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Abstract The three dimensional free convection boundary layer flow near a stagnation

point region is embedded in viscous nanofluid with the effect of g-jitter is studied in this
paper. Copper (Cu) and aluminium oxide (Al2O3) types of water base nanofluid are cho-

sen with the constant Prandtl number, Pr=6.2. Based on Tiwari-Das nanofluid model, the
boundary layer equation used is converted into a non-dimensional form by adopting non-

dimensional variables and is solved numerically by engaging an implicit finite-difference
scheme known as Keller-box method. Behaviors of fluid flow such as skin friction and

Nusset number are studied by the controlled parameters including oscillation frequency,
amplitude of gravity modulation and nanoparticles volume fraction. The reduced skin

friction and Nusset number are presented graphically and discussed for different values
of principal curvatures ratio at the nodal point. The numerical results shows that, in-
crement occurs in the values of Nusset number with the presence of solid nanoparticles

together with the values of the skin friction. It is worth mentioning that for the plane
stagnation point there is an absence of reduced skin friction along the y-direction where

as for axisymmetric stagnation point, the reduced skin friction for both directions are the
same. As nanoparticles volume fraction increased, the skin friction increased as well as

the Nusset number. The results, indicated that skin frictions of copper are found higher
than aluminium oxide.
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1 Introduction

In fluid mechanics discipline, stagnation point is defined as a point where the local velocity
of the fluid flow is equal to zero [1]. Encounter of fluid with any shapes of boundary layer
geometry generate a stagnation points flow cases which exist at the surface of an object and
the velocity of flow field is brought to rest by the object. Lok [2] has mentioned that for the
two dimensional plane stagnation point flow, Heimenz in [3] was the first in interpreting the

35:2 (2019) 260–270 | www.matematika.utm.my | eISSN 0127-9602 |



Mohamad Hidayad Ahmad Kamal et al. / MATEMATIKA: MJIAM 35:2 (2019) 260–270 261

problem into Navier-Stokes equation and being analyses in term of the velocity distribution.
In 1936, Homann was the first in conducting a theoretical study for stagnation point flow for a
flat surface geometry which then correspond to the axisymmetric case stagnation point flow [4].
The research was then extended by [4] as well as other researchers in exploring effects including
the wall stretching, suction and blowing through a porous medium.

Lok [5] investigated the viscous and incompressible fluid behavior near the two-dimensional
stagnation point flow cases with fluid impinging on the stretching sheet at the boundary. The
research then continued by Lapropulu [6] by using non-Newtonian fluid which is Walters’ B’
fluid with chosen geometry of infinite plate which normal to the flow induced with magnetic field
effect. From the investigations, it was found that the Hartmanns number give a significant effect
to the velocity of the fluid near the wall with the increment of Hartmanns number increased
the speed of the fluid. On the other hand, [7] examined the studies by assuming that the
fluid flow at the free stream is on the same direction of magnetic fiend for plane orthogonal
stagnation-point in steady case flow.

In 1951, Howarth [8] generalized the nonlinear interaction bounded by two orthogonal Hie-
manz flows into three-dimensional stagnation point flow with the companionship of arbitrary
strain rate. Later, with the same mathematical model problem formulation, a study was con-
ducted [9] by changing the geometry of boundary layer into permeable moving surface together
with anisotropic slip condition for steady laminar viscous fluid. Again, some researches are
conducted in making the changes of boundary layer geometry when [10] investigated the effect
of stagnation point flow on heat transfer for three dimensional steady laminar flow cases with
stretched exponentially surface of boundary layer. The modification on mathematical formula-
tion of Homann stagnation point flow was then done by Mahapatra [11] when the axisymmetric
flow changed into non-axisymmetric stagnation point flow towards a rigid stretching sheet plate.

