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l l r n l ,  i':i!,,':i~l~i.i!riil ;III(I t i ~ ~ ~ ~ r - ~ ~ i i a l  ~ I ~ I L T I Y  ill 1111<11,rstil11,li1l; w s i u ~ l s  : i< ld i i l l~ l l~ l  p l i ys iml  
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A l l  r i l  Ill,, \III,II(Y II~<YLIIOIIIYI alxr , ,  rh'all w i l h  layrrs of  f i r i i l p  i i c l ~ f ! ~ .  '1'111. ma lys is  of  

1 1 1 ~  < m w t  L ~ I '  \ l a r a ~ ~ p , o ~ ~ ~  c o ~ ~ v m t i o ~  ill a , . t ' ~ r ! ! - i r # f i 7 1 ? i ~ 1 7 ,  d w p  lay?r is s i l i l p i f , ~  I~J;IIL thal  d 
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p u ~ " < ' i s i !  tlill rvl;iiiih 111;311y or l lv  r l~~ ;~ I i l ; ! i i vv  ~MIII.VS I$ the f i n i t r - d q h h  prol,\rlrl. St.llrly- 

IILL t l t ~ b  l r i > l , l vw  ~ ~ I s c ,  aI l ,nv~ IU ts<,l;it<, Ihc, i 1 1 R ~ m ~ m  u l  skufar? t>fTri.t,s rrot11 I,II<JSP (IIK l u  

t l jc ,  ~ x c , v ~ I ~ ~  c ,  ,)T I 11,. loa,i,r l ~ i ~ ~ t t ~ i l : i ~ ~ y ,  I l r  Lirht a l~alys is o f  h l a raugo l~ i  ( .u~ lvcv t io t~  ill a sm~l i -  

I I I  I I s  of I I ~ I I  I a 1 1 1  I I  I 0 T I i r y  3tudir r l  tllc, 
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\ l i ~ s ; j ~ l x o ~ i i  I~IIIIIIWI ~ U I  ill(, c~~!l-c.t OF w r i t x r l i o t l  i l l l r l  t l ~ r  ~ .u r r r~spo t~< l i ng  a ~ i a l y t i w l  r rs i l l lh  ill 
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I !  ! I  \:<yy wi vt111>. I l i ( s l u ~ ~ l  illill \ \ ' i l m ~ l  [(i] o l ~ l a i l m l  IUI t l r  f ir41 I~IIIC ;L I!?- 

t:iiIv,l < I , , s < . r i l , ~ i ~ t ~  uf t , l ~< ,  ~ ~ ~ a r s ~ r ~ a l  ~ 1 a l ~ i l i l y  cntrv,,s I,IIv ~IIS<>I of osci l lat, i~ry M a r a ~ i g u ~ ~ i  

r t m ~ i w i , m  ill x - c ~ ~ c j i - i ~ > i i ~ ~ i t < ~ l y  d r ~ , ] ~   lay^ of fi111<I. 

11) r l lc  ~ISC-+I~I I,;IIIIY ".r I I ~ V  a iliissic;ii l i l r a r  slal, i l i ly t h r~u ry  to  i ~ t v r s t i g a t r  t h r  i,ffrr.t o f  

;, I I I ~ U ~ I , ,  W T I L , ~ ; ~ ~  t ~ ~ ; ~ c ~ ~ ~ ~ f ~ c ~  l i t 4 i l  u ~ i  t l ~ r  OIM,~ o f  s l r : ~~ Iy  tl~(~rs~~c)ca~~illar~-~lriv~~~~ h l a r a ~ ~ ~ c n l i  

 ti^ I I - i ~ i i  I  I  f  i 1 i s i 1 1 1  l t r i c a l l - ~ ~ I t t i ~ i g  I I .  W'v ob- 

!:~LII ~ ~ X ~ ~ I W I I  C ~ W > ~ : V ,  fc>s I IIC, 111;1rgt1d stal>i l t ty ~ , I I ~ Y P  h s  t l ~ r  OIIS<,I i ~ r s t m l ?  CUIIYW~,~~I. 

