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Abstract In this paper, we give the sufficient condition for strong convergence of
finite step iteration sequences with errors to a common fixed point for a pair of a
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1 Introduction and Preliminaries

Let E be a real Banach space, K be a nonempty subset of £ and S,T: K — K be two
mappings. We recall the following definitions:

Definition 1 Let T: K — K be a mapping:
(1) T is said to be nonexpansive if
1T — Tyl < -y
for all z,y € K.
(2) T is said to be quasi-nonexpansive if F(T) # () and
17— pll < [z - pl
forallz € K, p e F(T).

(3) T is said to be asymptotically nonexpansive if there exists a sequence {A,} in [0, c0)
with lim,, . A\, = 0 such that

[Tz =Tyl < (14 M) |z =yl
forall z,y € K and n > 1.

(4) T is said to be asymptotically quasi-nonexpansive if F(T) # () and there exists a
sequence {\,} in [0, c0) with lim,_,oc Ap, = 0 such that

[T"z = pl < (1+ ) [lz — pl]
forallz € K,pe F(T) and n > 1.
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(5) T is said to be uniformly L-Lipschitzian if there exists a positive constant L such that
[Tz = T"y|| < Lz —yl|
forall z,y € K and n > 1.

(6) T is said to be uniformly quasi-Lipschitzian if there exists L € [1, +00) such that
[T"z —pl| < L ||z - pll
forallz € K,pe F(T) and n > 1.

From the above definitions, it follows that if F'(T") is nonempty, a nonexpansive mapping
must be quasi-nonexpansive, an asymptotically nonexpansive mapping must be asymptot-
ically quasi-nonexpansive, a uniformly L-Lipschitzian mapping must be uniformly quasi-
Lipschitzian and an asymptotically quasi-nonexpansive mapping must be uniformly quasi-
Lipschitzian. But the converse does not hold.

Recall also that strong convergence is the type of convergence usually associated with
convergence of a sequence. More formally, a sequence {x,} of vectors in a normed space
(and, in particular, in an inner product space E) is called convergent to a vector = in F if

|zn —2|| =0 as n — o0

In 1973, Petryshyn and Williamson [9] established a necessary and sufficient condition for
a Mann [8] iterative sequence to converge strongly to a fixed point of a quasi-nonexpansive
mapping. Subsequently, Ghosh and Debnath [2] extended the results of [9] and obtained
some necessary and sufficient condition for an Ishikawa-type iterative sequence to converge
to a fixed point of a quasi-nonexpansive mapping. In 2001, Liu in [4,5] extended the
results of Ghosh and Debnath [2] to the more general asymptotically quasi-nonexpansive
mappings. In 2006, Shahzad and Udomene [10] gave the necessary and sufficient condition
for convergence of common fixed point of two-step modified Ishikawa iterative sequence for
two asymptotically quasi-nonexpansive mappings in real Banach space. In 2007, Chidume
and Ali [1] gave the necessary and sufficient condition for a strong convergence of common
fixed point for a finite family of asymptotically quasi-nonexpansive mappings in real Banach
spaces.

Recently, Liu et al. in [6,7] study the weak and strong convergence of common fixed
points for modified two and modified three-step iteration sequence with errors with respect
to a pair of mappings S and T.

Motivated and inspired by Liu et al. in [6,7] and others, we study the following iteration
scheme for a pair of a finite family of quasi-nonexpansive mappings and a finite family of
asymptotically quasi-nonexpansive mappings. Our scheme is as follows:

Definition 2 Let K be a nonempty convex subset of a normed linear space E and
S, i K — K

forall i =1,2,..., N be two families of mappings. For an arbitrary x; € K, the sequence
{Zp}n>1 defined by:
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Fi =2 = VTR 1 405 4 5
N0 = QN=Dp p(N=2) L gN=D g g (N1 (N=1)
o= (1)
D = T 4 A Sy + oD
oD = T 1 6D S 1 oD
KD = ol 4 B0 S+ 2 Dul)

is called multi-step iterative sequences with errors, where {ugf )} are bounded sequences in
K and {7}, {81, {7{?} are sequences in [0, 1] such that ol + 8% + 44 = 1, for all
i=1,2,...,N.

Remark 1 In case S; = S2 = -+ = Sy = I, then the sequence {zy},>1 generated in
(1) reduces to the multi-step iteration with errors for N asymptotically quasi-nonexpansive
mappings.

