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Abstract Irreducible representations of a group provide the ways for labelling or-
bitals, determining molecular orbitals formation and determining vibrational motions
for a molecule. A set of irreducible representations represents the ways a particular
bond, atom or sets of atoms may respond to a given set of symmetry operations. In
this paper, the irreducible representations of all groups of order 8, namely D4, Q, Cs,
Cy x Cy and C2 x Cy x C2 are obtained using Burnside method and Great Orthogonality
Theorem method. Then, comparisons of the two methods are made.
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1 Introduction

There are different ways that individual atoms, bonds, atomic orbitals and any other piece
of the overall molecule respond to symmetry operations. Obtaining the irreducible repre-
sentations associated with a given bond, atoms or sets of atoms is a way of labelling orbitals
for reference. Besides, irreducible representations determine which sets of atomic orbitals
can combine with each other to form molecular orbitals. Furthermore, an irreducible rep-
resentation of a molecule determines the number and nature of vibrational motions for the
molecule by removing the irreducible representations that correspond to the translation and
rotation of the molecule.

There are five groups of order 8 which consist of two non-Abelian groups and three
Abelian groups. The groups are all written in group presentation form, that is the form of
a group with a set of generators and certain relations for the generators to satisfy.

The first non-Abelian group of order 8 is the dihedral group,

Dy = (a,bla* =b*=1,a" =a71).
The second non-Abelian group of order 8 is the quaternion group,
Q= (a,b|a4 =1, =a%a" = a_1>.

The first Abelian group of order 8 is the cyclic group, Cg = (aa® = 1). The second Abelian
group of order 8 is the direct product of the groups Cy with C}4, namely

Cy x Cy = (a,bla® = b* = 1,ab = ba).



2 Nor Haniza Sarmin & Fong Wan Heng

The third Abelian group of order 8 is
Cy x Cy x Cy = {(a,b,cla® =b* = ¢ = 1,ab = ba, ac = ca,bc = cb).

The irreducible representations of all of these groups will be obtained using Burnside method
and Great Orthogonality Theorem method. Then, comparisons of the two methods are
made.

2 Burnside Method

Burnside method, proposed by Burnside in 1911, can be used to obtain the irreducible
representations of a group [1]. Using this method, three formulas are involved in finding
the irreducible representations of a group, that is, the irreducible representations k. Using
these formulas, class multiplication coefficients, characters of the irreducible representations
in terms of dj and the numerical values for dj are obtained.

The first step in getting the irreducible representations is to obtain the class multiplica-
tion coefficients. Following Cracknell [2], the result of multiplying together two classes C;
and C; is a sum of several classes Cj:

CiCj = Zcij,scs (1)

where ¢;; ; are the class multiplication coefficients. Using equation (1), the class multipli-
cation coeflicients c;;,; can be evaluated.

The next step is to obtain the characters of the irreducible representations in terms of
di, where dj, is the dimension of the kth irreducible representation. Following Burns [1],
the characters are given in the form of:

hihyxi*x;" = deCij,sthsk (2)

s=1

where h; is the order of the class Cj, x;* is the character of the elements in class C; in
the irreducible representation labelled by k, di is the dimension of the kth irreducible
representation, c;; s is the class multiplication coefficient and r is the number of classes in
the group.

The last step of getting the irreducible representations is to obtain the numerical values
for dj, using [2]:

T
Z hixi? xi"* = Néji (3)
i=1
where N is the order of the group, d;; is the Kronecker Delta symbol, which has the value
1 when i = j, but has the value 0 when i # j , r is the number of classes in the group, x;’
and x;* are the characters of elements in class C; in the irreducible representation labelled
by j and k respectively. The number of irreducible representations of a group is equal to
the number of classes [2].
In the following five subsections, irreducible representations of Dy, @, Cs, Cs x Cy and
Cy x Oy x Cs are found using Burnside method.
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2.1 Irreducible Representations of Dihedral Group, D,

The group Dy is split up into five conjugacy classes as listed in Table 1, where the symbols
C1, Cs, ...,Cs are labels used to distinguish the classes and the elements right below them
are elements which make up the respective classes.

