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Abstract Carbon nanotubes (CNTs) nanofluids are gaining increased popularity among
researchers due to their outstanding thermal properties, leading to numerous promising industrial
applications. Analytical solutions discovered in the study of CNTs nanofluids, combined with
a Casson-type fluid model, are extremely limited. Therefore, a study on the heat transfer
analysis of an unsteady and incompressible Casson carbon nanofluid flow is conducted. Human
blood-based single-walled carbon nanotubes (SWCNTs) and human blood-based multi-walled
carbon nanotubes (MWCNTs) are considered as nanofluids that move beyond an exponentially
accelerated vertical plate. A set of dimensional momentum and energy equations, along with
their initial and exponentially accelerated boundary conditions, is employed to represent the
problem. The transformation of these equations to the dimensionless expression is achieved by
using suitable dimensionless variables. The resulting equations are then tackled using Laplace
transformation to acquire the analytical solution for temperature and velocity. Figures and tables
are produced for a further analysis of temperature and velocity characteristics. The study shows
that an increase in nanoparticle volume fraction enhances nanofluid flow and heat transmission,
proving highly beneficial for cancer treatment. However, the flow is retarded due to the increment
of Casson parameter values, while an enhancement is observed with a superior accelerating
parameter.

Keywords Casson nanofluid; Carbon nanotubes; Exponentially accelerated plate, Exact solution;
Laplace transform.
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1 Introduction

Studies on heat transfer and convective flow of nanofluids find relevance in several industrial
applications, such as transportation, nuclear reactors, electronic, as well as food and biomedicine.
Nanofluids, which are diluted liquid suspensions of nanoparticles with at least one of their principal
dimensions smaller than 100nm, have emerged as potential candidates for designing heat transfer
fluids. These nanoparticles are often made of metal, metal oxides, or carbon, and they have
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a significant boosting influence on the nanofluid’s thermal conductivity, thus raising convection
and conduction coefficients and enabling greater heat transmission. Their advancement promises
improved thermal management solutions for the next generation of heat-dispersing electronic devices.
In the space and defense sectors, factors of lightweight and small size become significant criteria
for highly efficient cooling and heating systems to overcome the constraints of weight, space, and
available energy in aircraft and space stations [1]. The novel study on nanofluids was firstly reported
by Choi and Eastman [2]. Their experimental results inspired many researchers to work on nanofluid
studies in various geometries and effects. Krishna et al. [3] conducted an analytical study on nanofluid
flow affected by a free convection scenario and a plate with vertical motion. Nanofluids containing
two types of metal oxide nanoparticles suspended respectively in water have been used with the
consideration of radiation absorption effect. Considering the same types of oxide nanofluids, Babu
et al. [4] analyzed the heat performance in a vertical cylinder. Madhura et al. [5] scrutinized the
influence of nanoparticle shapes on the generalized formulation of natural convective flow with mass
and heat transportation. Shekaramiz et al. [6] and Abderrahmane et al. [7] conducted a numerical
study on two-dimensional boundary layer flow of MHD nanofluids in a wavy enclosure. The time-
dependent flow of nanofluids with thermal radiation and magnetic field effects was carried out by
Anwar et al. [8] by utilizing water-based copper and titanium oxide as their nanofluids. Anwar et
al. [9] extend their previous work by imposing boundary conditions of ramped wall temperature and
ramped wall velocity. Roy and Pop [10] examined the heat transfer on free convection flow of hybrid
nanofluids by assuming the flow passed within two vertical plates. Hajizadeh et al. [11] considered
a similar geometry to investigate flow characteristics of nanofluids under the influences of damped
thermal flux and radiation.