11, I,;,~II, ~ ~ I ; x I .  t l l is WUI.I< V X I ~ ~ I I C I ~  p r t s  S~IIIUII a1111 S r ~ 6 . l ' ~  [ I O ] ,  'v'<,Idc, t,t a / . ' s  1171 am1 
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2 Problem Formulation 

wllcrr H, J and E a n  rcsprrtivrly thr, u~aglirtic. t i~ , l~ l .  111r nlrrrill ilmisit. alld thv r , l m  tric. 
f i ~ l d .  ~ r l r l  {I  is 1.hr 1rlagnrTic pvrlllralrility. F \~ r t l i r r l~ io r l~ ,  ful- a 1oo~i11g n ~ c ~ ~ i l l l ~ ~ .  H. J ~ L I L C ~  E 
rn~~s t ,  satisfy Ohm's law givrrl hy 

I,? using ~ q ~ i a t i o r ~ s  ( 1 )  (*I) .  whcrc rl = l/J;;jin. 
T I n  rlrotion of  an ~lr~tri~~ally-co~id~~~.fi~~i: fl~lid i11 i.lw p r - r ~ s ~ v ~ c ~ ~  of ;l ri~agrtrtir t idd  will 

givc rise to a Lorrrit,z furrr whirl1 arts 011 thv f l~~ir l  so that an m t r n  hoily frrwr t r r ~ i i  L 
appears i l l  the Navirr-St,okcs rrli~atioll wlricli, nit11 Iruoyarlq forc~,s iu t h  Illilk of I l l < ,  f l ~ ~ i l l  

n r g l w t d ,  call h r  wr i t tm a? 

wlrerr p is tlrr fluid prcssurc. p i s  I l i r  fluid driisit?, v is tllr kir~i ,~~i; t t i i .  viscusity a11i1 L 1.. 1111. 
Lorrntz furc.~. In gvr~rral. L is given by 

w h ~ r t ,  q is tli<, c~lwtrir  chargr dmsity. Ass~rnrirlg that th,. r ~ t a g ~ ~ i I i r d < ~  of tilr S ~ N V Y I  of ii f l 1 1 1 < 1  
c l r m r ~ ~ t  is nil1r.11 s ~ r ~ a l l < ~ r  flran t h r  spwd  of l i ~ h t  i i  r. \w 11rg1ri.t twr l~s  uf  <,rilr~r U ' / < ' 1 .  L 
takrs tllc si111p11'r  for^^^ 
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~ v \ N T ( ~  T is : I t ( ,  t w l p r r a t t t r r  a w l  K is t,ltv t l ~ v r t ~ ~ t l  c l i f t~~s iv i ty .  

I\.;' wish l u  ~ ~ i i t u i t ~ c  I l i i ,  stal) i l i ty u f  a .*f~r!t i - i l i f i r i i t f~l? d w p  l a w r  o f  i r ~ c o t ~ ~ p r r s s i l ~ l c ~ ,  X m -  
l o ~ i i ? , ~ ~  R11iq1 w l ~ i < i ~  ib  ~IIII,<>I~I~II~I it1 t l i r  I l u r i m ~ ~ t t d  T -  a11d ~,-dirwt,i,ms a11d r x t e t ~ d s  t u  III~ILILV 

i l l l l i l i t .  111 t l ic  v r r t t ~  ill : ~ ~ l i r i ' , t i ~ l t i .  'TIN. 1ayr.r is s l l l > j < ~ t  to  RII r s t r r ~ i a l l y - i ~ ~ ~ p i ~ s ~ ~ i L  im i f i x i i l  WT- 

ti(.:tl III:IKII<~~~(~ tic,l<l of  sIr1,11!:t,lt F I ,  a i l t ~ i f u r l ~ ~  w r t i < ,a l  l r r t~p?rat ! t r , ,  g ra< l iw l  ,f ancl I w ~ ~ i t ~ l d  
sl8ul-i, I,?. ;I frtw *ltrf:~cc- a.i~ii.l~ is i l l i l i a l l y  at 2 = 0 and at  m w t , n l ~ t  t e l i i pe ra t i ~ r r  T2 and is  

111 rvl l tat. t  xi1 1 1  a phssivc "n' w1li1.l~ rcinaitts at i.011statit pr('sstIr? a d  c o t ~ s t a i ~ t  t c i l l p ( ~ a t , ~ ~ r t ,  

7,. TVilctl i ~ j i > l  i vn  w w r s  i h v  f r w  s n r f w r  w i l l  i w  d rh r~ ! i d  and t l l i ~ ~  wr. (IPIIO~P i ts  pus i t io t~  

