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Abstract Numerical research has been done on the mathematical modelling of micropo-
lar Cu-AlyO3/water nanofluid flow driven by a deformable sheet in a stagnation area with
suction effect. Using appropriate similarity transformations, the governing partial differ-
ential equations are reduced to nonlinear ordinary differential equations, which are then
solved numerically using bvp4c function in MATLAB. The hybrid nanofluids are made up
of aluminium and copper nanoparticles dispersed in a base fluid called water. Due to vari-
ations in numerous relevant parameters, the given problem yields multiple solutions for
both shrinking and stretching sheets. Interaction between these input parameters (hybrid
nanoparticle, micropolar and suction) and their influences on heat transfer are assessed
by a statistical Response Surface Methodology (RSM) model developed by BoxBehnken
design approach. The Nusselt number is anticipated to have a maximum value of 18.2903.
The RSM results indicate that the highest heat transfer coefficient is achieved when the
suction parameter is at its maximum value and the hybrid nanoparticle and micropolar
parameters are at their minimum values.

Keywords Dual Solution; Micropolar Fluid; Hybrid Nanofluid; Optimization RSM; Suc-
tion.

Mathematics Subject Classification 76N20, 93A30.

1 Introduction

The flow of fluid as it approaches a solid surface and gradually stops at a specific point, called
the stagnation point, is known as stagnation point flow. At this point, pressure reaches its max-
imum and fluid velocity becomes zero. Hiemenz [1] pioneered research into this phenomenon
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occurring near a semi-infinite static wall. Meanwhile, micropolar fluid flow has attracted scien-
tific interest due to its applications in polymer fluid extrusion and liquid crystal solidification.
Eringen [2] established micropolar fluid theory, which accounts for micro-rotational effects
and related inertia. Many researchers have since applied Eringen’s concept to various prob-
lems. Soid et al. [33] studied magnetohydrodynamics (MHD) micropolar fluid flow with slip,
incorporating Eringen’s ideas, finding that micropolar and slip parameters reduce skin friction
coefficient and couple stress when MHD is present. Khashi’ie et al.‘ [4] examined micropolar
fluid with mixed convection flow, discovering that stretching flow shows increased surface ve-
locity gradient, local Nusselt, and Sherwood numbers with higher material parameter, unlike
shrinking flow. Numerous other studies on micropolar fluid exist [5-11].

The increasing demand for nanofluids in commercial applications has driven extensive re-
search into their properties. Their exceptional ability to enhance heat transfer across various
industries including electronics, transportation, and biology has great this interest. Choi and
Eastman [12] first introduced nanofluids, which have since been widely applied in solar ther-
mal systems, industrial cooling processes, and many other fields. Researchers like Rahman
et al. [13], Norzawary et al. [14], and Wahid et al. [15] have conducted extensive nanofluid
research. However, micropolar nanofluids have received relatively little attention. Hussain et
al. [16] performed numerical studies of micropolar nanofluid on a stretch sheet, finding that
increasing nanoparticle volume fraction increases skin friction while decreasing local Nusselt
number. Subsequently, Hsiao [ [17], Patel et al. [18], Lund et al. [19], and others have explored
various aspects, surfaces, and perspectives of micropolar nanofluid flow problems.

Hybrid nanofluids combine two different nanoparticles with a base fluid, significantly en-
hancing heat transfer efficiency. Multiple studies [20-26] have shown remarkable improvements
in heat conductivity with these innovative fluids. Subhani and Nadeem [1]te27 studied microp-
olar flow using hybrid (Cu-TiO,/water) nanofluid, finding that micropolar hybrid nanofluids
transfer heat better than standard micropolar nanofluids. Anuar et al. [28] researched unsteady
flow of micropolar Cu-Al,O3/water nanofluid caused by a deformable sheet with radiation ef-
fects, discovering that increased unsteadiness and radiation enhance the local Nusselt number,
while material parameters have the opposite effect. Norzawary et al. [29] studied MHD mi-
cropolar hybrid nanofluid flow over a deformable sheet with viscous dissipation, showing that
increased material and MHD parameters improve skin friction but reduce the Nusselt number.
Despite these findings, micropolar hybrid nanofluid research remains limited. This work aims to
investigate how surface stretching and shrinking affect micropolar hybrid nanofluid behaviour.