Table 1: Classes in D4 and their elements

C1 CQ C 3 04 05

1 |a a®| a® | b, a?b | ab, a®b

)

The first step to obtain the irreducible representations is to use equation (1) to obtain
the class multiplication coefficients. For instance, the class C5 has two elements, namely ab
and a3b. The multiplication table of Cs with C5 is shown in Table 2.

Table 2: Multiplication table of Cs with Cf

‘ ab a3b

Since 1 is the element of the class C; and a? is the element of the class C3, the table
shows that Cs - C5 = 2C1 + 2C5.
Therefore, from (1),

Cs5-Cs = ¢55101 + 55,202 + ¢55 3C3 + €55 4C4 + ¢55,5C5, which gives
201 +2C3 = c¢55,101 + ¢55202 + ¢55,3C3 + ¢55 4C4 + ¢55 5C5.
This implies C55,1 = 2 and C55,3 = 2.

Evaluating equation (1) for all cases, the non-zero class multiplication coefficients are
obtained as follows:

ci1,1 =1 c22,1 = 2 c331 =1 c44,1 = 2 c55,1 = 2
c12,2 = c22,3 = 2 c34,4 = 1 Cc44,3 = 2 c55,3 = 2
c13,3 =1 co32 =1 c355 = 1 c452 = 2

c14,4 =1 c245 = 2

c155 = 1 C25,4 = 2

Next, the characters of the irreducible representations in terms of dj are found using
equation (2). For example, in the case i = j = 1:

5
hihxa*xa” i Y c11shaxs"
s=1

= di(criihixa® + er1,2haxe” + ci13haxa® + ci1ahaxa® + ci15hsxs")
di(c11,1hix1™ + (0)hax2" + (0)hsxs® + (0)haxa® + (0)hsx5")
drerrihixa .

Since ci1,1 = 1,h1 =1, thus, Xlk = dy.
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Similarly, calculations in the case i = j = 3 will yield y3* = +dj. Considering all
calculations in the cases when ¢;;s # 0, 4,7,5 = 1,...,5, the following results are obtained:

For negative value of x3”, the values of y2* and y4* turn out to be 0. For positive values
of x3*, we get the following results:

(i) if x2® = dg, xa* = dy, then x5* = dy,
(ii) if x2* = di, xa* = —dg, then y5* = —d,
(iii) if x2* = —di, x4* = di, then x5 = —dy,
(iv) if Y2k = —di, x4* = —dy, then x5* = dj..

All of these characters of the irreducible representations of D4 are shown in Table 3,
where entries in row ¢ (i = 1,...,5) correspond to the ith irreducible representation.

Table 3: Characters of the irreducible representations of D4 in terms of dj

i, Cy C3 Cp Cs
dy, dy, dy, dy, dy,
dy, dy, dp —dp —dy
dp —dg dy, di  —dg
dyp —dg dr  —dg dy,
dy 0 —dg 0 0

Lastly, equation (3) is used to obtain the numerical values for di. For each 1 < k < 5,

5

> hi(xi*)?

i=1

hax1"x1" + hax2"x2" + haxa"xs" + haxa®xa" + hsxs"xs"

xiFxaF + 2R e+ st + 2xa et + 2x R "
8.

For example, using the characters of the third irreducible representation, when k = 3,

5
SThi(k)? = dads + 2(—ds)(—ds) + dads + 2d3ds + 2(—ds) (—d3)
=1
8d3>
- s
Thus, d3 = 1.

Therefore, dy, = 1 for the first four irreducible representations and dj = 2 for the fifth
irreducible representation. The characters of the five irreducible representations of D, are
given in Table 4, where I'1, I's, ..., I's are labels for the different irreducible representations.

Thus for Dy, there are five irreducible representations.
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Table 4: Irreducible representations of Dy

Ci Cy C3 Cy Cs
Iy 1 1 1 1 1
Iy 1 1 1 -1 -1
rs| 1 -1 1 1 -1
Ty 1 -1 1 -1 1
rs| 2 0 -2 0 0

2.2 Irreducible Representations of Quaternion Group, )
The group @ is split up into five conjugacy classes which are exactly the same as those for
Dy, shown in Table 1. Therefore, the steps to obtain the irreducible representations of ()

are similar to the one for D4. The characters of the five irreducible representations of @)
are exactly the same as those obtained for D4, shown in Table 4.