On the other hand, microgravity environment is found to be one of the factors in increasing
the final product material based on crystal growth. An experiment study was conducted in
analyzing crystal growth at outer space and it was found that it still faces small fluctuating
gravitational field distribution which then known as g-jitter. Fluid flow induced by g-jitter is
found affected on its convection when the interaction of density gradient is different compared
to the normal gravity field correspond to fluid motion behavior. Theoretical study on the
boundary layer flow induced by g-jitter has being conducted by Rees and Pop [12] for the
flow of forward stagnation point with cylindrical shape of boundary layer embedded in porous
medium fluid. A study on mixed convection of mass and heat transfer was then conducted
by Sharidan [13] while considering a system of two heated vertical parallel infinite plates with
different concentration and temperature while the temperature remained unchanged and g-
jitter effect are considered. The same researcher extent his study by considering g-jitter in [14]
for a three-dimensional stagnation point flow problem with free convection flow.

Rigorous studies of nanofluid have conducted many theoretical and experimental investiga-
tions in escalation of the heat transfer enhancement. The nanofluid study implicate to stagna-
tion point boundary layer flow has being conducted by Babu and Sandeep [15]. A stretching
sheet boundary and non linear thermal radiation is studied by adding nanoparticles dwell of gy-
rotactic microorganisms with the presence of non align magnetic field. Another study was con-
ducted in [16] by solving and analyzing heat transfer properties for two-dimensional stagnation
point problem in non Newtonian nanofluid with the presence of thermal radiation and chemical
reaction through inclined stretching sheet boundary. As for the steady case problem, Amir-
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son [17] conducted a study to analyze the multi properties nanofluid on the three-dimensional
stagnation point flow with zero mass flux boundary condition.

Motivate from the previous researches, a numerical study was done on a boundary layer
incompressible viscous nanofluid flow near a three-dimensional stagnation point induced by g-
jitter. This research was an extension from a study conducted by Sharidan [18] by adding a small
amount of nanoparticles on the conventional fluid. The problem was govern mathematically
and solved numerically using implicit finite difference procedure known as Keller box method.
The result of physical quantities of principal interest such as skin friction on both directions and
Nusset number are analyzed based on the parameter involved such as amplitude of modulation,
curvature ratio, frequency of oscillation and nanoparticles volume fraction.

2 Mathematical Formulation

Consider a free convection flow induced by g-jitter on a three-dimensional stagnation point re-
gion which the body of the boundary is heated in incompressible viscous water-based nanofluid.
Copper (Cu) and aluminum oxide (Al2O3) nanoparticles were chosen and the problem was gov-
ern based on nanofluid model proposed by Tiwari and Das [19]. The temperature of the body
was assumed was Tw while T∞ is the initial temperature of the fluid in which the temperature
for both were assumed to be consistent. The flow on a stagnation point region was found to
be wavy due to the result of a flow that hit the surface which locate the exact stagnation
point. As a result, the wavy flow produced two important points that indicated the flow near
a stagnation point region known as Nodal point, N and saddle point, S. Nodal point is chosen
to represent the stagnation point case flow which then transformed into Cartesian orthogonal
system (x, y, z) where N is at the origin for the capacity of nodal point as shown in Figure
1.The x− and y−coordinates are measured along the body surface, while the z−coordinate is
measured normal to the body surface.

Figure 1: Physical Model Representation of Stagnation Point Region in Cartesian Coordinate
System

g-Jitter induced to the problem lead to the gravitational field which depends on time takes
the form as

g∗(t∗) = g0[1 + ε cos(πωt)] (1)
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where g0 indicated the mean of gravitational acceleration, ε is the scaling parameter representing
the amplitude of gravity modulation, ω is the frequency of oscillation for the flow induced by
g-jitter and t is the time. By applying boundary layer and Boussinesq approximation which
also supported by the literature, the boundary layer governing equations that represent the
three dimensional stagnation point free convection flow induced by g-jitter are

∂u∗

∂x∗
+

∂v∗

∂y∗
+

∂w∗

∂z∗
= 0 (2)
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subject to initial and boundary conditions

t∗ < 0 :u∗ = v∗ = w∗ = 0, T = T∞ for any x∗, y∗ and z∗

t∗ ≥ 0 :u∗ = v∗ = 0, T = Tw on z∗ = 0, x∗ ≥ 0, y∗ ≥ 0

u∗ = v∗ = 0, T = T∞, on x∗ = 0, y∗ ≥ 0, z∗ > 0

u∗ = v∗ = 0, T = T∞, on y∗ = 0, x∗ ≥ 0, z∗ > 0

u∗ = v∗ = 0, T = T∞, as z∗→ ∞, x∗ ≥ 0, y∗ > 0

(6)