Numerous researchers have studied the flow and heat transfer of the boundary layer past
a stretching/shrinking sheet with applications in manufacturing technology, glass blowing, ex-
trusion of plastic sheets, drawing plastic films, and hot rolling, etc. The outcome quality of the
required features is greatly affected by the heat transfer rate along the fluid flow and stretch-
ing/shrinking surface. All the fundamental fluid flow problems of a linearstretching/shrinking
sheet, the current literature testifies that flow behavior due to a non-linear stretching sheet is
also a crucial element in most industrial processes (see Vishalakshi et al. [30])

Heat transfer from the plate changes when suction or injection through the boundary sur-
face affects the flow field. Generally, suction increases skin friction and heat transfer, while
injection does the opposite [31]. Many researchers have studied these effects in various fluids
including carbon nanotubes [32], micropolar fluid [?,[34], and hybrid micropolar fluid [35].
Mahdy et al. [36] examined convective flow of micropolar hybrid nanofluid through a permeable
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radiating vertical plate in saturated porous medium, considering suction and heat generation ef-
fects. They found that increasing suction significantly improved both Nusselt number and skin
friction coefficient. Gumber et al. |37] investigated natural convective flow of micropolar CuO-
Ag/water hybrid nanofluid over a vertical plate in porous media, studying suction/injection
effects at the plate’s surface. They discovered that injection had a greater impact than suction
on temperature distribution and flow velocity. RSM (Response Surface Methodology) combines
math and statistics to study problems where multiple independent factors affect a specific out-
come. Research has proven RSM’s effectiveness across different fields [38,[39]. The method
creates regression equations to understand the relationship between input variables and heat
transfer rate, aiming to optimize heat transfer. Recently, Wahid et al. [40] used RSM to op-
timize heat transfer in Homann’s stagnation-point flow of nanofluids over a shrinking surface.
Building on previous research, we aim to study suction effects and expand on Ishak et al.’s [5]
work by incorporating hybrid micropolar fluid. We’ll numerically model fluid flow dynamics
and examine how various parameters affect key physical quantities. These numerical results
can guide practitioners in experimental and practical applications. We’'ll also perform RSM
statistical analysis and heat transfer optimization. Our work offers a fresh perspective on mi-
cropolar hybrid nanofluid contracting properties, with the discovery of non-unique solutions
representing a novel contribution to the field.

2 Problem Formulation

Consider a two-dimensional, steady, incompressible stagnation point flow of a micropolar Cu-
Al,O3/H50 nanofluid past a stretching or shrinking sheet, as depicted in Figure 1, where are
the Cartesian coordinates, with x measured along the sheet, while y is measured in the vertical
direction, the flow being in the region y > 0 . In this scenario, both the velocity of the
stretch/shrink sheet and the velocity of the fluid in the far-field, denoted by U, (z) = az and
Us(x) = bz , respectively, vary linearly from the stagnation point, where a and b(> 0) are
constants.

\
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Figure 1: Physical model of shrinking flow.
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The governing model for this flow is formulated as presented in [28,33]:
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u—>Uy, N—0 T—=T, as y— o

(5)

Here (u,v) are the velocities in the direction of and y , N refers to the angular velocity in the
xy- plane, T is the temperature of the hybrid nanofluid,s refers to vortex viscosity,j = v /b is
density of micro inertial and ¢ = (ps++/2) is the spin gradient viscosity [41]. Additionally, m is
a constant between [0,1]. When m = 0, that also signifies that N = 0, the microelements close
to the surface cannot spin, which represents concentrated particle flows (Jena and Mathur [42])
or cited in Guram and Smith [43], due to the concentrated microelements. However, the stress
tensor anti-symmetric portion dissipates when m = 0.5 (low microelements concentration) [41].
Additionally, the situation m = 1 is used to describe the flow with turbulence [44].