I n  : = , f !  r . ! t . / l .  TI,,, f l ~ t i d  t11utio1~ is r l r i v m  f , t~t i rv ly  l ~ y  thc t h rn~ io rap i l l a r?  r fk<~t at tltv 

k c , , ,  -t~ufac<,. \vl,vrt- \ I n >  > \ l ~ f a c ~  t t ~ ~ i ~ i o ~ ~ ,  7 ,  15 d ~ ~ ~ w ~ ~ ~ l ~ ~ i ~ t  u t t  t?tnp?rat!irr 7' a w o r d i ~ ~ ~  t u  t l w  

l p  i t  I .  = T I ,  ? ( ' 1 ' - T L ) .  iv l l r r< '  T(, i, t l l r  vaItl('of T i lt ?1 = T? aucl -7 > li i~ ~IIP 
c n w l f i ( ~ t i ~ ~ ~ i  uf  ~ I Ivs~~I I :~  - ~ t r f a u  1wi\io11 varial iui i .  lV<,  i t r ~ l w t  I ,~ toya l i<~y  f o r c i ~  i n  1 hr 1,111k of  

I I,,, f111i~l ( ~ y ~ ~ i v a l v ~ ~ t  1 0  t a k i ~ t g  t 111, w ~ ~ l f i ~ ~ t ~ ~ t t  u f  t l i ~  1111~t11al 1~xpa11siuii o f  thv fl)~i<l t u  l w  wrc11 

11111 t i ~ c l ~ t d ~ ,  1 1 1 ~  <,ff<wl o f  >:rayit,? to  alluw fur t l r  prw(v icc o f  gravity-driw11 s~t r facr  waws, 

I I f u r  s ~ i r f a i c  n.<, Ijnrr, t l ~ ,  IISIGII l i i i r i r l a t i r  1.oric1itiori and coudit ious of  co~it i i ,ui ty of 

tllr, i ~ o r t ~ l n l  ;rliiI tntig,.titiiil .;lrrwi,s. ;rtlrl i l w  t r v l t p w a t ~ ~ r r  o h y s  N c u ~ l o i , ' ~  larr of  r.ool i~ig. 

k i f l ' l i l n  = /,(T - T,). w11cr-i ti  is the Livat t r a i i s l t ~~ .  c.odIir.imt, brt,wf:m t l ~  frw s t ~ r r a w  

a l ~ r l  file p a A u  11lmli111u n l w r r ,  k is t l ~ r ~  l l ~ r r m a l  r.ut~dtt(. t ivi ty o f  t.hp f l t ~ i r i  and n is ih? urit- 
\wr<i tu\ i t  I,OTII\E\I t , )  t l ~  f r w  s i ~ s h ~ , ~ .  TIN, hm11idary ~~u11ditiw1 o11 t h r  n t a p r t  i~ fivld d r p r n d  

u I l t i  o r  u I I I  i l o i ~ ~ i i ~  h e  I [ l ~ a t d r a s k l ~ a r  I ] )  For 
s i ~ ~ r p l i , ~ i l v .  XI. : w i l r t i i  ticat rhr l t lvi l ia a l m v  aiirl lw low t l r  fluid arc, I ~ u t l t  pvr fwt ,  <~ l r~c t r i ca l  

, u t t ~ I ~ i ~ ~ ~ o ~ ~ s .  :\I1 [ > ~ , r t ~ t r l ) a l i u ~ t s  dw>iy  t o  x r ru  as : - -%. 

\ I t i t  1 1  l i a r  t a h i l i t y  o f  a hasir. ht,atc. ill wl i id t  t l t r  fluid is n t  rmt, t,hv 

I'rt,~, wtrf;a< e~ i, flat, l l ~  Ic,II I~~T;L~!I~~, g rar l iw t  a<.rws t,liv I a y v  is v i m s t a ~ ~ ! ,  t,Iw niappc~tic f idd 
15 n ~ ~ i f o r l t t .  ;it~<I I,II(, prc,ss(trr is w t ~ s l a i ~ t ,  -To sitnplify t l w  analysis w r  ~ ~ t i ~ ~ - ~ l i t ~ ~ ~ ~ t i s ~ o ~ ~ a l i s ~  

I I,<, x< ,w r i u i~g  < y ~ ~ a t i t ~ l t ~ <  a t d  l ~ ~ ~ ! ~ ~ l a r y  r m ~ d i ! i u i w  nsi l ig d ,  d2/v,  u / d ,  i i d i , / ~ ,  u H / 7  as a p p r e  