where u∗, v∗, w∗ represent the three components of velocity along the x∗, y∗, z∗ axes, T indicates
the fluid temperature and ρnf , µnf , βnf , αnf represent all the parameters involving nanonofluid
which are the density, dynamic viscosity, thermal expansion and thermal diffusion with sub-
script nf is nanofluid. The stagnation point parameter indicated by constant a and b are the
principal curvatures at the nodal point which measured from xy plane. The chosen value for
b indicated the outcome of the stagnation point flow cases such as plane stagnation point flow
happen when b = 0 and b = a resemble the axisymmetric stagnation point flow case. In study-
ing the stagnation point at the nodal point, the chosen values for a and b need to be larger
than zero correspond to c = b

a
. Practically, most of the shape lies between cylinder and sphere

geometry where the curvature ratio values c, is between 0 and 1. The negative value of a and
b will lead to saddle point S, at the stagnation-point. From [20], the nanofluid constants are
then defined as;

µnf =
µf

(1 − φ)2.5 , αnf =
knf

(ρCp)nf

,

ρnf = (1 − φ) ρf + φρs, (ρβ)nf = (1 − φ) (ρβ)f + φ(ρβ)s,

(ρCp)nf = (1 − φ) (ρCp)f + φ(ρCp)s,
knf

kf
=

(ks − 2kf ) − 2φ (kf − ks)

(ks − 2kf ) + φ (kf − ks)
,

(7)

where φ represented the nanofluid parameter known as nanoparticle volume fraction, k hold
the thermal conductivity parameter, Cp served as the specific heat at constant pressure and the
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Table 1: Thermophysical Properties of Nanoparticles and Base Fluid

Physical Properties Water Copper Aluminium

ρ(kgm−3) 997.1 8933 3970

Cp(Jkg−1K−1) 4179 385 765

k(Wm−1K−1) 0.613 401 40

β × 105(K−1) 5.21 1.67 0.85

subscript f and s are for fluid and solid. The information for chosen nanoparticles and base
fluid are shown in term of thermophysical properties as illustrated in Table 1.

The complexity of the problem is reduced using similarity transformation technique. Equa-
tions (2)− (5) together with the initial and boundary conditions (6) will permit a semi-similar
solution [18],

η = Gr1/4az∗, t = νa2Gr1/2t∗, u∗ = νa2x∗Gr1/2f ′(t, η)

v∗ = νa2y∗Gr1/2h′ (t, η) , τ = Ωt, w∗ = −νaGr1/4(f + h)

θ(t, η) =
(T − T∞)

(Tw − T∞)
, Ω =

ω

νa2Gr1/2
, g(t) =

g∗(t∗)

g0

(8)

where Grashof number is denoted as Gr = g0β(Tw − T∞)/(a3ν2) and primes notation at the
partial differential are respected to η. By substituting equations (7) and (8) into (2)–(5), the
following governing equation is produced,

C1f
′′′ + C2[(f + h)f ′′ − f ′2] + C3[1 + ε cos(πτ )]θ = C2Ω

∂f ′

∂τ
(9)
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∂h′
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(10)
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∂θ
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(11)
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1
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,
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(
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)

,
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(
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)

,

C4 =
knf /kf

[

1 − φ +
φ(ρCp)s

(ρCp)f

] ,

(12)

with the boundary conditions (6) become
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f(τ, 0) = f ′(τ, 0) = 0, h(τ, 0) = h′(τ, 0) = 0, θ(τ, 0) = 1,

f ′ → 0 h′ → 0 θ → 0 as η → ∞,
(13)

The fluid flow behavior is analyzed in term of skin friction coefficients in x− and y−directions,
Cfx and Cfy together with the Nusselt number, Nu which measured normal to the xy plane
which designate as,

Cfx = µnf

(

∂u∗

∂z∗

)
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/

(
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)

,
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)
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/

(
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2a3y∗

)
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(

∂T
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/
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,

(14)

where µnf is the dynamics viscosity of the nanofluid. In terms of non-dimensional variables,
we have

Cfx

/

Gr3/4 = f ′′(τ, 0)/(1 − φ)2.5,

Cfy

/

Gr3/4 = h′′(τ, 0)/(1 − φ)
2.5

,

Nu
/

Gr1/4 = −(knf/kf )θ′(τ, 0).