The purpose of this paper is to give necessary and sufficient condition for strong conver-
gence of finite step iteration sequences with error terms defined by (1) to a common fixed
point for a pair of a finite family of quasi-nonexpansive mappings and a finite family of
asymptotically quasi-nonexpansive mappings in a real Banach space. The results presented
in this paper generalize, improve and unify the corresponding results of [1,2,4,5,9,10] and
many others.

In the sequel we need the following lemmas to prove our main results:

Lemma 1 ( [11]; Lemma 1): Let {,}22, {6,152, and {r,}32; be sequences of nonneg-
ative numbers satisfying the inequality

Qni1 < (1 + Bn)an + 7rn, Vn > 1.

If >0 B <ooand Y oo, 7, < oo, then lim, . a;, exists. In particular, {a,}52; has a
subsequence which converges to zero, then lim,, . a,, = 0.

Lemma 2 Let K be a nonempty convex subset of a normed linear space E. Let
81,82,...,51\[: K—K

be a finite family of quasi-nonexpansive mappings and 73,75,...,Tny: K — K be a finite
family of asymptotically quasi-nonexpansive mappings with a sequence {\;,} C [0, 00)
satisfying lim,, oo Ain, = 0 such that > 07 | A, < oo for alli=1,2,..., N and

N
F(S,T) =) F(S:)NF(T:) #90.

oo (7)

Let the sequence {z,},>1 defined by (1) with the restrictions >~y ’ < oo for all
i=1,2,...,N. Then
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(a) limy oo ||zn — ql| exists for any ¢ € F(S,T).

(b) There exists a constant K’ > 0 such that ||z, m — g < K’ ||z, — g+ K" S0 d,(CN),
for all n,m > 1 and ¢ € F(S,T), where K’ = ehIn T

Proof (a)Let g€ F(S,T) = ﬂf\il F(S;) N F(T;). Since {ug)} foralli =1,2,...,N are
bounded sequences in K. So we can set

D = max{sup Hug) —qH :i=1,2,...,N}.
n>1

Since S1,.52,...,SN are quasi-nonexpansive and 711,75, ..., Ty are asymptotically quasi-
nonexpansive mappings, it follows from (1), that

Hxﬁl”—tJH = Haﬁl”T{lxmLﬁff)Slxn+%§1)U§3)—qH
< oD — gll+ 60 [Si20 — gl + 1D [u) — g
< Al Aan) an = all + B an — gll + 42 6
< [0+ BN+ M) lew = gll + 250 [ul o
= L= D)0+ M) e = all + 2 6 — o
< (4 M) e — gl + %P D
< (14 D) o = gll + 40, @

where d) = 4V D. Since 3220 45 < o0, we can see that 3°°°  d') < co. It follows from
(2) that

[+2—d]| < a®|Tra® - o + 82 18220 — all + 92 [[u? o

< a1+ dan) ‘ =) - qH + B2 e — gl + 73 ||ul?) - qH

< a1+ Aan)[(1+ Arn) ln — gll + ]+ B2 — gl
o

< o + BN+ ) (L + Aza) [l — all + @i (14 Azg)dlY
o o]

= =210+ M) (1 + Azw) l2n — gl + P (1 4+ Aon)di)
+ 2D

< @+ M)+ A2n) flzn —gll + (1 + >‘2n)d$zl)
+92D

< [T A+ Ao+ Arg)] flzn — gl + dg) (3)

where
d® = (14 Agp)dV + 4P D.
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Since 3°°° 442 < 0o and 32°° 'Y < oo, we can see that

i dg) < 0.
n=1

It follows from (3) that

’ 2 — qH < ol HTélef’) - qH + 80 (S50 — all + ) ||ulP) — qH

< a1+ ) 22 = g + B llzn — all + 98 [ ul® o

< a1+ A30)[(1+ Ain 4 Aon(1+ M) 20 — gf| + d2]
+B llz = gll + 9 ||l — g

< (@ + BN+ Asn) (1 + Ain + Azn (1 + Min))] [|l2n — gl
+oP (1 + Agn)dD) + 4 Hu§5’> - qH

= 1= PN+ Asn) (1 + Atn + Azn(1+ Ain))] 20 — g
+afP (1 + Agn)di?) + 7 D

< L Asn) (14 A+ Azn (14 Arn)] 2 — gl
+(1 4+ A30)d? +~43 D

< [ Arn A Ao (14 Arn) + Azn(1+ M) (1 + Aan)] [z — gl +dP, (4)

where

d® = (14 \3,)d? +~43)D.