2.3 Irreducible Representations of Cyclic Group of Order 8, Cs

The group Cg is split up into eight conjugacy classes as listed in Table 5.

Table 5: Classes in C's and their elements

Ci | Cy | Cs | Cy | Cs | Cs | Cr| Cs

1 a |a®2 | a®|at|a®|ab | d”

Evaluating equation (1) for all cases, the non-zero class multiplication coefficients are
obtained as follows:

ci1,1 =1 ca23=1  ec335=1 caa7=1 ¢c551=1 ce63=1 crr5=1 cgg7=1
ci2,2 =1 c234 =1 c346 = 1 c458 = 1 cs6,2 = 1 ce7,4a = 1 crg6 = 1

c133 =1 caus=1 c357=1 ca61=1 cs73=1 ce85=1

c14,4 = 1 c25.6 = 1 c36,8 = 1 cq72 =1 c58,4 = 1

ci55 =1 cr =1 c3r1 =1 cagz=1

c16,6 = 1 co7.8 =1 c3g2 =1

cizr =1  cog1 =1

cig,s = 1

Next, the characters of the irreducible representations in terms of dj are found using
equation (2). For example, in the case i = j = 1:
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8
hihixa*xa® = Y enshaxs”
s=1

= dilcrihixa”™ + ein2haxe™ + ci13haxs® + cin ahaxs®
+c115hs X" + e11,6hexs” + ci1,rhrxr” + i1 shsxs”)

= di(Dhixa® + (0)hax2" + (0)haxs® + (0)haxs”
+(0)hsxs" + (0)hexs" + (0)hrx7" + (0)hsxs™)

= dhixi®.
Since hy =1, thus xlk = d.
8
hshsxs"xs* = di Y cssshexs"
s=1

= di(essahixa” + cs5.2haxe” + cs5.3hax3" + cs5,4haxs”
+cs5.5h5X5" + cs5,6hex6" + cs5,7hrxr” + cs5.8hsXs")

= dr((Dhix1" + (0)hax2" + (0)hsxs" + (0)haxa"
+(0)hsxs" + (0)hex6" + (0)hrxr" + (0)hsxs")

= dphixa

Since hy=hs; = 1 and x,"=ds, thus

Xs"xst = di?,
" o= Edy.
Considering all cases when c¢;; # 0,7,5,s =1,...,8,

if x5 = dy, then x3* = +dy;
if x5k = —dg, then ng = +dyi,
it ys® = dy, then 6" = +dy;
if x3® = —d, then ye" = +dui;
if ng = dgi, then XGk = +dre, where €= i%;
if y3*® = —dpi, then x¢* =+dpe*, where €= (—i)%,

and the others can similarly be shown.

All of these characters of the irreducible representations of Cg are shown in Table 6,
where entries in row i (i=1,...,8) correspond to the ith irreducible representation.
Lastly, equation (3) is used to obtain the numerical values for dy. For each 1 < k < 8,

8
D ki)’ = hxatxa® 4 haxa®xo" + haxs*xs® + haxaFxa®
' + hsXs"xs" + hexe"x6" + hxr"x7* + hsxs" xs"
= x"xa® 4 e e+ xs"xs® + xaFxa”
+ x5 x5" 4+ x6"x6" + X7 x4+ xsFxs”
= 8.
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Table 6: Characters of the irreducible representations of Cg in terms of dy,

Ch Cs Cs Cy Cs Cs Cr Cs

dy, dy, dy, dy, dy, dy, dy, dy,
dy, —dy, dy, —dy, dy, —dy, dy, —dy,
d dpt  —dy —dyi dg, dpi  —dy —dyt
dy —dit  —dg dii dy, —dit  —di dit
dk dke dkl 7dk€* 7dk 7dk€ 7dki dke*
dk —dke dkl de* —dk dke —dki —dke*
dk dke* —dki —dké —dk —dke* dki dke
dk —dke* —dki dke —dk dke* dki —dke