(15)

3 Methodology

The non-dimensional partial differential equations (9)–(11) and non-dimensional boundary con-
ditions (13) will be solved using implicit finite different procedure which already discussed in
detail by Cebeci and Bradshaw [17] known as Keller box method. There are a few steps to
solve the partial differential equation using Keller box method which is the first and foremost
in ensuring the equation is on first order system. Some modifications on the partial differen-
tial equation will be conducted in reducing the order of the system and finite central different
method will discretize the system of equation later. The resulting product on the coefficient
matrix from the discretization procedure is then linearize using Newton’s method. The final
product of linear system of equation is then solved by employing block triadiagonal elimination
method.

The present study analyses the behavior of skin frictions on both directions and the Nusset
number while considering controlling parameters such as curvature ratio at the stagnation-point
c, oscillation frequency Ω and amplitude of gravity modulation ε. Since we are considering
nanofluid, the nanofluid parameter such as volume fraction of nanoparticle φ and types of
nanoparticle are also considered. Two types of nanoparticle were chosen which are copper (Cu)
and aluminum oxide (Al2O3) while water based fluid are considered correspond to Prandtl
number Pr=6.2.

All the result were collected using same size of grids in both τ and η direction with ∆τ = 0.1
and ∆η = 0.04. The iteration will be stopped when it reached the stopping criteria, the
maximum absolute point change between iteration is less than 10−10 and the solution are
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considered converged. On each specific parameter which represent the effect on the flow, the
selected range are 0 ≤ ε ≤ 1 for the amplitude of modulation, Ω = 0.2 and 5 are selected to study
the different size of frequency of single-harmonic oscillation and the curvature ratio c = 0, 0.5, 1
to study the effect of the stagnation point flow. From the literature and conducted study in
this paper, the gravitational field is found to reverse its direction due to the g-jitter effect for
the amplitude of modulation ε > 1. The result is then presented graphically correspond to the
effect for each parameter and discussed briefly in the next sub chapter.

4 Result and Discussion

Keller box method was used to solve the non-dimensional partial differential equations (9)–(11)
together with its boundary condition in (13) numerically. Skin frictions for both directions and
the Nusset number are chosen in analyzing physical quantities of principal interest of the flow
at a stagnation point region by considering effect such as g-jitter and nanofluid. A comparison
was made with previous study conducted by Sharidan [18] when nanofluid is not considered
in their problem with parameter values chosen were φ = 0, Pr = 0.72, c = 0.5 and Ω = 0.2
with various values of ε as shown in Table 2. The comparison result in Table 2 in term of skin
frictions and Nusset number showed very good agreement with previous studies.

Table 2: Comparison results of the skin friction and rate of heat transfer with c = 0.5, Ω = 0.2,
Pr = 0.72 with different values of ε.

ε
Sharidan [18] Present

f ′′ h′′ θ′ f ′′ h′′ θ′

0.0 0.7991 0.4266 0.4287 0.7989 0.4264 0.4287

0.2 0.7976 0.4260 0.4280 0.7980 0.4260 0.4280

0.4 0.7940 0.4240 0.4258 0.7946 0.4243 0.4258

0.6 0.7875 0.4207 0.4219 0.7885 0.4212 0.4219

0.8 0.7780 0.4161 0.4160 0.7794 0.4167 0.4160

1.0 0.7652 0.4100 0.4071 0.7669 0.4108 0.4071

Figure 2 shows the skin friction on x− and y−directions together with Nusset number for
c = 0, φ = 0.05, Ω = 0.2, Pr = 6.2 with different values of amplitude of gravity modulation ε. It
can be seen clearly that with the increased of ε, the variation of skin friction and Nusset number
are almost proportional increase and decrease. Interestingly, the skin friction on y−direction
showed no significant changes as the values of ε increases. A special type of stagnation case
flow is identified when c = 0 which is plane stagnation case flow caused by cylindrical surface.
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Figure 2: Skin Frictions and Nusset Number for c = 0, φ = 0.05, Ω = 0.2, Pr = 6.2 and
Different Values of ε.

