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Abstract The performance of the Block Generalised Multistep Adams and Backward
Differentiation Formulae (BGMBDF) as compared with Generalised Multistep Adams
and Backward Differentiation Formulae (GMBDF) is presented. These methods are
used to solve initial value problems (IVPs) for stiff and nonstiff systems of ordinary
differential equations (ODEs). The results obtained show that the BGMBDF reduces
the total number of steps in computation.
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1 Introduction to Block Methods

A block method is understood to be a method that computes concurrently solution values
at different points on the z-axis. The block method to be developed and analyzed in
this paper is based on the idea of simultaneously producing a “block” of approximations
Yn+1s Yn+2s Ynt3...... Yntk- Hence given the previous (yn—1, yn)t we modified the algorithm by
Suleiman [14] to include the next block (4,41, Ynt2)’ in its iteration scheme. This approach
was developed by a number of researchers such as Shampine and Watts [12], Butcher[3],
Chu and Hamilton [4], Fatunla [5], D.Voss and S.Abbas[15]. In a related study, Omar[10]
had considered block method for the solution of nonstiff problem. First, we introduce the
basic definition of a block method described by [4].

Definition 1.1
Let Y;, and F;, be vectors defined by

Ym = [yn7 Yn+15 Yn+25 ----- ) ynJrT*l] tv (1)
Fm = [fnafn-l—lufn-l—?a '''''' ufn-l—r—l]t' (2)
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Then a general k-block, r-point method is a matrix of finite difference equation of the form
k k
Yoo =Y AiYm i+ h) BiFp_ (3)
i=1 i=0

where all the A;’s and B;’s are properly chosen r X r matrix coefficients and m =0, 1,2, ...
represents the block number, n = mr the first step number in the m-th block and r is the
proposed block size.

2 Block Generalised Multistep Adams and Backward Differentia-
tion Formulae

In this section, we briefly describe the Generalised Multistep Adams and Backward Dif-
ferentiation Formulae. A GMBDF uses a family of BDF, in variable order, variable step
to numerically solve stiff IVPs. We consider BDF methods for the numerical solution of
systems of first order ODEs of the form

y;:fl ('r7}~/)’7::1’27"'757 (4)

given initial values Y (a) = 7, where Y7 (z) = (y1,¥2,...,ys) and 77 (x) = (1,72, ..., 7s) -
Our aim is to produce a block backward differentiation method for the numerical solution
of the first order IVP of the form

v =f(z,y),y(a)=na<z<b (5)

where 7) is a given initial value at the initial point x = a and f is continuous and satisfies
a Lipschitz condition on the region [a,b] x (—o00,0). Let y, and y (z,,) be the computed
approximation and the exact solution respectively to (5) at point z,,.

The family of BDF used can be represented by implicit multistep formulas of the form

q
(an,iyn—i + hnﬁn,if (,Tn, yn)) =0 (6)
=0

3

and the coeflicients «,, ; and 3, ; are determined by an integration formula.

Definition 2.1

Define the interpolating polynomial Py ,, (x) which interpolates the values fp, fn—1, s fn—k
of a function f at the points x,, zn_1, ..., Tn_ in terms of k-th divided differences denoted
by f[nﬁn,l_’___ﬁn,i] as follows

Pk,n (JJ) = fn + (LL' - :En) f[n,nfl] + (:E - xn) (LL' - xn—k-{-?) f[n,nfl,...,nkarl]u (7)

and
f[n,n—l,...,n—i-i—l] - f[n—l,n—2,...,n—i]
Tp — Tn—4

f[n,n—l,...,n—i] =
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Definition 2.2

Define the integration coeflicients g; ¢, t > 0 to be the ¢-fold integral

Tn41 xT xT
giyt:/ / / P, (z)dx

Gi,0 = Prni (Tny1) .

and

Definition 2.3

Define the differentiation coeflicients d; ¢, t > 0 by

dt
di = %Pn,i ()

T=Tpi1

Both the integration and the differentiation coeflicients can be generated by simple recur-
rence relation which were derived in Suleiman [14].
The predictor formulae is constructed by first integrating (5) . This leads to

v =y + [ f (2 @)ds Q
Replace (8) using (7) i
i =+ [ Prn (@) ds (9)

Tn

It follows that the predictor formulae are given by

k—1
Pner =Yn + Z gi,lf[n,n—l,...,n—i]
o (10)

k=1
Pria= > 9i0finn—1,.n—i
i=0
The corrector formulae are constructed to provide values that satisfy

y/ = f (:Cn-l-dayn-i-d) . (11)

The corrected values are given by

(d)
g
1yn+d =Ppiaq+ %ed (12)

L Ik,0
/ _ p/
yner - Pner + €d

where eq = f | ptd, Pn+d - P{H_d and 'y, 4 denote the first iterative value of 4, 4.

In accordance with the terminology used in the linear multistep case, the evaluation was
done in PECE mode. P and C indicate one application of the predictor or the corrector
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respectively, and E indicates one evaluation of the function f, given x and y. PECE modes
for block methods described by [4] is defined as follows:

k—1
Pn+d =Yn + Z gi,lf[n,nfl ..... n—i)
=0

P o1
Pr/z-i-d = Z gi-,Of[n,n—l,...,n—i]
=0

E: YW =f(®ntd,"Yn+a), where °ypiqg=Poiq

1 9
C - yn+d:Pn+d+ﬁed

1,/ _ p!