The subscripts hnf,nf, f, and s denote the physical attributes of hybrid nanofluids, which
are also referred to as nanofluid, fluid, and nanoparticle, respectively. Table 1 shows these
attributes. The first and second nanoparticles are denoted by s1 and s2, respectively, and they
regulate the volume fraction of Alumina (AlyO3), @0, and Copper (Cu), ¢cy, respectively,
with water serving as the base fluid.

Table 1: Physical characteristics of the water-based Cu-Al,O3 [18]

Properties Hybrid nanofluid
Dynamic viscosity “Z—;f = (1 — 0a203)>°(1 — @) °
Heat Capacity (PCp)hnf = @Cu(pcp)ﬂ + (1 — @Cu)[(l - SOAZZOS)(pCp)f + @AlQOB(pCp)sl]
Thermal expansion (PB)ng = pcu(pB)s2 + (1 — wcul(1 — ©ar203)(PB) 5 + ©a1203(08)1])
Density prnf = (1 = wcu)[(1 = @arosps + @Azioe,/)zskﬂ Jgr OCupPs2
. Enng _ ks242kys —20cu (kpy—ks2) kop _ Fs1T2Kf—2041208(kp k1)
Thermal conductivity kyy ks +2kpptocu (ks —Fks2) where ki ksi+2kf—0a1203(kp—kg1)

Additionally, Table 2 provides the thermophysical properties of water, copper, and alumina
nanoparticles.

To facilitate the analysis of the current problem, we introduce the following set of similarity
variables:



Nur Hazirah Adilla Norzawary et al. / MATEMATIKA 42:1 (2026) 1329 17

Table 2: Thermophysical properties of the nanoparticles and base fluid [45]

Water | AI203 | Cu
Cp(J/kgK) | 4179 765 385
p(kg/m?) | 997.1 3970 | 8933
k(W/mK) | 0.613 40 400

b\ 12 b\ 12 T_T
= (vsb)'/? = (— Nebr(2) hn).om=——-=
o= (o= (L) V=t (2) aom =g ©
Introducing the stream function u = g—;ﬁ and v = g—i’ , which satisfy Eq. (1), then Egs.
(1)-(4) and the conditions (5) are written as follows:
n K mr 1" / /
bl ] g = P L = (7)
Phnf/Pf  Phnt/ Py Prnt! Py
,LLhnf/,LLf K :| ” ’ ’ ”
+ h+fh —fh+1+ (2h+f)=0 (8)
[Phnf/ P 2(pwng/ps) Phny/Pf
1 k?}mf/k‘f " ’
— 0 +f9 =0 9)
Pr(pCp)ung/(pCp) ¢
f(0) =8, f'(0) =, h(0) = —m [f"(0),0(0) = 1, (10)

f'(n) = 1,h(n) = 0,0(n) — 0
where K = k/py is the material parameter, S is the suction parameter and € = ¢is the velocity
ratio parameter such that € < 0 is for shrink condition and € > 0 for stretch conditions.

The skin friction coefficient C/, local couple stress M,, and the local Nusselt number Nu,
are written as

1 ou 1 K ON
— n a_ N JMUJ - n a . a )
Cr prUZ [wh s ) dy e Lzo praUZ, (Mh a 2> / <5y )y:o (1)
Vo= oy o ().
Tk (T —T) ™ Ny ),

After performing the transformations, Eq. (11) becomes the following,

Oy Rel/? = {M +(1- m)K] £7(0), My Re, = (M + f) W), NuyReM2 — 2wl gy
1 pyoo 2 k{ )
12

3 Analysis of Results and Discussion

3.1 Discussion on Key Findings

Equations (7)(10) were solved using the bvp4c function in MATLAB. It is noteworthy that dur-
ing the synthesis of the hybrid nanofluid (Cu-Al1203/water), the process begins with dispersing
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Al203/water into water, followed by the addition of Cu. The volume fraction of A1203/water
is fixed at 1%, while the Cu fraction varies from 0% to 2%. The relative tolerance was set to
10710, A suitable finite value of n — oo, specifically n = 17, = 10 , was selected. The results
comparing f”(0) with previous studies are presented in Table 3, demonstrating a high degree

of agreement, which confirms the validity of the numerical results obtained.