~,r i ; i t<.  wiilcc fc)r I ~ t ~ ~ t l l .  ti lit^. vdu(.ity. t r ~ i ~ p r r a t ~ i r ~  a t ~ d  t~ iag l t c t i (  f i r  r s p t i .  As a, 
r < ~ ~ ~ t l t  t l w  f<ill<,wil,!i nc, i~-r l t l , t< , t~s i<~>~~al  grollp5 n r i x  thr h l i i ra l tgu l~ i  i111rt11wr. .I1 = 7 ~ d 2 / j w t i .  
Ill,. Prai!r!i l ~ l > l t t i t r r .  I', - I , , " .  t h r  r r i ~ p i i t i t i ~ l  ((.apiI laryJ 11111111~r. Clr = O L ~ K / ? I , ~ / .  t l t r  Lliot 
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3 Linearised Problem 

Wv x~lalysr tlitx lilitxr statiility of the lrtisir. s tntr  i l l  tlir 11s11al inaIlu<,r I )?  swkiug pr.rii~rlml 
s o l ~ ~ t i m s  for ally qua~lt i ty a(.?, {I, :, t )  i11 t rr~rrs of 11or111al m~uilcs i l l  t I N >  for111 

as  : - m .  Hcrc w ( z ) ,  T ( z ) .  h ,  alld f ( I P I I O ~ V  the ~ r r t i m l  varititioll o f  t l ~  :-( 0111p0111~111 of 
~ i 4 o ~ ~ i t y ,  t m ~ p c ~ a t ~ ~ r c ~  an11 1nag11ptir f idd,  a11d tlir I I I ; X ~ I I ~ ~ I I ~ ( ~  u l  Ihr frw s~lrfziic, ~ I ~ ~ I ~ ~ J I I  
of thc pertlirllation rrspr.rtivi.ly a l ~ d  tllr upcrat(1r D = rl/<lz ~ ( ~ I I ~ V Y  OitFe~w~~t lation wit11 
rrsprr.t, to 2. Not(. that t h r  hul l~l~iary  r o n d i t i u ~ ~ s  (19) an11 (23) r.urrryo11rl to (h i ,  (;is(. ~ V ~ I I Y I  

t,Iw mccli1111~ a , I ,o i~~ i l~g  t,lir fluid hyr r  is a p (~ r f r r t  rlwt,ri(,al r o r ~ < h ~ ~ , t o r .  i , ?  I N >  ~ ~ i a g ~ w t i , .  hdd 
can rross thv I~ol~nriary (s r r .  fur iwmiplr. Clla~idrnwkliar [ l ] ) .  
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4 Solution of the Linearised Problem 

Tlir c r > ~ t ~ p l c t ~ ,  solut~iu~i of t l ~ c  lillrar stnhility p n , h l r ~ i ~  is rlrtrrnlil~r~ci uliw r w  h a w  solvcrl 
c ~ ~ ~ a t i o ~ i s  (1:i) (15) -1111jwt to 1111, Imiuh.ry ~onr i i t ior~s  (16) (24).  111 Ihr, ni.xl, s l ~ l w < . I i v ~ ~  
\vi, sliall ru~ic~rli lratc 011 tlir spr(.iirl caw w11r.11 s = 0. T h r  grllrral <.a,sr3 s # 0 will hc, dralt 
with ill t l ~ ?  for1 I I ~ I I I ~ I I ~  paprr .  

4 .1 Onset of Steady Convection 
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K o I ?  l l ~ a l  t , l~ is  fxpressiut~ fur 111~ sti%ci!- ~ n ~ r ~ i ~ l a l  cilrv,, is i ~ ~ d i ~ p c ~ ~ ~ l c ~ ~ l  O S  Cv,  Bo a11,1, u f  

r.ul1rs<,. PI a11d P?. % , l t i ~ ~ g  Q = (1 a ~ d  R, = 0 i ~ j  f x p r i w i u n  (32) U Y  r , ~ u v r r  t h .  w111tio11 

