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Abstract The systematic investigation of a new class of analytic functions, which is
defined in terms of Ruscheweyh derivative, is presented. Apart from coefficient bounds,
results like distortion property, closure property and radius of starlikeness of this class
of functions is obtained.
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1 Introduction

Let S denote class of functions f(z) of the form
f() :Z+Zakzk (1.1)
k=2

which are analytic and univalent in the open disc U = {z : |z| < 1}. The Hadamard product
or convolution of two functions of S given by (1.1) is defined by

(f*9)(2) :z—i—Zakbkzk (1.2)
k=2
where

oo
g(z) = Z—I—Zbkzk. (1.3)

k=2
In [2], Ruscheweyh introduced the class K,, of functions f(z) € S satisfying the inequality

z”f(z)(”“‘l) n+1 B

Re{znlf(z)(”) > (ne No=NU{0},z€U) (1.4)

with basic inclusion property K,11 C K,. We also note that Ky is the class S*(1/2) of
(normalized) starlike functions or order 1/2.

Let
2(2" ' f(2))

N. 1.5
e (1.5)

D" f(z) =
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This symbol D™ f(z) was named as Ruscheweyh derivative of f(z) of order n by Al-Amiri [1].
We note that

Df(z) = f(2), D'f(z)=[(2). (1.6)
Using Hadamard product defined by (1.2), Ruscheweyh [2] observed that if
Df(z) = ﬁ « f(2), (@ < —1), (1.7)

then (1.5) is equivalent to (1.7) when o =n € N.
Let T denote subclass of S consisting functions of the form

f(z) zz—Zakzk,(ak >0). (1.8)

k=2

Definition

Let 0<a<l,0<f<landl/2<v<1lifa=0,and 1/2 <v <1/2q, if a # 0. We
define a class Q,(a, 8,v) as the class of all functions f(z) of the form given in (1.8), if f(z)
satisfies the condition

(D"f(2) =1
(D" f(2)) — o) = (D" f(2)) = 1)

< p.

2 Main Results

Theorem 1 (Coefficient Estimates) Let function f(z) be defined by (1.8). Then f(z)
is in the class Qn(a, B,v) if and only if

> k(1= B(1 - 20))d(n, k)ay, < 28v(1 — ) (2.1)
k=2
where
S(n,k) = ( Z+k_1 )

The result (2.1) is sharp.

Proof Assume that the inequality (2.1) holds and let |z| = 1. Then, by hypothesis, we
have

(D" f(2))" = 1] = B2v((D" f(2))' — ) = (D" f(2))" = 1)

= |- Z ké(n, k)apz""1 — g|2v(1 — Z kS(n, k)apz""1 —a) + Z kd(n, k)apz""1
< ké(n k)ar — B2v(1 —a) — 20> ké(n,k)ap) — B kd(n, k)ay
k=2 k=2 k=2

M

k(1 — B(1 —2v))d(n, k)ar, — 20v(1 —a) < 0.

~
||
)
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Hence, by maximum modulus theorem f(z) € Q,(a, 3, v).
Conversely, suppose that f(z) € Qn(«, 5,v), then

(D"f(2) =1
20((D"f(2)) —a) = (D" f(2)) = 1)

=3 kS(n, B)apht
_ 2, Fotn-kjaiz (2.2)

20(1 —a) + i (1 —2v)d(n, k)agzF-1
k=2

<pB, zeU.

Since |Re(z)| < |z| for all z, we have

- io: kd(n, k)apzF~1
Re h=2 < B. (2.3)

2v(1 — ) + § (1 —2v)d(n, k)agzk—1
k=2

Choose value of z on real axes so that (D™ f(z))’ is real. Upon clearing the denominator in
(2.3) and letting z — 1 through real values, we obtain

> kd(n, k)ar < B2v(1 —a) + Y k(1 - 2v)5(n, k)ax).
k=2 k=2

This gives required result. Finally, for the function,

B 20v(1 — )
&) ==~ {50 — oy (24)

the result is sharp.
Corollary 1 Let the function f(z) defined by (1.8) be in the class Qn(a, B,v), then

o < 20v(1 — a)
~ k(1 - 801 —-2v))d(n, k)’

(k>

2).

The result is sharp for the function given by (2.4).
Now we prove distortion property.
Theorem 2 Let f(z) defined by (1.8) in the class Qn(a, B,v), then we have

pr(l —«a) Br(l —a)

- r? z r .
T 1Ty KA L R TG e

The result (2.5) is sharp.