K=0 K=1

€ Ishak Waini Present Ishak Waini Present

et al. [5] | et al. [46] | result et al. [5] | et al. [46] | result
0 1.232588 1.232588 1.232588 1.006404 1.006404 1.006404
0.1 | 1.146561 1.146561 1.146561 0.936163 0.936163 0.936163
0.2 | 1.051130 1.051130 1.051130 0.858244 0.858244 0.858244
0.5 | 0.713300 0.713300 0.713300 0.582403 0.582403 0.582403
1 0 0 0 0 0 0
2 | -1.887310 -1.887310 | -1.887310 | -1.540979 -1.540979 | -1.540979
5 | -10.264750 | -10.264750 | -10.264750 | -8.381133 -8.381133 | -8.381133

Figures 24, 57, and 810 depict the skin friction coefficient C' fRei/ ?  local couple stressM,, Re,

, and local Nusselt number Nu, Re, Y 2, respectively, for various values of the suction parameter
S, nanoparticle volume fraction parameter ¢,y , and material parameter K. These figures
demonstrate that dual solutions exist for the boundary value problem when ¢ > 0 (stretching)
and €. < € < 0 (shrinking) while no solutions are present when € < €., where €, represents the
critical value.

Figures 24 illustrate the effects of different S values, showing that as S increases, the range
of feasible solutions broadens. Higher suction generally enhances skin friction and heat transfer
due to the influence of S, which increases shear stress. A greater S value tends to draw fluid into
empty spaces, affecting the surface boundaries. As a result, a rise in temperature stimulates
fluid motion, leading to an increase in heat transfer rates. This phenomenon is attributed to
the intensified surface shear stress, which extends the boundary layer.

Figures 57 display the plots of C fRei«/ 2, M., Re, and Nu,Re, 2 for different values of the

nanoparticle volume fraction parameter ¢y, . It is observed that both branches of Nu,Re, 1/2
decrease as @, s increases. The addition of nanoparticles significantly raises the fluid’s viscosity,
resulting in a thicker boundary layer and a reduction in convective heat transfer. Meanwhile,
the second branch solutions of CfRegl/ % also decrease, but a dual behaviour is noted for the first

branch solutions of CfRegl/ > In the shrinking region (e < 0), these values increase, while in

the stretching region (e > 0), they decrease. Additionally, the figures indicate that the values
of C fRe,lt/ > are higher in the shrinking region compared to the stretching region for both branch
solutions, whereas the opposite trend is observed for Nu, Re, 2 The increase in fluid viscosity
due to nanoparticles leads to a thicker boundary layer, hindering convective heat transfer. It

is also evident that as the value of ¢, rises, the range of feasible solutions expands.
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Figures 810 illustrate that an increase in the micropolar parameter K results in a reduction of
C fRei/ ? in absolute terms for both shrinking and stretching scenarios. This effect is attributed
to the micro-rotation phenomenon, which lowers friction at the fluid-solid interface. Figure 9
shows the couple stress M, Re, for different values of micropolar parameter K. The couple
stress is related to the gradient of the rotational speed of particles at the surface. For the
shrinking plate,M,, Re, decreases as K increases, whereas for the stretching plate, it increases
in absolute terms with rising K. This indicates that as K grows, the micro polarity of the fluid
gradually weakens on the shrinking plate due to higher shrinking ratios, while it becomes more
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pronounced when the plate experiences substantial stretching.
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Figure 10: Nu,Re, Y2 for different K