Basically, the nanofluid thermal performance is highly dependent on the use of nanoparticles.
Nanoparticles with a high thermal conductivity can be a good candidate for improving convective
heat transfer. Carbon nanotubes (CNTs) are one of the nanoparticle developments, and they are often
classified into two types; multi wall carbon nanotubes (MWCNTSs) and single-wall carbon nanotubes
(SWCNTs). They are very familiar with the outstanding thermal conductivity compared to other
nanoparticles [12]. The impact of CNTs on free convection flow by choosing water as the base fluid
was analyzed by Khalid et al. [13] and further continued by Khalid et al. [14] by replacing the base
fluid with human blood. Both studies were solved for an oscillating boundary condition and the exact
solutions were solved using method of Laplace transform. Next, Ebaid and Al Sharif [15] used a
stretching surface with the imposition of a magnetic field effect to analyze the CNTs nanofluid flow
and the study revealed that the temperature and velocity distributions ascended due to the inclusion of
more nanoparticles into the base fluid. Similar work was done by Alkasasbeh et al. [16], considering
both human blood and water as base fluids and their findings show that increasing values of the Casson
nanofluid parameter result in a decreasing velocity profile and an increasing temperature profile. Saqib
et al. [17] studied the flow of nanofluid with CNTs suspension in Carboxy-Methyl-Cellulose (CMC)
between two vertical parallel plates. It was concluded that MWCNTs nanoparticles exhibited higher
velocity compared to SWCNTSs nanoparticles due to their low density. The identical effects of CNTs
as Saqib et al. [17] were also revealed by Khan [18] in investigating the convective heat transfer for
Brinkman fluid over an inclined plate. Then, some CNTs nanofluid related studies on heat transfer
analysis were also conducted by Mosayebidorcheh and Hatami [19], Dawar et al. [20] and Noranuar
et al. [21] but they concentrated on the rotating convective flow of CNTs nanofluid with radiation
effect.

Researchers now place greater emphasis on the analysis of heat transportation because of its
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many industrial applications, such as bio-engineering processes, food processing industries, drilling
operations, and metallurgy processes. Various types of fluids are employed as heat or energy carriers
to enhance product quality in industries. Recently, most industrial applications have encountered
non-Newtonian fluids. This type of fluid is found to be more complex than Newtonian fluid, and the
simulation of fluid flow for non-Newtonian is significant for an industry to examine the heat transfer
process [22]. This challenge encouraged researchers to take a particular interest in exploring the flow
features of non-Newtonian fluids with nanoparticle effects. The Casson fluid is a non-Newtonian
fluid model that describes the flow behavior of viscoplastic fluids, behaving as a shear thinning liquid
when applied stress dominates the flow. Once the level of applied stress surpasses the amount of
yield stress, liquid flow behavior is exhibited. Casson fluid now describes the rheological model for
human blood because it consists of several substances, such as human red blood cells, globulin in
aqueous solution, protein, fibrinogen, and base plasma [23]. Numerous studies of free convection
on the Casson nanofluid model have been conducted, considering various aspects, including those of
Alwawi et al. [24], Raza et al. [25], Ghadikolaei et al. [26] and Noranuar et al. [27]. Ullah et al.
[28] considered the magnetic field and thermal radiation effects on the Casson nanofluid flow across
a nonlinearly stretching sheet. Ali er al. [29] researched the time-dependent convective flow beyond
an infinite vertical oscillating plate for MHD Casson nanofluid embedded in a porous material. A
similar study of an oscillating plate was considered by Krishna [30] to scrutinize the thermal and
convective flow features of Casson hybrid nanofluids in the presence of several effects. Siddique et
al. [31] conducted a Casson nanofluid study by assuming that the radiative nanofluid is unsteadily
flowing within a vertical channel.

The use of exponential accelerated conditions in nanofluid flow is critical in several fields of
contemporary research and technology. For instance, their practice in the medical field helps
the delivery agents move and improves the travel of drugs to the target areas. Despite their
practical recommendations, inadequate study has been found for exponentially accelerated conditions
combined with the effect of nanofluid. However, several researchers are conducting Casson convective
flow by taking another type of accelerated conditions, which is impulsive accelerated condition.
Amongst, Shahrim ef al. [32] and Reyaz et al. [33] discussed the time-dependent flow through an
accelerated plate and generated the exact solutions using the Laplace transformation. Omar et al. [34]
analyzed MHD Casson fluid flow beyond an accelerated plate under the influence of radiation effects.
Deka [35] performed an identical study by considering mass and heat transfer and porosity effects.
The investigation of Casson fluid flow across an accelerated plate is extended to an exponentially
accelerated plate by Ramakrishna er al. [36], Kataria and Patel [37], and Pattnaik et al. [38].
The modification has been made to the boundary condition by expressing the condition in term of
exponential. They applied the method of Laplace transform to solve the extended problem. Roa et al.
[39] performed the same geometry of the problem, and taking the consequences of MHD, porosity,
radiation absorption, and heat generation into account. Matta et al. [40] conducted a numerical
study of the exponentially accelerated boundary condition for MHD Casson fluid with ramped surface
concentration without nanoparticle effect.