first u l ~ t a i n c d  I)? S~.al l lun a l ld Sr,c<,l [I!)], a, l l i l t  ht,ltiui: Q = ( I  w i f l i  5, + !I w ,  r < ~ o n ~  
thr, rsprr,ssicni ~ I I I R ~ I I C ~  111. G ~ r ( i a - Y I ~ a r l ~ a  a l ld  V i~ Iarck  I.?], :ll = Xitiri + B, J .  r v i < l ~ 1 1 1 1 y  

t l ~ ,  r s i t i ~ ~ a l  v a l w s  nrc~ = 0 at111 nc = 0 u ~ l ~ i c l ~  ( lo 11i~t <li,pcmd 011 5,. T~IIIS 1111, L < , I O ~  

j ~ ~ a ~ ~ ~ c t i , ~  i i c , l , l  II~CXIC,I pr rd iv ts  that T ~ C I  I~I;I~~IT IIUW s111al1 t l iv  t r n ~ p ~ w a I ~ ~ r < ~  : r a < l i ~ ~ ~ l  11~ii:ht I,,' 
I r l l s  f  t i  a 1 1 1  o , I u t i u  I s  i Th,. ~x~ar::il~al h t i ~ l l ~ l i l ?  11111.i.s 

S I I f I t i  fur ~ I I  I I S  Q I I a , = I  I , i 0 

ar,, p Iu l~ ,<v l  i t ,  F ig11w5 I a ~ d  2 r i y x , ~ t i v ~ , I y .  TIN, n l ; ~ r ~ i ~ ~ a l  .s ta l~ i l i ly  IUII~TS s q ~ r a t ~ ~  r q i w i \  

o f  s ta l~h .  ~r iodes wit11 R r h )  < 0 (rt.pi~mh I,rlow t11,' < ~ ~ i v e s )  frutrl t l~c is~ ,  01 1111ilal~1r~ IIIU~IC,~ 
w i t h  Rr(.s)  > O ( r t~,q io l~s almvc~ t l i r  r i ~ r v r , ) .  B<I~II F i ~ \ l r , , s  1 anrl 2 -1iuw I l l i~l I I I~.  ~ , t I ~ - c t  US 
i t i rrr>~sit~p, t,liv r118g11cti1. f i ~ l d  s l r ~ r i ~ l , l ~  Q i~ !c, s t ,a I~ i l iw  t i le la?t,r ill Ihv r ~ s ?  cur l j ,  = 0 ~IILI  
B, = 1 r r q x ~ d i v c l y .  111 t l l v  l in l i t  o - 0 ,  A1 = t Qf (Q+ i 2 D ,  ) + O ( n ) .  whi lv  ill tilt, l i l r l i t  

o  - x, A1 = 8oio+B,)+:Q(l +$)+o($) .  The, ( a x ,  R, = [ I  h r  t l w  i n s i ~ l a l i ~ l q  1xj111dar-v 
m ~ ~ d i t i u t i  ( F i g ~ ~ r , ,  1) is pnrI1<~111ar i u  t h t  I h i ~  crit,i<,al WIV~II~I I I I~I~,U < l c  is zvrc nticl t l ~ i ,  r r i t i < a l  
valllc uf .If is Q. 111 ;L r c ~ & ~ l  e s p e r i r ~ ~ r n t  t h r  drpt11 d ti),, l:ty,-r w~~ I I I I  IN larx,, r a l l ~ i ~  111a11 

ir~f init i ,  and su t l ~ k  r < c s ~ ~ l l  I U ~ I I S  t i n t  i n  p s n i ~ t i w  l l i v  vr i t i ra l  w ~ v v ~ t ~ ~ ~ ~ g t i ~  2 x / o r  wi l l  a l w a n  

I lc  r o r i l pa ra l~ l r  t o  thr i l r p t h  u i  I h r ?  Iaycr. i . r  I11c ~ ~ P B C I K C  uf  IIIV IO\VIY lw1111~1a1~ w i l l  ~ l i v i l y - .  

p lay a significmt, r u l i ~  i n  d ? t f m ~ ~ i n i ~ ~ :  r l ~ e  ?s:wt, ( ~ i ~ ~ ~ d i t i u n s  frm IIM, UILW~ u f  ht ra<lv I~~~I~YIVI~UII. 
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I:i,ql~rc 2: I l a r ~ i ~ ~ a l  Stal~ility C ' ~ ~ r v r s  for tlw Onsrt of Stoml? C 'o~nwtion lor Vnriol~s Vall~vs 
uf Q ill 1 I I V   IS<^ l3, = 1 
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