For the second to sixth irreducible representations, it is necessary to take the complex
conjugate of x;7 since complex numbers are involved. For example, using the characters of
the fifth irreducible representation, when k = 5,

Z hi(xi*)? = (d5)(ds) + (ds€)(dse) + (dsi)(dsi) + (—dse*) (—dse)

( 5)(—ds) + (—dse)(—dse) + (—dsi)(—dsi) + (dse*) (dse¥)
= d5*(1+ (6)(8) + ())(0) + (—€*) (=€)
+( D(=1) + (=€)(=€) + (=) (=) + (¢")(€¥))

Since (e)(&) =
8ds>
ds

8
1, (€)@ =1 and (i)@) =1,
87
1

For this group, dp = 1, 1 < k < 8, for all eight irreducible representations. Thus,
the characters of the eight irreducible representations of Cg are given in Table 7, where
'y, I's,...,I's have been relabelled for the different irreducible representations. Therefore,
Cjs has eight irreducible representations.

2.4 Irreducible Representations of C; x Cy

The group Cy x Cj is split up into eight conjugacy classes as listed in Table 8.
Evaluating equation (1) for all cases, the non-zero class multiplication coefficients are
obtained as follows:

c11,1 =1 c22.3 =1 c33,1 =1 cq4,3 =1 c55,1 = 1 c66,3 = 1 crr1 =1 cgg,3 =1
ci22 =1 ca34=1 caa2=1 ca58=1 cs62=1 c7a=1 cr32=1

c13,3 = 1 c24,1 =1 c357 =1 c46,5 = 1 cs7,3 =1 ceg,1 = 1

ciga =1 ca56=1 c368=1 carg=1 c584=1

c15,5 = 1 c26,7 = 1 c375 =1 cqg7 = 1

c16,6 = 1 co78 =1 c38,6 = 1

cir7 =1 cass =1

c18,8 = 1
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Next, the characters of the irreducible representations in terms of dj are found using
equation (2). All of these characters of the irreducible representations of Cy x Cy are
shown in Table 9, where entries in row ¢ (i = 1,...,8) correspond to the ith irreducible
representation.

Lastly, equation (3) is used to obtain the numerical values for di. For this group,
dip = 1,1 < k <8, for all eight irreducible representations. Thus, the characters of the
eight irreducible representations of Cy x Cy are given in Table 10.

Therefore, Cy x Cy4 has eight irreducible representations.

2.5 Irreducible Representations of (5 x Cy x (s

The group Cy x Co x Cs is split up into eight conjugacy classes as listed in Table 11.
Evaluating equation (1) for all cases, the non-zero class multiplication coefficients are
obtained as follows:

c111 =1 c21=1 c331=1 caga1=1 ¢c551=1 ce61=1 crr1=1 cgg1=1
ci2,2 =1 c235 =1 c3q7r =1 c458 = 1 cs6,7 = 1 ce7,5 = 1 crg2 =1

c133=1 cape=1 c352=1 ca62=1 csr6=1 ce83=1

ci4,4 = 1 c25,3 =1 c3e,8 = 1 cq73 =1 c58,4 = 1

c155 = 1 c26,4 = 1 c374 =1 c485 = 1

ci66 =1 carg=1 c386=1

ci7,7 =1 cog7 =1

c1g,8 = 1

Next, the characters of the irreducible representations in terms of dj are found using
equation (2). All of these characters of the irreducible representations of Cy x Cy x Cy are
shown in Table 12, where entries in row i (¢ = 1,...,8) correspond to the ith irreducible
representation.

Lastly, equation (3) is used to obtain the numerical values for di. For this group, dj
=1,1 <k <8, for all eight irreducible representations. Thus, the characters of the eight
irreducible representations of Cy x Cy x Cs are given in Table 13.

Therefore, Cy x C5 x C5 has eight irreducible representations.

In the next section, the second method, namely Great Orthogonality Theorem method
is discussed to deduce irreducible representations of a group.