Based on the above-mentioned literature, it is evident that the convective flow of Casson nanofluid
affected by an exponentially accelerated plate has never been considered, particularly using the
mixture of CNTs in Casson human blood as the nanofluid. Hence, it was an interesting attempt to fill
this gap in the study and overcome the limitations in this field. Here, the motivation is to investigate
the time-dependent free convection flow of Casson nanofluid with CNTs over an exponentially
accelerated plate. The closed form solutions for temperature and velocity profiles with exponentially
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accelerated boundary condition are established by using the Laplace transform method. Since the
present problem is considered unsteady, this transform is found to be the best tool to use as it involves
the conversion of a real variable function (time domain) to a complex variable function (q-domain)
and is able to solve the differential equation, which has many applications in science and engineering.
Both profiles are further analyzed for their parameters’ effects with the help of graphical results and a
comprehensive discussion.

2 Mathematical Formulation

An incompressible Casson nanofluid containing carbon nanotubes, where its flow over an infinite
vertical plate is unsteadily driven by a free convection phenomenon, is considered as clearly illustrated
in Figure 1. The vertical plate is assumed to accelerate exponentially, with the upward direction along
the plate defined as x-axis and the normal to the plate defined as y-axis, respectively. At first, when
t = 0, both fluid and plate with a similar temperature of T, are in a stationary condition. When
t > 0, the plate temperature is raised to 7, and the plate is exponentially accelerated with a velocity
u = upe in its own plane. Based on the above assumptions and using Boussinesq’s approximation
[8], the governing equations are defined as follows [20, 22]:

ou 1\ 6%u
nf— = sl + =] — (T -Ts), 1
oT 0T
(P P)nfE - "y 2)

with specified conditions for initial and boundary [36, 37]:

u(,0=0, T0)=Tw;y>0,

u(0,1) = upe”, T(0,1)=T,;t>0, (3)

u(oo,t) =0, T (oo, 1) =Tu;t>0,
where u, T, y, t, g, T,,, T are the velocity of nanofluid, temperature of nanofluid, Casson parameter,
time, acceleration due to gravity, fluid temperature at the boundary layer, and free stream temperature
far away from the plate. Meanwhile, the subscript nf in Egs. (1) and (2) represents nanofluid with the

term k¢, C, o Bngs Hngs Pnf, defined thermal conductivity, nanofluid specific heat at constant pressure,
volumetric coeflicient of thermal expansion, dynamic viscosity, and density. The expression of ¢,
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where ¢ is the nanoparticle volume fraction, and the subscripts f and CNT's denoted to fluid and
carbon nanotubes. The thermal features are assumed as constant as listed in Table 1.

The suitable non-dimensional variables are

 tug? ) ., T-T.

u
I/l* = : - > > T = . 5)
U v 4 v T, —Tw (
Thermal Momentum
x Boundary  Boundary
Layer Layer
T
Exponential
Accelerated

Plate

Figure 1: The physical model considered in this study

Table 1: Thermal features of MWCNTs, SWCNTs, and human blood

Properties/ 0 (Kgm—3) k(Wm—lK—l) Cp (JKg—lK—l) B X 10—5 (K—l) O'(Sm—l)

Materials

MWCNTs 1600 3000 796 44 1.9 x 1074
SWCNTs 2600 6600 425 27 10° - 107
Human blood 1053 0.492 3594 0.8 0.18

Imposing Eq. (5) in Egs. (1) and (2) together with nanofluid constants (4) leads to

o 1 1\ 0%u*
=—|1+- + Gro, T, 6
o ( y) o2 T ©
oT” 1 8°T*
ittt (7
ot a, oy*

with associated conditions
u (y,00=0, T°(y,0)=0;, y>0,
w (0,0 =¢"", T"(,0)=1;, >0, (8)
u (co,t) =0, T (c0,0)=0; >0,

where
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are the dimensionless parameter of Prandtl number, Grashof number, and acceleration parameter.