Different values of c parameter were than analyses in Figure 3 with c = 0.5, φ = 0.05,
Ω = 0.2, Pr = 6.2 as values of ε increases. The same behavior is found on the skin friction for
both direction and Nusset number as the various of ε are increases. The fluctuating results on
skin friction and Nusset number showed that there are singularity solution happen on the flow
caused by g-jitter effect considered in this problem.

Figure 3: Skin Frictions and Nusset Number for c = 0.5, φ = 0.05, Ω = 0.2, Pr = 6.2 and
Different Values of ε.

The effect of amplitude gravity modulation parameter was also studied with constant c = 1,
φ = 0.05, Ω = 0.2 and Pr = 6.2 as illustrated in Figure 4. The skin friction and Nusset number
are found increase and decrease with the increases of ε values. It is also found that the values
of skin friction on both x− and y−direction are the same which correspond to axisymmetric
stagnation case flow. Axisymmetric stagnation case flow happen when the flow at stagnation
point hit a cylindrical surface which is when c = 1.

Figure 4: Skin Frictions and Nusset Number for c = 1.0, φ = 0.05, Ω = 0.2, Pr = 6.2 and
Different Values of ε.

Figure 5 illustrates the behavior of skin frictions and Nusset number under the effect of
oscillation frequency parameter and amplitude of gravity modulation with constant values of
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c = 0.5, φ = 0.05 and Pr = 6.2. Two values of oscillation frequency were chosen which are
0.2 and 5 to represent the different frequency period size. From the figure, both skin frictions
Nusset number are found to be converging faster with bigger values of Ω. A smaller peak values
of skin frictions are also found with bigger Ω and more significantly on Nusset number.

Figure 5: Skin Frictions and Nusset Number for c = 0.5, φ = 0.05, Pr = 6.2 and Different
Values of ε and Ω = 0.2.

Figure 6 shows the skin friction for both directions together with Nusset number with the
constant value of c = 0.5, ε = 0.5, Ω = 0.2 and Pr = 6.2 parameter but different value of
nanoparticle volume fraction φ which varies from 0 ≤ φ ≤ 0.2. The increasing of φ values pro-
duced increasing values of skin frictions on both directions and Nusset number. The increased
values of skin frictions are due to the additional resistance contributed from nanoparticles. The
enhancement of conventional fluid is also proven on Nusset number result by comparing the
presence of nanoparticles on the fluid.

Figure 6: Skin Frictions and Nusset Number for c = 0.5, ε = 0.5, Ω = 0.2 and Pr = 6.2 with
Different Values of φ.

Figure 7 illustrates the reduced skin friction for both directions and Nusset number on two
different types of nanoparticles which are copper and aluminum oxide with constant values of
c = 0.5, ε = 0.5, Ω = 0.2 and Pr = 6.2 with different values of φ. The result presented in graph
shows that the skin frictions for copper are higher than aluminum oxide in both direction while
the Nusset number for both nanoparticles are almost the same. The different results on skin
frictions and Nusset number are due to the different thermophysical properties values carried
by each type nanoparticles.

5 Conclusion

The three-dimensional free convection boundary layer flow near a stagnation point region em-
bedded in viscous nanofluid with the effect of g-jitter has been solved using Keller box method
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Figure 7: Skin Frictions and Nusset Number for c = 0.5, ε = 0.5, Ω = 0.2 and Pr = 6.2 with
Different Values of φ and Types of Nanoparticles.

by considering constant wall temperature type of boundary condition. Copper (Cu) and alu-
minum oxide (Al2O3) nanoparticles with water-based nanofluid were chosen to analyze the effect
of nanofluids on the boundary layer flow. The physical properties of principal interest analysis
result in terms of skin frictions and rate of heat transfer coefficient by considering the effect
of curvature ratio parameter in the nanofluid induced by g-jitter were presented graphically
and discussed briefly in the previous section. The present results has been verified for the case
of viscous fluid φ = 0 reported by Sharidan [18] by controlling the amplitude of modulation
parameter value.
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