3 Great Orthogonality Theorem Method
The Great Orthogonality Theorem formula is stated as follows [3]:

LI S (4)

il

where h is the order of a group, [; is the dimension of the ith representation, which is the
order of each of the matrices which constitute it, R is the generic symbol given to the various
operations in the group, I';(R)y, is the element in the mth row and the nth column of the
matrix corresponding to an operation R in the ¢th irreducible representation.

There are five important rules to find irreducible representations and their characters [3]:
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Table 7: Irreducible representations of Cg

i C C3 Cy Cs Cg Cp Cg
I 1 1 1 1 1 1 1 1
Iy 1 -1 1 -1 1 -1 1 -1
I's 1 i —1 —1 1 i —1 —1i
Iy 1 - —1 ) 1 -1 —1 )
I's 1 € i —€e" -1 —€  —1i €*
T 1 —€ ) e -1 € —i —¢€*
I 1 € —1 — -1 —e i €
I's 1 - —i e —1 €* i —€

Table 8: Classes in Cy x C4 and their elements

Ci1Cy | C3 | Cy | C5 | Cg | Cr | Cy
1 b | b a ba | b%a | b3a

Table 9: Characters of the irreducible representations of Cy x Cy in terms of dj,

Cy Cs Cs Cy Cs Cs Cy Cs

dg dy, dy, dg dg dy, dy, dg
dp  —dy di,  —dy dip  —dy di,  —dy
dp. dpt  —dp —dpt dp, dipt  —dp —dpt
dip —dii —dj dit dir —dii —dj dit
dg dy, dy, dy —dp —dp —dp —dy
dp  —dy dyp  —dp —dg dp,  —dy dg
dp. dpt  —dp —dpt —dp —dii dp, dit
dir. —dpi —dj dipt  —dg dpt dr  —dit

Table 10: Irreducible representations of Co x Cy

i Cy C3 Cy Cs Cg Cr Cg
Iy 1 1 1 1 1 1 1 1
Iy 1 -1 1 -1 1 -1 1 -1
I's 1 i -1 —1 1 i -1  —3
Iy 1 - -1 7 1 - -1 7
I's 1 1 1 1 -1 -1 -1 -1
T 1 -1 1 -1 -1 1 -1 1
r. | 1 i -1 —i -1 —i 1 i
I's 1 - -1 7 —1 7 1 —
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Table 11: Classes in Cy x (5 x (5 and their elements

Ci | Cy | Cs | Cy | Cs | Cs | Cr| Cs

1 a b c ab | ac | be | abc

Table 12: Characters of the irreducible representations of Cy x Cy x Cs in terms of dj

4 CQ Cg C4 C5 C 6 C' 7 C, 8

dy, dy, dy, dy, dy, dy, dy, dy,
dy, dy, dp —dg dp, —dp —dp —dy
dy, dy, —dp —dp —dp —dg dy, dy,
dy, di,  —dy dr  —dy dy —di —dy
di,  —dy dg, dyp —dp —dy di,  —dy
di,  —dy dp —dp —dy di  —dg dy,
di, —dy —dp —dy dy, dy, di  —dy
dy —di —dy dg dy —dp —dy dy,

Table 13: Irreducible representations of Cy x Cy x Co

i Cy C3 Cp Cs Cg Cr Cg
Iy 1 1 1 1 1 1 1 1
Iy 1 1 1 -1 1 -1 -1 -1
I's 1 1 -1 -1 -1 -1 1 1
Iy 1 1 -1 1 -1 1 -1 -1
Iy 1 -1 1 1 -1 -1 1 -1
f'e| 1 -1 1 -1 -1 1 -1 1
I 1 -1 -1 -1 1 1 1 -1

1

-1 -1 1 1 -1 -1 1
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Rule 1: The sum of the squares of the dimensions of the irreducible representations of a group

is equal to the order of the group, that is,
MNP =L+ + 1%+ ... =h (5)

where [; is the dimension of the ith representation and h is the order of a group.

Rule 2: The sum of the squares of the characters in any irreducible representation equals the

order of the group, that is,
> (R =h (6)
R

where R is the various operations in the group, x;(R) is the character of the repre-
sentation of R in the ith irreducible representation and A is the order of the group.

