help chemists,
mathematicians, clinicians, and many more in solving some problems related to chemistry or
biology. It can also be used to determine the chemical or biological properties of some molecular
structure. In [1], the Wiener index, the first Zagreb index and the second Zagreb index have
been proven as tools for an efficient new drug design for anti-cancer and anti-HIV diseases.
The Wiener index was developed by the American Chemist, Harold Wiener in 1947 which
defined as the sum of smallest distance between all vertices of the graph or the sum of half of
the distances between every pair of vertices of graph, denoted by W (I'¢) [2]. Meanwhile, the
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first Zagreb index, M;(I'¢) is the sum of squares of the degrees of the vertices, and the second
Zagreb index, My(I') is the sum of the products of the degrees of pair of adjacent vertices of
the graph [3].

The presentation of the dihedral groups, Ds, is given in the following:

Dyp = {a,bla" =b* =1,a" = a™"),

where n is a positive integer and n > 3.

2 Preliminaries

In this section, some basic concepts, definitions and previous results in group theory, graph
theory and topological indices are included. The following are some definitions in group theory
and graph theory that are used in this research.

Definition 1[4] Conjugacy Class of a
Let a and b be elements of a group G. The element of a and b are conjugate if xax™ = b for
some x € G. The conjugacy classes of a is the set cl(a) = {xax™x € G} and the number of
conjugacy classes of a is denoted by k(G).

Definition 2[5] Center of a Group
The center, Z(G) of a group G is the subset if elements in G that commute with every element
of G, written as, Z(G) = {a € Glax = xa,Vzr € G}.

Definition 3 [5] [6] Conjugacy Class Graph

Let G be a finite group. A conjugacy class graph, I'c is a graph with the vertices V. =
(v1,v2, ..., Uy) Tepresented by the non-central conjugacy classes of G. Two vertices vy and vq
are connected if |vi| and |ve| have common prime divisor.

The following definitions stated the basic concepts that are used in computing the topolog-
ical indices.

Definition 4 [7] Degree of a Vertex
The degree of a vertex v, deg(v) is the number of edges, |E(v)| at vertex v.

Definition 5[7] Distance Between Two Vertices
The distance, d(v;,v;) of two vertices v; and v; is the shortest path from vertex v; to vertex v;
where © and 7 denote the number of vertices.

Definition 6 [8] The Wiener Index
Let v; and v; be two distinct vertices where i # j and G be the connected graph with m vertices.
The Wiener index of a graph is defined as half of the sum of the distances between every pair

of vertices of G, written as,
Z d(vh 'Uj)a

=1 j5=1

m

W(G) =

where d(v;, v;) is the shortest distance of v; and v;.
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Definition 7 [9] The First Zagreb Index
Let G be a connected graph. Then, the first Zagreb index is the sum of squares of the degrees
of the vertices of G, written as,

Mi(G) =) deg(v)?,

ueV(G)
where deg(v) is the number of edges connected to vertex v.

Definition 8 [9] The Second Zagreb Index
Let G be a connected graph. Then, the second Zagreb index is the sum of the product of the
degrees of pairs of adjacent vertices of G, written as,

My(G) = > deg(u)deg(v),
)

u,veE(G
where u,v are the vertices on the edge connected them.

In addition, this research focuses on the dihedral groups of order 2n where n > 3 and
their conjugacy class graph. Based on the research done by Samaila et al. [10], the conjugacy
classes for dihedral groups are divided into two cases which n is odd and n is even as stated in
Proposition 1.

Proposition 1[10] Let G be the dihedral groups, Ds, and k(G) be the number of conjugacy
classes of G. Then, the number of conjugacy classes of the dihedral groups are as follows :
nt3 o if nodd,
if neven,

k(G) =

According to Mahmoud et al. in [11], the conjugacy class graph of all dihedral groups, Da,
can be divided into three parts, stated in the following proposition. This fact will be used in
proving our main theorems.

Proposition 2 [11] Let G be the dihedral group, Do, = (a,bla™ = b* = 1,a® = a™') of order
2n where n > 3,n € N and let I'q be the conjugacy class graph of G. Then,

Kua U{cl(b)}, if nodd,

I = Knsz, if nand 3 even,
2
Kno|JKs,  if nevenandi odd.
2

3 Results and Discussion

Based on Proposition 2, only the second case involves a connected graph, while the other two
cases give disconnected graphs. So, we only consider the case where n and 7 are even.

The Wiener index, the first Zagreb index and the second Zagreb index of the conjugacy
class graphs of dihedral groups are given in the following three theorems.
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Theorem 1 Let G be a dihedral group, Ds, = {(a,bla™ = b*> = 1,a® = a™') of order 2n. Then,
the Wiener index of the dihedral group is

W(le) = (K(G) = [Z(G)])k,

where n = 4k,k € 77, k(G) is the number of conjugacy classes in G, and |Z(G)| is the number
of central elements in G.