Since >, 77(13) < ooand )07, d? < 00, we can see that Y 7, 4 < 0. Continuing
the above process, we get

Jonir—al = [+~
<[4 A+ A2 (14 Arn) + Asn (1 + M) (1 + A2y)
o AN (L A A+ A2n) - (L Av—1yn)] 2 — gl + a8V
< (L+tn) on —qll +diN) (5)

where

Since Y07 Aip < ocforalli =1,2,..., N, it follows that >_ -, ¢, < co and by assumptions

of the theorem >~ , dY) < co. From Lemma 1, we know that lim,, . ||z, — ¢|| exists.
This completes the proof of part (a).
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(b) Since 1 4+ < ¢* for all x > 0. Then from part (a) it can be obtained that

N
|Znim —al < (14 tugmet) |Znrm1 —all +d50,
< et | mpgmer — gl + dgi)mfl
N N
< etrmeifetnime? | — gl +d$D o)+ A
< eltntm-1ttnim-2) |Zntm—2 —ql| + etwmfldgﬁ)mﬂ + dglji)mfl
< el ) o g — gl + e A ]
<
<
- et n+m—1
< T gy, — g+ eZET 0 N )
k=n
n+m—1 1
< K'l|lz,—q||+ K’ Z d,(CN), where K’ = e2ek=n !k,
k=n

This completes the proof of part (b). O

Now, we are in the position to prove the main result of this paper.

2 Main Results

In this section, we prove the strong convergence theorems for a finite family of quasi-
nonexpansive mappings and a finite family of asymptotically quasi-nonexpansive mappings
by using iteration scheme (1) in the framework of Banach spaces.

Theorem 1 Let E be a real Banach space and K be a nonempty closed convexr subset of
E. Let 51,5,...,5v: K — K be a finite family of quasi-nonexpansive mappings and
T1,T5,...,Tn: K — K be a finite family of asymptotically quasi-nonerpansive mappings
with a sequence {Ni} C [0,00) satisfying limy, oo Ain = 0 such that Y07 | Ain < 00 for
all i = 1,2,...,N and F(S,T) = ﬂf\il F(S;) N F(T;) # 0. Let the sequence {xp}n>1
defined by (1) with the restrictions Y oo, %(11) < oo foralli=1,2,...,N. Then {xn}n>1
converges strongly to a common fized point of S1,S2,...,5n,11,T5,...,Tn if and only if
liminf,, o d(zy, F(S,T)) = 0, where d(xz, F(S,T)) denotes the distance between x and the
set F(S,T).

Proof The necessity is obvious. Thus we only prove the sufficiency. For all ¢ € F(S,T),
by equation (5) of Lemma 2, we have

|zn1 =gl < (L+ta) o — gl +d), Ve N (6)
since Y >t < oo and > o7, dY) < o0, so from equation (6), we obtain

d(zns1, F(S,T)) < (1+ty)d(xy, F(S,T)) +dM) (7)
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Since lim inf,,_ o d(zn, F'(S,T)) = 0 and from Lemma 1, we have lim,_,oc d(zn, F'(S,T)) =
0.

Next we will show that {z,,} is a Cauchy sequence. For all £; > 0, from Lemma 2(b), it
can be known there must exists a constant K’ > 0 such that

[Znim —all < K'|lan —ql|

n+m-—1
+K > dY, ¥nym e N, Yg e F(S,T). (8)
k=n

Since limy, o0 d(zp, F(S,T)) = 0 and Y o d,(CN) < 00, then there must exists a constant
Ny, such that when n > Ny

€1 - (N) €1
d(2,, F(S.T)) < ———, and 3 d .
@ F(S.T)) < g 7y #0 2% g

So there must exists ¢* € F(S,T), such that

€1
d F(S,T)) = —q" —.
(@n, F(S.T) = o, =o'l < g
From (8), it can be obtained that when n > N;
[Zntm —znll < 2ngm — |+ lzn — ¢

* N *
K'|lon, — 'l + K'Y d + |len, — d*ll

<
k=N1
< (K 4 ) lzy, —p+ KOS Y
k=N1
€1 €1
K+1)———— + K.
(K" + )2(K’+1)+ 2K’
€1

that is
[Zn+m — znll <e1.