Rule 3: The vectors whose components are the characters of two different irreducible repre-

sentations are orthogonal, that is,

STG(RXG(R) =0 when i#] (7)
R

where x;(R) is the character of the representation of R in the ith irreducible repre-
sentation.

Rule 4: In a given representation (reducible or irreducible), the characters of all matrices

belonging to operations in the same class are identical.

Rule 5: The number of irreducible representations of a group is equal to the number of classes

in the group.

There is a specific method to find the irreducible representations for cyclic groups using
this method. A cyclic group is Abelian and each of its h elements is in a separate class.
It also has h 1-dimensional irreducible representations. In order to obtain the irreducible
representations for a cyclic group, the exponential below is used as the pth irreducible
representation, I',(C,):

)zcos@—kisin@ (8)
n n n
where C,, is the cyclic group of order n and p = 1,...,n. A table is obtained where the
elements inside are obtained by group multiplication. Then the powers of €’s are reduced to
modulo 8. Finally, the elements in the table are replaced with their values using equation (8).
Thus the irreducible representations of the group are obtained.

Moreover, using this method, for groups which is made up of direct product of two (or
more) groups, say Cp, X C,, the representations of C,, is determined by the mth roots of
unity and the representations of C), is determined by the nth roots of unity. In other words,
if x and ¢ are the mth and nth roots of unity determining certain irreducible representations
of the groups C,, and C,,, then the pair {x, 0} determine an irreducible representation T" of
Cyp x Cy, through the formula below [4]:

T((a",t7)] = x'o? (9)

In the following five subsections, irreducible representations of Dy, @, Cs, Cs x Cy and
Cy x Cy x C5 are found using Great Orthogonality Theorem method.



12 Nor Haniza Sarmin & Fong Wan Heng

3.1 Irreducible Representations of Dihedral Group, D,

According to rule 5, since the group D, consists of five classes, there are five irreducible
representations for this group. By rule 1, we find a set of five positive integers, I, 2, I3,
l4 and l5 which satisfy the equation L2402+ 12+ 1,2+ 152 = 8. The only values of [;
(i=1,...,5) which satisfy this requirement are 1, 1, 1, 1 and 2. Thus, the group D, has four
1-dimensional irreducible representations and one 2-dimensional irreducible representation.
By rule 2, in any group, there will be a 1-dimensional irreducible representation whose
characters are all equal to 1, since

Yo ta®)? = ()1 + ()12 + ()1° + (2)1° + (2)1° = 8.
R

The other representations will have to be such that Y ,(x;(R))? = 8, which can be true if
and only if each x;(R) = £1. By rule 3, each of the other three representations has to be
orthogonal to the first irreducible representation, I'y. Thus, there will have to be two +1’s
and two —1’s. The fifth representation will be of dimension 2, hence x5(C7) = 2. In order
to find out the values of x5(C2), x5(C3), x5(C4) and x5(Cs), the orthogonality relationships
as stated by equation (7) in rule 3 is used. Solving the four simultaneous equations below:

Y xaBxs(R) = (1)(2) + ()xs(Ca) + (1)x5(Cs) + (1)xs(Ca) + (1)x5(C5) = 0,
R

> x2(R)xs(R) (D2) + (M)x5(C2) + (1)xs(C3) + (—1)x5(C4) + (—1)x5(C5) = 0,
R

> xs(R)xs(R) (D) + (=1)x5(C2) + (1)x5(Cs) + (1)x5(C4) + (—1)x5(C5) = 0,
R

ZX4(R)X5(R) (D2) + (=)x5(C2) + (1)x5(Cs) + (=1)x5(Ca) + (1)x5(C5) = 0,
R

gives x5(Ca) = x5(Cy) = x5(C5) = 0 and x5(Cs) = —2.
The complete set of irreducible representations of Dy is found to be the same as those
in Table 4.

3.2 Irreducible Representations of Quaternion Group, )

The steps to obtain the irreducible representations of () are exactly the same as those for
D,. Therefore, the complete set of irreducible representations of @) is also shown in Table 4.