(2.5)

Proof Since f(z) € Qn(a, B,v) and in view of inequality (2.1) of Theorem 1, we obtain,

21— B(1—20))3(n,2) Y " ar <Y k(1 — B(1 = 20))d(n, k)ar < 26v(1 — a) (2.6)
k=2 k=2
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which implies

= 61/(1 - )
Z B(1 —2v))d(n,2)

Therefore we can show that

> pr(l —a)
[f(2)] 2 =1 ;“k 27 —r’ (1—B(1 —2v))s(n,2)

and
pr(l —a)
(1= B —20))d(n, 2)

This completes the proof. Finally, by taking function,

pr(l —a) 52
(- B0 - 20))8(n, 2)

o0
fE<r+r) ap <r 40’
k=2

f(z) =2— (2.7)

we can show the result is sharp.

Now we prove the closure properties of aforementioned class @, (a, 3,v). Let the func-
tion, for ¢ = 1,2,3,...,m, be defined by

o0
z)=2z— Zak,izk, ar >0, zeU. (2.8)

Theorem 3 Let the function f;(z) given by (2.8) be in the class Qn(a, B,v) for every
1=1,2...,m. Then the function h(z) defined by

h(z) = Zcifi(z) (2.9)
i=2
where
>0 and Y ¢=1 (2.10)
i=2

is also in the class Qn(a, B,v).

Proof Observing definition of h(z) in (2.9), we get

(e (2.11)

k=2 i=1
Further, since f;(z) are in Q,(«, 8,v) for every i = 1,2,...,m, we get
> k(1= B(1 - 20))d(n, k)a,; < 268v(1 — ). (2.12)

k=2
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Hence, in view of (2.12), we see that

> k(1= B = 20))5(n, k) ciar.:)

k=2 =1

=> (D k(1= B(1 —20))5(n, k)ax.;) (2.13)
=1 k=2

< Zci(Qﬁy(l —a)) <206v(l —a).

This immediately implies that h(z) belongs to @, («, 3,v). This completes proof of Theo-
rem 3.

Theorem 4 Let

20v(1 — )
P TRy LRI (2.14)

for0<a<1,0<8<1,1/2<v<1lifa=00r1/2<v<1/2a, if a £ 0.
Then f(z) is in the class Qn(a, B,v) if and only if it can be expressed in the form

fi(z) =z and fr(z) = z —

2)=> Mfu(2). (2.15)
k=1
where A, > 0,k >1 and > A\ = 1.
k=0
Proof Suppose that
s = Zﬂy (1—a) k
= 2.1
z) kz:l)\kfk(z) 1;::1 = B0 —20))00n. k) iz (2.16)

then it follows that

Z i Zﬂly_ 2U)))5( ek = (1= 20))6(n, )

=28u(1 — «) Z Ae =26v(1 — a)(1 — Ay) (2.17)

k=2
<26v(l — a).

Hence, in view of inequality (2.1) of Theorem 1, f(z) € Qn(a, 8, v).
Conversely, assume that f(z) defined by (1.8) belongs to class @, («, 3,v) then
20v(1 — a)
<
S R B0 = 20))8(n k)

k> 2.

Setti
etting k(1 — B(1 —2v))d(n, k)
26v(1 — @) "

Ak =
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and A\; = 1 — > A, we can see that f(z) can be expressed in the form (2.15). This
k=2
completes the proof.

Corollary 2 The extreme points of class Qn(a, B,v) are the functions fr(z)(k > 1) given
by (2.14) .

Lastly we obtain radius of convexity.

Theorem 5 Let f(z) defined by (1.8) be in Qn(«,B,v) then f(z) is starlike of order
p(0 < p < 1) in disc

1/k—1
(1—p)k(1—6(1—2v)>5("7’“)} T e

< vl ) = ing § C G S

The result is sharp.

Proof It is suffices to prove
2f'(2)
f(2)

—1‘ <1-p, (2.19)

that is to prove,

which is equivalent to

which gives

In view of Theorem 1, it is possible only when

—(k=p) ko1 k(L= B(1 = 20))3(n, k)
kZZQ =, apz* 1 < ];2 250 — ) ag. (2.20)

After simplification we get required result. This completes proof of Theorem 5.

3 Conclusion

The work presented here is generalization of work done by earlier researchers. Further the
research can be done by using fractional calculus operators for this class.
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