Meanwhile,

a, = ¢3/1PI” 6 = (1 _¢)2.5 (( — )+ ¢pCNTY)’
Pf
¢(p:8)CNTs
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O ), HoCo)
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are nanofluid constant parameters.

3 Solution of the Problem

The Laplace transform is applied to Egs. (6) to (8), which gives (neglected *)

2

d* _ _ 1
pel 0,q) —biqu(y,q) = —¢zblGrgexp(—y Vaiq),
2

dZT(v @) —aiqT (v,q) =

u(0,9) = , u(o0,q) =0; ¢g>0,
q—a

T(0,9) =0, T(co,q)=0; ¢>0.

(10)

(11)

(12)

(13)

(14)

Then, Egs. (13) and (14) are used to solve the Eqgs. (11) and (12), in which the Laplace solution

turns into

with

After that, Egs.

u(y,q) =u (y,q) +u2(y,q) —u3 (v, q),
— 1
T (y,q) = 5P (-y+vaiq),

0 () = iaexp(—y biq),
ﬁz(y,q)=%exp(—y biq),

uz (y,q) = —exp( —yvaig) .

(15)
(16)

7)

(18)

(19)

(15) and (16) are imposed w1th the inverse Laplace and the exact velocity and
temperature solutions are acquired as follows
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u(y,t):Ml(y,f)+1/l2()’,t)—u3(y,t), (20)
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The following expression of skin friction, 7 which quantifies the shear stress at the boundary and

expression of Nusselt number, Nu are
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4 Results and Discussion

The influences of governing parameters on nanofluid flow and heat transfer are analyzed via graphical
representation, as illustrated in Figures 2 to 9. Based on the study of Misra et al. [38] and Sinha et al.
[39], the Prandtl number, Pr = 21 is considered for blood at human body temperature, 7 = 310K and
therefore, the analysis in this study is done by letting Prandtl number of base fluid (human blood) be
Pr = 21.Moreover, it is worth noting that the value of Pr for blood is higher compared to water and
other common base fluids, as their viscosity also plays a role in the value of Pr [40]. Two different
nanofluids containing single-wall carbon nanotubes (SWCNTs) and multi-wall carbon nanotubes
(MWCNTs) with blood as the base fluid are considered. The effect of nanoparticle volume fraction
is analyzed in the range of 0.02 < ¢ < 0.06, because the sedimentation occurs when nanoparticle
volume fraction exceeds 8% [41]. Moreover, assigning zero to the parameter of nanoparticle volume
fraction reduces the present study to the case of regular fluid flow, where the nanofluid characteristics
are eliminated. For validation of the present results, the temperature profiles of the current study
(without nanoparticle volume fraction) are compared with those from previous research by Omar
et al. [34] in Figure 2, and an excellent agreement is discovered between both studies. Besides, the
accuracy of the present velocity profiles is also checked using the numerical Gaver-Stehfest algorithm
[45, 46], and the results are satisfactory with a small difference as listed in Table 2.

Figure 3 exhibits the nanofluid velocity profiles for SWCNTs and MWCNTSs under the impact of
Grashof number Gr. As the Grashof number grows, both CNTs’ velocities increase. The interaction
between thermal buoyancy force and viscous hydrodynamic force is described by the Grashof number.
A rise in the Grashof number, affected by free convection processes, leads to an increase in the
buoyancy force, thereby accelerating the flow. Positive Gr values signify that the plate is cooled
by free convection. As a result, the heat near the plate is transferred away to the fluid, raising its
temperature and enhancing the buoyancy force. This finding holds significant implications for drug
delivery, as particles moving through convection will be guided by fluid flow velocity to the cancerous
area.