3.3 Irreducible Representations of Cyclic Group of Order 8, Cg

According to rule 5, since the group Cg consists of eight classes, there are eight irreducible
representations for this group. By rule 1, using equation (5), [1% + o + 13> + 14> + 15> +
l¢> + 172 + Is® = 8. Therefore, possible values for [, (i=1,...,8) are all 1s. In other words,
the group Cg has a set of eight 1-dimensional irreducible representations namely, I';, 'y,
Fg, F4, F5, F6, F7 and Fg which satisfy

8
Z [Fp(cnm)}[rq(cnm)]* = hopq. (10)

m=1
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Since this is a cyclic group, the exponential below is used:

Fp(CS) = ¢
2Tip
= (2
2 2
= cos(?ﬂ—isin( ;rp)

Table 14 shows the set where the elements inside the table are obtained by group multipli-
cation:

Table 14: Table whose elements are obtained by group multiplication

C, Cy C3 Cy C5 Cg C; Cy
Iy €8 e € €3 et b €8 €’
Ty | €6 &2 8 6 8 o a2
Ty | 2 & 6 9 (2 (15 a8 21
Ty | €32 & &8 (12 (16 (20 24 28
Dy | €10 & (0 (5 20 (25 (30 35
T | €18 6 (12 (18 24 (30 36 42
T, | 56 &7 (4 @21 28 (35 42 49
Tg | 64 €8 (16 21 (32 0 48 56

In order to show that these representations satisfy equation (10), consider any two
representations, say I', and I'y, where ¢ — p = r. The left-hand side of equation (10) is
(Gp)*eerr + (€2p)*62(p+r) + (GBp)*ES(err) + (€4p)*64(p+r)
+(€5p)*65(p+r) + (GGp)*E6(p+r) + (67p)*67(p+r) + (68p)*68(p+r)

which can be simplified as

8
€A+ AT+ T+ =D exp(

s=1

2mis

8

)- (11)

The representation are thus normalized, since if I'), = Ty, then 7 = 0 and equation (11)
is eight times ¢°, that is 8. If I', and I'y are different, r is some number from 1 to 7 since
€3 equal to 1.

Therefore, the sum of equation (11) reduces to 0, that is,

° 2is
Z exp( )=0
s=1 8

using the trigonometric identities

l

l
2ms 21s
E s— =0 d g sin — = 0.
2 cos ; an 2 sin ;
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Table 15: Reducing the powers of €’s to modulo 8 to Table 14
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Ci, Cy C3 Cy Cs5 Csg C; Cf
Iy 1 e €2 €3 et € b e’
Iy 1 € et €8 1 e e €
I's 1 & € e € & & €
Ty 1 €t 1 €t 1 €t 1 ¢
I's 1 & € €& € e € &
T 1 & ¢ €2 1 8 & €
Iy 1 € & 6 A €
I's 1 1 1 1 1 1 1 1

Table 15 is set by reducing the powers of €’s to modulo 8.
Using equation (8) where €? is replaced by i, €2 by —e*, €* by —1, € by —¢, €® by —i, €” by

€*, €8 by 1 and rearranging the rows, the characters of the eight irreducible representations
of Cyg are the same as in Table 7.

3.4 Irreducible Representations of Cy x C4

According to rule 5, since the group Cs x Cy consists of eight classes, there are eight
irreducible representations for this group. By rule 1, using equation (5), L2+ 1.2+ 15% +
L2 +15%2+ 162 +1;2 + 1% = 8. Therefore, possible values for [; (i=1,...,8) are all 1s. In other
words, the group Cy has a set of eight 1-dimensional irreducible representations namely, 'y,
Ty, I's, 'y, I's, T's, I'y and I's. Since this is a direct product group, the following approach
is used.

The representations of Cy are determined by square roots of unity: 1 and —1, and those
of Cy are determined by the fourth roots of unity: 1, i, —1 and —i. If x and § are second
and fourth roots of unity determining certain irreducible representations of Cy and Cy, then
the pair {x, ¢} determine an irreducible representation T' of Cy x C4 through the formula

T, V)] = x'&.