Yntd = Pn+d téa
1
E: y;erd =/ (In+d7 yn+d)
The simultaneous sequence of computation for the first point in the block BDF is
= Ynt1 = Fos1 = Yn1 — fasa
and the computation for the second point is

b 4 c c
- yn+2 - n+2 - yn+2 - fn+2'

3 Numerical Results

The numerical method described in the previous sections was applied to six problems from
the literature. Each problem is defined by a differential equation and an error tolerance.
The existing code INTEGRATE2 by Suleiman [14] was modified and redesigned to include
the new block algorithm in its iteration scheme.

Test Problems

These problems were solved numerically using the BGMBDF and GMBDF of variable step
size and order using three different tolerances 1072,10~* and 1076.
For the numerical results we recorded the following quantities:

Tol : The upper bound for the local error estimate

Nireject : The total number of rejected steps due to
convergence failure or local error control

Nuvccess : The total number of accepted steps

Niotal : The total number of steps to the integration

Mazxerror :  Maximum error

Step, :  Percentage total step reduction

In Table 3.1-3.6 we present the performance measures such as the number of success
steps, number of fail steps, the maximum error and the total number of steps taken. Note
that the BGMBDF requires less number of steps compared to the GMBDF method.
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Problem Dufferential equation Inttial Fange of | Source
walues integration
i} F=-05p y07=1 | 0=x30 | BurdenZ]
Estact solution: pix)= e
7 7=y y[7=1 |02x<20 |Bita[l]
Ezact solution: p(x)=2"*
T 7= 305 y07=1 | 0Zc<20 |Burden(d]
Fxact solution: p(x) ="
7 T = _T00g y07=1 | D=r<30 | Russel[11]
Exact solution: p(x)= gl
5. Fi=Js #1(0)=0 [ 0=x=16x | Sharnpinel13]
Fi=h ra(0)=1
Exact solution: pilx] =sinx
Py (x)=cosx
6. 71 =198p; +199p, 7i0)=1 |0=x<20 |Burden[]]
Fa =-1398p, - 399F, F(0)=-1
A
Estact solution: nifx)=e
Falr)=—""
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Table 3.1: Results for Problemn 1

Method Tol Nsuccsss qum Nrorai .5?6_;0? Maxsn’or
GMBDF 17 1 12 23 270% 18553802
BCGMBDF 0= 14 a 14 121930602
GMBDF i 4 37 0 T3% 12147104
BCMEBDF 10 26 a 26 12494904
GMBDF 38 2 1] 35 00% 1 2R3 2e-06
BGMBDF 1 39 0 39 12499705

Table 3.2: Results for Problem 2

Method Tl Noucoess | Mogen HNyotal Step, ety
GMBDF 22 3 23 12 00% 1 87436Ae-02
BCMBDF 102 22 1} 22 50007 Te-02
GMBDF 38 5 43 32.50% 2.45713e-04
BGMNBDF ™ 29 1] 29 24957 Se-04
GMBDF [ 5 73 32 30% 217301 e-08
BGNBDF 1 45 1] 45 24902 8e-05

Table 3.3: Resulis for Problem 3

Method Tol Nsuccsss N?\{?M Nto!af 'STep?‘ Mﬂsn’or
GMBDF ! 3 34 2.21% 30825802
BGMEDF 102 30 3 33 07520702
GMBDF 56 4 60 16.67% 6.01d61e-04
BGMEDF 1 47 3 50 2.96330e-05
GMBDF 81 3 24 13.10% 2.30242e-06
BGMEDF 10 70 3 73 24280307
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Table 3.4: Results for Problem 4

Method Tol SUCEESS N?‘\{?'M N!o!ai "Sfep?‘ Maxermr
GMBDF 41 5 44 10.57% 44338303
BGMEDF 1 D—B 33 4 37 133754e 03
GMBDF 58 9 67 253T% 6.66052e-04
BGMBDF 10 44 & 50 28200 4e-04
GMBDF 118 14 132 46 97% 71446 5e-07
BGMEDF IEI_? 68 2 70 19106807

Table 3.5: Resulis for Problem 5
Method Tol success | Dvget HNoosat Step, Mty
GMBDF T8 4 20 232.50% 109651 e+HI0
BGMBDF 1= 62 il 62 1.5063 3e-01
GMBDF 145 4 145 22.15% A AE35Te-03
BGMBDF ™ 116 il 116 TETTE0e-04
GMEDF 244 ] 255 28.24% A EF55Te-05
BGMBDF 1 183 il 183 37468e-05
Table 3.6: Results for Problem 6

Method Tol chcsss N?‘{?'M N!o!af &ep?‘ Maxsrmr
GMBDF 32 [ 38 21.05% 4 4609 Ee-02
BGMBDF 102 27 3 30 19321 6e02
GMBDF 33 3 43 18.60% 0.22114e-04
BGMBDF i 34 1 35 2.45713e-04
GMEDF 38 3 [ 24.59% 2.19194e-035
BGMBDF - 45 1 46 12400305
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Conclusions

The numerical results obtained using the block method described in this paper gives ac-
ceptable results. Comparing BGMBDF with GMBDF, we conclude that the former method
is more efficient since the reductions in total step is almost one quarter for some tolerance

chosen.
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