K I T

1 —— Omar et al. (2021), t=0.2
R Omar et al. (2021), t=0.4 i
08\, ---- Omar et al. (2021), =0.6
o) anna Present results, t=0.2
o6k \2% ooo Present results, t=0.4 |-
Dl 000 Present results, t=0.6

T(y.t)

0.4

j& 3
@] “E
PR iﬁ T = e i B

| 1.5

Figure 2: Comparison of 7T (y, ) of the current study with Omar et al. [34]
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Table 1: Accuracy of u (y, t) between exact solution and numerical Gaver-Stehfest algorithm for

SWCNTs and MWCNTs with ¥ = 0.02, Gr = 0.5, ¢ =0.02, t = 0.2, Pr =21

SWCNTs MWCNTs
Exact Solution Gaver-Stehfest Exact Solution Gaver-Stehfest
0 1.1052 1.1052 1.1052 1.1052
5 0.2854 0.2904 0.2904 0.2904
10 0.0290 0.0301 0.0306 0.0301
15 0.0010 0.0011 0.0011 0.0011

Figure 4 represents the differences in nanofluid velocity for both CNTs at distinct values of the
acceleration parameter a. Both nanofluids show an augmented velocity profile when the acceleration
parameter of the plate increases. In these figures, the boundary condition u* (0, ) = 1 is satisfied by
the curve of a = 0, representing the scenario of constant plate velocity, which results in a thinner
boundary layer. Moreover, it is observed that the nanofluid velocity for an exponential velocity of the
plate (a = 0.2, 0.6, 1.0) precedes the nanofluid velocity for a constant velocity of the plate (a = 0).
When a = 0, the present case is reduced to a scenario similar to that in Anwar ef al. [8] and Das
and Jana [47]. In the medical field, the acceleration parameter may generate pressure, serving as the

primary motivator for convective fluid flow through the blood vessels.

0.5

u(y,t)
/

u(y,t)

T
MWCNTs

0
0

Figure 3: u (y,t) of SWCNTs and MWCNTs for different Gr.
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T
SWCNTs

uy,t
u(y,t)

Figure 4: u (y,t) of SWCNTs and MWCNTs for different a.

The velocity of both nanofluids under the influence of Casson parameter vy is depicted in Figure 5.
It is noticed that as the Casson parameter value ascends, the boundary layer thickness and the velocity
profiles of SWCNTs and MWCNTs reduce. This effect is supported by the fact that an increase in
the Casson parameter is equivalent to an increment of fluid plasticity, causing the fluid motion to
retard. From the graph, it shows that as the value of Casson parameter rises and approaches infinity,
the non-Newtonian behavior disappears and the fluid behaves as a Newtonian fluid. When y approach
infinity (y — o0), the modelling of fluid flow in this present study reduces to the study of Vemula et
al. [48]. To sustain the rheological of blood flow, the results of Casson parameter are responsible for
the non-Newtonian behavior of blood. According to Chaturani and Palanisamy [49], this result can
be applied to cure the blood clots in a coronary artery.

u(y.t)

T
SWCNTs

u(y,t)

T
MWCNTs

Figure 5: u (y,t) of SWCNTs and MWCNTs for different y.

Figures 6 and 7 highlight the propagation of velocity and temperature profiles for both types of
CNTs nanofluid which are affected by CNTs volume fraction ¢. The results reveal that both profiles
improve significantly by raising the volume fraction of CNTs. This enhancement is in response to the
upsurge of nanofluid thermal conductivity due to the addition of CNTs in human blood, which in turn
enhances thermal diffusion and causes a rise in the thickness of the thermal boundary layer. These
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findings highlight the significance of nanoparticles in cancer treatment, where their use can improve
the delivery of therapeutic agents to the targeted cells.

Further analysis on the impacts of SWCNTs and MWCNTs nanoparticles is represented in Figures
8 and 9. From these two figures, assigning ¢ = 0 indicates to the neglection of nanoparticle effect and
the fluid behaves as regular fluid (Casson fluid) [37, 43]. Figure 8 shows that the velocity under the
influence of nanoparticles (Casson nanofluid) is greater than the fluid without nanoparticles (Casson
fluid). In Figure 9, it can be seen that the addition of SWCNTs and MWCNTs to regular fluid (Casson
fluid) gives a significant enhancement in term of convective heat transfer. The reason behind this
enhancement is that CNTs have exceptionally high thermal conductivity (6000 W/mK for single-wall
CNTs and 3000 W/mK for multi-wall CNTs), which makes them a great candidate for improving heat
transmission. Further, due to SWCNTs have higher thermal conductivity compared to MWCNTs, it
is noticed that SWCNTs significantly improves the transmission of heat.