Figures 1113 present the momentum, microrotation, and thermal profiles for different values
of the suction parameter S. The conformity to far-field boundary conditions confirms the accu-
racy of the current solutions. Both the first and second solutions show an increasing trend with
rising S values, while the temperature profile exhibits an opposite trend. Suction enhances the
flow near the plate by reducing the thickness of the momentum boundary layer. Figures 1416
illustrate the impact of the nanoparticle volume fraction parameter ¢y, on velocity, microro-
tation, and temperature profiles. An increase in ¢p,; leads to a reduction in the thickness of
the momentum and microrotation boundary layers for both solutions. In contrast, the thermal
boundary layer thickness expands with higher ¢y, s values for both solutions. Additionally, it
is evident that the boundary layer thickness of the first solution is thinner than that of the
second solution. Furthermore, all the profiles asymptotically satisfy the boundary conditions
(10), reinforcing the conclusions drawn from Figures 57.
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3.2 Response surface methodology (RSM)
3.2.1 Response Surface Model Development

The use of response surface methodology (RSM) is a highly effective statistical approach for
analyzing and optimizing how key flow field variables affect heat transfer rate (Nu,Res Y 2).
Within RSM, the face-centered central composite design (CCD), first introduced by Box and
Wilson [47], is a notable technique. This study examined how three critical parameters (x:
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hybrid nanoparticle (@p,r),z2 @ micropolar (K), and x3: suction (S)) impact heat transfer
rate. Table 4 shows the relationship between the three-level codes of these components and
the experimental values. The independent factors were coded at three levels: low (-1), medium
(0), and high (+1). The number of experimental runs in CCD can be calculated by: N =
k* + 2k + C, where k = 3 (number of independent variables) and C' = 6 (central point). This
study conducted 20 runs total, with the experimental data statistically analyzed using Minitab
software to determine their effect on heat transfer rate, as shown in Table 5.

Table 3: RSM actual and coded values for input variables

Level Actual values Coded levels
X1 Qhng | T2 K | 230 S
Low 0.01 1 2.5 -1
Medium | 0.02 1.5 2.8
High | 0.03 2 3 1
Table 4: Heat transfer rate experimental design and outcomes when ¢ = —1
Coded Symbols | Uncoded Parameter
Run Response
T1 | 2o T3 Oy | K S
1 -1 -1 -1 0.01 | 1 2.5 15.144871047
2 1 ]-1 -1 003 | 1 2.5 15.069783917
3 -1 1 -1 0.01 | 2 2.5 15.122785231
4 1] 1 -1 0.03 | 2 2.5 15.044786344
5 -1 -1 1 001 ] 1 3 18.290319518
6 1 ]-1 1 0.03 | 1 3 18.202261435
7 -1 1 1 0.01 | 2 3 18.272680974
8 1] 1 1 0.03 | 2 3 18.182235150
9 -110 0 0.01 | 1.5 2.8 17.023589686
10 110 0 0.03 | 1.5 2.8 16.939336858
11 0| -1 0 0.02 | 1 2.8 16.992726126
12 01 0 0.02 | 2 2.8 16.972272599
13 010 -1 0.02 | 1.5 2.5 15.094021101
14 010 1 0.02 | 1.5 3 18.235580049
15 010 0 0.02 | 1.5 2.8 16.981291623
16 010 0 0.02 | 1.5 2.8 16.981291623
17 010 0 0.02 | 1.5 2.8 16.981291623
18 010 0 0.02 | 1.5 2.8 16.981291623
19 010 0 0.02 | 1.5 2.8 16.981291623
20 010 0 0.02 | 1.5 2.8 16.981291623

After conducting the CCD analysis, the appropriate input variables for the predictions
were identified in a suitable polynomial model. Equation (13) presents the generalized model
evaluation equation, which uses a second-order polynomial to predict responses.
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i= i= i£i=1

where Y represents the predicted response,by is the model intercept,b;, b;; and b;; are the regres-
sion coefficients for the linear, quadratic, and interactive effects of the model, respectively.x;
and z; are the factors and k is the number of factors.