Proof First, we determine the number of vertices of the graph, namely m. From Definition
6, the Wiener index is half of the sum of distances of every pair of vertices of the graph, written

as,
1 m m
LY
i=1 j=1
By Definition 3 and Proposition 1, since the number of vertices of the conjugacy class graph
of the dihedral groups is

n+6 2_n+2
2 2

k(@) - 2(G)] =

where n = % and there are two numbers of centers of the dihedral groups for n is even, then
the Wiener index of the conjugacy class graph of dihedral groups,

n+2 n+2
1 m m
W(Fg):§ZZdvl,vj ZZdvl,vj
=1 j5=1 =1 j=1
nt2
1 2
=3 [d(vi,vl) + d(vi,v9) + ... + d(vi,v%z)}
i=1
1 ~
= 5 (d('Ul,’Ul) + d(’Ug,’Ul) + ...+ d('l}nTH,’l}l)) + ...
—l—(d(vl,vn+z) + d('Ug,'Un+2) + ...+ d(vns2 L))}
LT n+2_1 n+ 2 _n(n+2)
2\ 2 2 -8

Since we are only considering the case that n and % are even, this means n = 4k.k € Z*.
Hence, by substituting n = 4k into the above equation and consider the number of vertices of
the conjugacy class graph is the non-central conjugacy classes, then the Wiener index of the
conjugacy class graph for the dihedral groups is

4k(n+2)  k(n+2)
8 2

W(le) = = (K(G) = [Z(G)])k. O

Theorem 2 Let G be a dihedral group, Ds, = {(a,bla™ = b*> = 1,a® = a™') of order 2n. Then,
the first Zagreb index of dihedral group is
Mi(Tg) =n(W(T'g)),

where n = 4k k € Z+ and W (T'g) is the Wiener index of the conjugacy class graph of G.
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Proof From Definition 7, the first Zagreb index is the squares of the degrees of each vertices
of the graph, written as,

By Definition 3 and Proposition 1, since the conjugacy class graph, I'¢ only considered the non-
central conjugacy classes to be its vertices, then 1 < < ™22 which k(G) —|Z(G)| = 225 = =2,
Now, the first Zagreb index of the conjugacy class graph is as follows :

n+2
= Z deg(v)?* = deg(v1)* + deg(vy)? + ... + deg(v%z)2

(”;2—1)2+ (n;r2—1>2+...+ (n;r2—1>2]
-2r(nf2 —1)2= (@) - 12N (5)

The first Zagreb index only applicable for the second case of the conjugacy class graph as
stated in Proposition 2. By substituting n = 4k where k € Z™ into the above formula, then
the first Zagreb index of the conjugacy class graph of the dihedral groups is

Mi(Tg) = 4k*(k(G) — | Z(G)|) = 4kW (Tg) = nW (T),

| Dan|
2

where n = ,k(G) is the number of conjugacy classes, |Z(G)| is the order of the center
of the dihedral groups and W (I's) is the Wiener index of the conjugacy class graph of some
dihedral groups. O

Theorem 3 Let G be a dihedral group, Ds, of order 2n. Then, the second Zagreb index of
dihedral group is
M(Tq) = k(Mi(T'c)),

where n = 4k, k € Zt and My(Tq) is the first Zagreb index of the conjugacy class graph of G.

Proof By Definition 8, the second Zagreb index is the sum of the product of the degrees of
pairs of adjacent vertices said v and v of G, written as,

Z deg(u)deg(v).

u,vEE(G)

Since we only considered the second case of Proposition 2, then the graph involved is a
complete graph. The number of edges for the complete graph, K, is m(”;_l), where m is the
number of vertices.

Since the vertices of the conjugacy class graph is the non-central conjugacy classes where
k(G) — |Z(G)| = ™2, |D2"| , then we can rewrite the above formula by substituting 2

into m. So that, the number of edges of the conjugacy class graph (second case of Prop081t10n
n(n+2 n+2

2) of dihedral groups is and the degree of each vertex is = 5 since it is the complete
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graph. Hence, the second Zagreb index of the conjugacy class graph for the dihedral group is
written as follows :

n(n+2)
8

Mg(rg) = Z 6i:61—|—62—|—63—|—...—|—6n(n8+2)

i=1

()6 () =5 ()

= Z-k(k(G) = |1Z(@)))
= knW (Dg) = kM, (L)

where e; is the i'" edge of the conjugacy class graph, n = 4k, k € Z*, n = %, and M;(T¢) is
the first Zagreb index of the conjugacy class graph of the dihedral groups. O

4 Conclusion

The computation of topological indices only valid for the connected graph. Hence, only the
second case of conjugacy class graph of the dihedral groups in Proposition 2 is considered in
this paper. Since the conjugacy class graph of dihedral groups is a complete graph, then the
generalization of the Wiener index and the Zagreb index of a complete graph are used to obtain
those indices. In conclusion, the first Zagreb index is the multiple of 2n of the Wiener index
for the conjugacy class graph of some dihedral groups where n = 4k, k € Z". Meanwhile, the
second Zagreb index of the conjugacy class graph of some dihedral groups is the multiple of k
of its first Zagreb index.

The results obtained can help the chemists or other related industry to apply the findings in
order to analyze the chemical or biological properties of specific molecular structure. In future,
the generalization of different types of graphs and groups will be determined.
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