T
MWCNTs

R
- i A\ D -
1 \ - N
\ \

u(y.t)
-

¢ =0.02,0.04,0.06

¥

T(y,D

u(y,t)

T(y.t)

0.5

¢ =0.02,0.04,0.06

0.8

0.6

0.4

¢ = 0.02,0.04,0.06

Figure 7: T (y,t) of SWCNTs and MWCNTs for different ¢.
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\ MWCNTs |]
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0.8
- MWCNTs

T(y.0)

0.4
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‘e,
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0 oee
0 0.1 0.2 0.3 0.4

Figure 9: Comparison of 7 (y, ) for SWCNTs, MWCNTs and without nanoparticles.

Besides that, Tables 3 and 4 provide the numerical values of skin friction and Nusselt number.
These physical quantities are evaluated to describe the flow pattern at the wall, and they are essential
for flow and thermal stability. Clearly understanding the meaning of skin friction, the viscous drag at
the surface of an object is the factor that influences the level of skin friction. According to Table 3,
all the parameters affect the skin friction oppositely to the velocity profile. The skin friction weakens
by increasing the acceleration parameter a, Grashof number Gr, and nanoparticle volume fraction ¢.
While for the Casson parameter v, it is vice versa. Thus, it may conclude that an increase of fluid
flow with increasing values of a, ¢, and Gr is because of the viscous drag at the boundary layer is
getting weaker. Based on Table 4, an increment of ¢ values rise the Nusselt number. Thus, it can
be concluded that a high thermal conductivity fluid promotes a higher heat transmission rate near the
surface.



Wan Nura’in Nabilah Noranuar et al. | MATEMATIKA 39:3 (2023) 263-279 275

Table 3: Variation of Skin friction

Y a ¢ Gr T
SWCNTs MWCNTs

0.2 0.5 0.02 2 -4.0292 -3.9889
0.4 0.5 0.02 2 -3.1025 3.0714
0.6 0.5 0.02 2 27210 -2.6937
0.2 0.6 0.02 2 -4.1782 -4.1364
0.2 0.8 0.02 2 -4.4881 -4.4434
0.2 0.5 0.04 2 42123 -4.1306
0.2 0.5 0.06 2 -4.4026 -4.2781
0.2 0.5 0.02 4 -4.1499 -4.1075
0.2 0.5 0.02 5 -4.2103 -4.1669

Table 4: Variation of Nusselt number

P Nu
SWCNTs MWCNTs
0.02 6.7671 6.7625
0.04 7.6782 7.6956
0.06 8.5400 8.5991

5 Conclusion

In this paper, a comprehensive study on unsteady Casson nanofluid flow past through an exponential
accelerated plate has been carried out. An analytical solution using the Laplace transformation has
been achieved to study the fluid flow and thermal features of MWCNTs and SWCNTs nanofluids with
a Casson fluid model. The preceding discussion points out the following

(i) Plate with a constant velocity (Figure 4, curve a = 0).
(i1) Unsteady flow of Newtonian nanofluid (Figure 5, curve y =2 /y — o).
(ii1) Flow in the absence of nanoparticle volume fraction effect (Figure 8, curve ¢ = 0).
Some useful conclusions are made as follows
e The nanofluid velocity profiles enhance with superior a, ¢, and Gr.
e While an ascend of vy values reduce the nanofluid velocity profiles.
e An increment of ¢ values rise the temperature profiles of nanofluid.

e An increase of a, ¢, and Gr diminishes the values of skin friction. While it is vice versa for 7.
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e The values of Nusselt number increase when ¢ increases.
e The velocity profiles for MWCNTs precede the velocity profiles of SWCNTSs.

e SWCNTs give a prominent enhancement in convective heat transfer compared to MWCNTs.

The novel of Casson nanofluid flow with SWCNTs and MWCNTs as the nanoparticles has a
significant application in many fields of aerospace, nuclear energy, marine or biomedical engineering.
The nanofluid with extremely high heat fluxes can provide the necessary cooling or heating rates
in biomedical applications, particularly in drug delivery, as well as in military, defence, and space
systems, which may include submarines, military vehicles, and even high-power lasers. So, it is
necessary to have more works on the nanofluid as it may contribute to the development of space and
defense sectors or medical field.
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