(13)

3.2.2 Analysis of variance (ANOVA)

The data presented in Table 6 were used to perform an ANOVA to evaluate the significance of
the experiment and examine the factors affecting the heat transfer rate, as detailed in Table 6.

Table 5: ANOVA for RSM utilizing CCD

Source | DF | Adj Sum of Square | Adj Mean Squares F-value P-value
Model 9 25.1871 2.7986 27758636.60 0.000
Linear 3 24.6888 8.2296 81628620.58 0.000
T 1 0.0173 0.0173 171522.52 0.000
T 1 0.0011 0.0011 10977.63 0.000
x3 1 24.6704 24.6704 2.44703E+08 |  0.000
Square 3 0.4981 0.1660 1646973.94 0.000
T1 % X1 1 0.0000 0.0000 0.93 0.358
To * Ty 1 0.0000 0.0000 40.64 0.000
T3 * T3 1 0.2754 0.2754 2732014.59 0.000
2-Way 3 0.0001 0.0000 315.28 0.000
Interaction
T1 % X1 1 0.0000 0.0000 34.82 0.000
To * T 1 0.0001 0.0001 801.04 0.000
T3 * X3 1 0.0000 0.0000 109.99 0.000
Error 10 0.0000 0.0000
Lack-of-fit | 5 0.0000 0.0000 * *
Pure Error | 5 0.0000 0.0000
Total 19 25.1871

ANOVA assists in determining whether or not statistically significant differences exist be-
tween the data categories. The significance criterion is established at a 'P-value’ below 0.05, as
shown in Table 6. This implies that any parameter whose "P-value’ exceeds this threshold does
not contribute significantly to the modelling procedure. Out of the nine model components
used for modelling Nu, Re, Y 2, only one is statistically insignificant. This indicates that prac-
tically all of the parameters and the two-by-two combinations are meaningful in predicting the
outcome.Therefore, the quadratic term x; * z; is omitted due to the high p-value. Hereafter,
the regression equations become:
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Nu,Re;'/? = 16.9813 — 0.041584x; — 0.0105225 + 1.57068z5 + 0.00129022

14
+ 0.31640923 — 0.000662z 125 — 0.0031772 25 + 0.0011772913 (14)

3.2.3 Analysis of response surfaces

Surface response quadratic polynomial models were created to visually show how independent
variables affect dependent variables. This process involved changing two independent variables
within the experimental range while keeping other components at their mean values, as shown
in Figure 17. Figure 17(a) illustrates the interaction between K and ¢y,s on heat transfer rate.
The response values display a clear gradient, showing that lower hybrid nanoparticle values
tend to increase the response. K has a relatively smaller negative impact on heat transfer rate.
Figure 17(b) shows the interaction of ¢y, s and S on heat transfer rate, revealing that higher
suction levels produce higher heat transfer values. A similar pattern is also seen in Figure 17(c).

Additionally, optimization techniques were used to validate the results. One approach
involved optimizing heat transfer rate to achieve maximum benefit. The response optimizer in
MINITAB software calculated an approximate maximum heat transfer rate of 18.2903 under
these conditions:gp,; = 0.01 (hybrid nanoparticle), K = 1(micropolar), and S = 3 (suction).
The parameter values recommended for achieving maximum results are consistent with the
generated surface and contour plot.

4 Conclusion

This study theoretically examines and analyzes the influence of hybrid nanoparticles, microp-
olar, and suction parameters on stagnation point flow over a stretching/shrinking sheet. The
problem was solved using the MATLAB bvp4c solver. The findings indicate that

e A higher suction parameter typically enhances skin friction and heat transfer.

e An increase in hybrid nanoparticles parameter promotes better skin friction, while de-
creasing the heat transfer rate.

e As micropolar parameter increases, couple stress M, Re,decreases for the shrinking plate,
while for the stretching plate, it increases.

e The findings from the RSM analysis indicate that increasing the suction parameter to a
high value maximises the heat transfer coefficient, while maintaining the hybrid nanopar-
ticle and micropolar parameters at low values.
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