As an example, for the pair {—1, —i},

T[(@® %) = (-1)°(=)" = 1,
T((@% o)) = (-1)°(=)' = —i,
T[(a®0?)] = (-1)°(=9)? = -1,
T[(a0*)] = (-1)°(=i)® = 1,
T[(a",0°)] = (-1)'(=2)" = -1,
T((a*,b")] = (=) (=)' = 1,
T[(a" )] = (-1)'(=i)* = 1,
T[(a",b*)] = (-1)'(—=i)® = —i.
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Continuing in this manner and rearranging the rows of irreducible representations, the
characters of the eight irreducible representations of Cy x C are found as in Table 10.

3.5 Irreducible Representations of Cy x Cy x (s

As before, the group Cy has a set of eight 1-dimensional irreducible representations namely,
Flv F27 P37 F47 P57 FGv I'7 and PS'

Since this group is a direct product of three copies of Cs, the same approach is used as
for direct product of the groups Cy with Cjy.

The representations of Cy are determined by square roots of unity: 1 and —1. If y, §
and € are all second roots of unity determining certain irreducible representations of Cj,
then the pair {x,d, e} determine an irreducible representation T' of Cy x Cy x Co through
the formula

T((a', ¥, ") = x'oIe.

As an example, for the pair {—1,—1,1},

T[(a®b°, ")) = (-1)°(-1)°1° = 1,
T[(a',0°, )] = (-D)'(-1)1° = -1,
T[(a®,0", ")) = (-1)°(-D)"1° = -1,
T[(a®b°,ch)] = (-1)°(-1)°1" = 1,
Tl(a',b", )] = (=)' (-1)"1° = 1,
T[(a',0%,c")] = (-D)'(=1)°1" = -1,
T[(a® o', )] = (=) (=D)"1t = -1,
T[(a',b', )] = (=) (=1)"1! 1

Continuing in this manner and rearranging the rows of irreducible representations, the
characters of the eight irreducible representations of Cy x Coy x Cy are found as in Table 13.

In the next section, Burnside method and Great Orthogonality Theorem method are
compared.

4 Comparison of the Two Methods

Both Burnside method and Great Orthogonality Theorem method can be used to obtain
the irreducible representations of all groups of order 8. Using Burnside method, three
formulas are involved to find the irreducible representations. The first and second formulas
are quite lengthy since there are n! calculations for each formula for a group with n classes.
Besides, every equation has to be satisfied in the second formula to find the characters of
the irreducible representations in terms of dj. As for the third formula, since it involves
Kronecker Delta, only the cases when j = k have to be checked. So there are only n
calculations to be done for a group with n classes. It is necessary to take the complex
conjugate of y;7 , the character of the elements in class C; in the irreducible representation
labelled by j, whenever imaginary or complex numbers are involved. Burnside method
can be applied to any groups without considering the structure of the group as in Great
Orthogonality Theorem method.
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For Great Orthogonality Theorem method, Great Orthogonality Theorem formula and
five important rules concerning irreducible representations and their characters are used.
However, for cyclic groups and direct product groups, there are certain steps to be followed
to obtain the irreducible representations in addition to the Great Orthogonality Theorem
formula and the five important rules. In general, this method is not as lengthy as Burnside
method. Therefore, in order to deduce the irreducible representations for groups using
Great Orthogonality Theorem method, the type of groups need to be identified first.

5 Applications

Identifying the irreducible representations associated with a given atom is of great value as
convenient ways of labeling orbitals for reference, determining which sets of atomic orbitals
can combine with each other to form molecular orbitals and for determining the number
and nature of vibrational motions for a given molecule by removing the irreducible repre-
sentations that correspond to the translation and rotation of the molecule. The properties
of group presentations and their characters are also important in dealing with problems in
valence theory and molecular dynamics.

6 Conclusions

Two of the methods to obtain the irreducible representations of a group are Burnside method
and Great Orthogonality Theorem method. The two methods are used to obtain the ir-
reducible representations of all groups of order 8 and comparison of the two methods are
made. Although quite lengthy, Burnside method can be applied to any type of groups with-
out having to consider the structure of the group. Great Orthogonality Theorem method
is not as lengthy as Burnside method but there is specific method for cyclic groups and
direct product groups in addition to the Great Orthogonality Theorem formula and the five
important rules.
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