This shows that {z,} is a Cauchy sequence and so is convergent since F is complete. Let
lim,, o0 ¢, = y*. Then y* € K. It remains to show that y* € F(S,T). Let e3 > 0 be given.
Then there exists a natural number Ny such that

* €2
Since limy, o0 d(2y, F/(S,T)) = 0, there must exists a natural number N3 > N, such that
for all n > N3, we have

5 VTLZNQ

€2

d(.Ina F(S, T)) < m,

and in particular, we have
€2

d(zn,, F(S,T)) < m
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Therefore, there exists z* € F(S,T) such that

€2

lzng — 27| < m

Consequently, we have

1Ty =yl = Ty — 2" +2" —an +ong — ¥
< Ty =2+ [z = 2n L+ lzns — vl
< Ly =2+ 112" —anll + llzn, — vl
< Ly —an, +an, — 2+ 1127 —an |l + lan, — vl
< Ly — ol + llowg — 2] + 127 — anall + llons — 37|
< (LHDY =2l + (L + 1) 12" — 2|
& &
< (L+1).2(L7j_1> +(L+1).2(L7j_1)
< €2.

This implies that y* € F(T;) for alli = 1,2, ..., N. Similarly, we can show that y* € F(S;)
foralli =1,2,..., N. Since S; foralli = 1,2,..., N is quasi-nonexpansive, so it is uniformly
quasi-1 Lipschitzian, so here taking L = 1, we have

1Siy™ —y*ll = [ISy" —2" +2" —an, + 2N, — ||
< NSy =2+ 112" — ansll + llow, — o
< Ay =27+ 12" —2nall + llzvs — 7|l
< W —ans tan, — 2|+ 1127 —anll + llon, — o7
< Iy —amll + o = 251+ 112" — 2ns [l + [lon, — 37|
< 2{ly —anll 4 2]12" - an |l
30 30

2.— +2.—
< 1 + 1
< éa.

This shows that y* € F(S;) for all i = 1,2,..., N. Thus y* € (X, F(S;) N F(T;), that is,

*

y* is a common fixed point of Sy, So,...,Sn,T1,Ts,...,Tn. This completes the proof. O

Theorem 2 Let E be a real Banach space and K be a nonempty closed conver subset of
E. Let 51,5,...,5v: K — K be a finite family of quasi-nonexpansive mappings and
T1,T5,...,Tn: K — K be a finite family of asymptotically quasi-nonerpansive mappings
with a sequence {\in} C [0, 00) satisfying lim, oo Ain, = 0 such that Zflozl Ain < 00 for all
i=1,2,...,N and F(S,T) = ﬂlj\il F(S;)) N F(T;) # 0. Let the sequence {Tn}n>1 defined
by (1) with the restrictions Y, ”yff) < oo foralli=1,2,...,N. Then {x,}n>1 converges
strongly to a common fized point of S1,S2,...,5n,11, 15, ..., TN if and only if there exists
a subsequence {Ty;} of {x,} which converges to q.

Proof The proof of Theorem 2 follows from Lemma 1 and Theorem 1. This completes
the proof. O
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Theorem 3 Let E be a real Banach space and K be a nonempty closed conver subset of
E. Let 51,5,...,5v: K — K be a finite family of quasi-nonerpansive mappings and
T1,T5,...,Tn: K — K be a finite family of asymptotically quasi-nonerpansive mappings
with a sequence {\in} C [0,00) satisfying limy, oo Ain, = 0 such that > 07| Ny, < 00 for all
i=1,2,...,N and F(S,T) = ﬂf\il F(S;))NFE(T;) # 0. Let the sequence {xn}n>1 defined by
(1) with the restrictions Y ., 77(11) < oo foralli=1,2,...,N. Suppose that the mappings
Si and T; for allt=1,2,..., N satisfy the following conditions:

(1) limp—oo ||Tn — Siznll = 0 and limy, oo |20 — Tizyn|| =0 for alli=1,2,...,N;
(ii) there exists a constant A > 0 such that
{ln = Siall + 00 — Tiral} > Ad(an, F(S,T))
foralli=1,2,...,N and for alln > 1.

Then {Tn}n>1 converges strongly to a common fized point of S1,S2, ..., Sn,T1,To, ..., Tn.

Proof From condition (i) and (ii), we have lim, o d(zn, F(S,T)) = 0, it follows as in
the proof of Theorem 1, that {x,},>1 must converges strongly to a common fixed point of
51,59, ...,8n,11,T5,...,Tn. This completes the proof. O

Remark 2 Theorem 1 extend, improve and unify the corresponding results of [1,2,4,5,9,10].
Especially Theorem 1 extend, improve and unify Theorem 1 and 2 in [5], Theorem 1 in [4]
and Theorem 3.2 in [10] in the following ways:

(1) The identity mapping in [4], [5] and [10] is replaced by the more general quasi-
nonexpansive mapping.

(2) The usual Ishikawa iteration scheme [3] in [4], the usual modified Ishikawa iteration
scheme with errors in [5] and the usual modified Ishikawa iteration scheme with errors
for two mappings in [10] are extended to the multi-step iteration scheme with errors
with respect to a pair of a finite family of mappings.

Remark 3 Theorem 2 extend, improve and unify Theorem 3 in [5] and Theorem 3 extend,
improve and unify Theorem 3 in [4] in the following aspects:
(1) The identity mapping in [4] and [5] is replaced by the more general quasi-nonexpansive
mapping.
(2) The usual Ishikawa iteration scheme [3] in [4] and the usual modified Ishikawa iteration

scheme with errors in [5] are extended to the multi-step iteration scheme with errors
with respect to a pair of a finite family of mappings.

Remark 4 Theorem 1 also extends, improves and unifies Theorem 3.2 in [1] in the following
aspects:
(1) The identity mapping in [1] is replaced by the more general quasi-nonexpansive map-
ping.

(2) The finite step iteration scheme in [1] is extended to the multi-step iteration scheme
with errors with respect to a pair of a finite families of mappings.
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3 Conclusion

Our results are good improvement and generalization of the corresponding results of [1,2,
4,5,9,10].

Acknowledgement

The author is thankful to the referee for his valuable suggestions and comments on the
manuscript.

References

[1]

2]

3]

[4]

[5]

[10]

[11]

Chidume abd Bashir Ali, C. E. Convergence theorems for finite families of asymptoti-
cally quasi-nonexpansive mappings. J. Inequal. Appl. 2007. Article ID 68616: 10.

Ghosh, M. K. and Debnath, L. Convergence of Ishikawa iterates of quasi-nonexpansive
mappings. J. Math. Anal. Appl. 1997. 207: 96-103.

Ishikawa, S. Fixed points by a new iteration method. Proc. Amer. Math. Soc. 1974.
44: 147-150.

Liu, Q. H. TIterative sequences for asymptotically quasi-nonexpansive mappings. J.
Math. Anal. Appl. 2001. 259: 1-7.

Liu, Q. H. Iterative sequences for asymptotically quasi-nonexpansive mappings with
error member. J. Math. Anal. Appl.. 2001. 259: 18-24.

Zeqing Liu, Agarwal, Ravi, P., Chi Feng and Shin Min Kang. Weak and strong conver-
gence theorems of common fixed points for a pair of nonexpansive and asymptotically
nonexpansive mappings. Acta Univ. Palacki. Olomuc., Fac. rer. nat., Mathematica.

2005. 44: 83-96.

Zeqing Liu, Chi Feng, Jeong Sheok Ume and Shin Min Kang. Weak and strong con-
vergence for common fixed points of a pair of nonexpansive and asymptotically nonex-
pansive mappings. Taiw. J. Math.. 2007. 11(1): 27-42.

Mann, W. R. Mean value methods in iteration. Proc. Amer. Math. Soc. 1953. 4:
506-510.

Petryshyn, W. V. and Williamson, T.E. Strong and weak convergence of the sequence
of successive approximations for quasi-nonexpansive mappings. J. Math. Anal. Appl..
1973. 43: 459-497.

Shahzad, N. and Udomene, A. Approximating common fixed points of two asymptoti-
cally quasi-nonexpansive mappings in Banach spaces. Fized Point Theory Appl. 2006.
Article ID 18909:10.

Tan, K. K. and Xu, H. K. Approximating fixed points of nonexpansive mappings by
the Ishikawa iteration process. J. Math. Anal. Appl. 1993. 178: 301-308.



