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Abstract We present an integral equation method for conformal mapping of doubly
connected regions onto a unit disc with a circular slit of radius p < 1. Our theoretical
development is based on the boundary integral equation for conformal mapping of
doubly connected region derived by Murid and Razali [15]. In this paper, using the
boundary relationship satisfied by the mapping function, a related system of integral
equations via Neumann kernel is constructed. For numerical experiment, the integral
equation is discretized which leads to a system of linear equations, where y is assumed
known. Numerical implementation on a circular annulus is also presented.
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1 Introduction

Numerical conformal mapping of multiply connected regions are presently still a subject
of interest. Every region of connectivity p can be mapped conformally on each of the five
canonical regions [2, 3, 16]. They are the disc with concentric circular slits; an annulus with
concentric circular slits; the circular slit region; the radial slit region and the parallel slit
region. In particular, if Q is a multiply connected regions of connectivity (p + 1) inside the
unit disc |z| < 1 where I' = |z| = 1 is the boundary component of €, then there exists a
univalent analytic function w = f(z) in Q such that (4) it maps © conformally onto a region
G inside the unit disc |w| < 1 which has p circular slits centered at w = 0 and (%) it maps
the unit circle |z| = 1 conformally onto a unit circle |w| = 1. The images of the circular
slits are traversed twice [6, 10].

Several methods for conformal mapping of multiply connected regions have been pro-
posed in the literature [4, 7, 9, 11, 15, 17, 18, 19, 21, 22]. One of the methods is the
integral equation method. Some notable ones are the integral equations of Warschawski,
Gerschgorin, and Symm. All these integral equations are extensions of those maps for sim-
ply connected regions. Recently there are two integral equations for conformal mapping of
simply connected regions derived by Kerzman and Trummer [8] and Razali et al. [20]. An
effort for their extensions to doubly connected case has been given by Murid and Razali [15]
but without any numerical experiment. Numerical conformal mapping of doubly connected
regions onto an annulus based on [15] is discussed in [12].



100 Ali Hassan Mohamed Murid, Laey-Nee Hu & Mohd Nor Mohamad

In this paper, we adapted the work of Murid and Razali [15] to construct an integral
equation involving the Neumann kernel for conformal mapping of doubly connected regions
onto a unit disc with a circular slit of radius ; < 1. For numerical experiment, the integral
equation is discretized which leads to a system of linear equations provided p is known. A
numerical example is reported for a circular annulus as a test region.

2 A Boundary Integral Equation for Conformal Mapping of Dou-
bly Connected Regions

Let Ty and I'; be two smooth Jordan curves in the complex z-plane such that I'; lies in the
interior of I'g. Denote the finite doubly connected region by Q with boundary I' = T'¢ UT';.
Let w = f(z) be the analytic function which maps © conformally onto a unit disc with
a circular slit of radius ¢ < 1. The mapping function f is determined up to a factor of
modulus 1. The function f could be made unique by prescribing that

fla) =0, f'(a) >0

where a € () is a fixed point.
The boundary values of f can be represented in the form

Fao(®) =e®®, To:z=z(), 0<t<p, (1)

f(zl (t)) = /Leiel(t)a I'y:z= Zl(t)a 0<t< 615 (2)

where 6y (t) and 6, (t) are the boundaries corresponding to the functions I'g and I'y, respec-
tively.

Téfhe unit tangent to I' at z(¢) is denoted by T'(z(t)) = 2'(¢)/|2'(t)|. Thus it can be shown

that
o)) = sy 0@ f) 1 F(z0()
TGl = TGO g T Gon ~ 7 D T Go@n ©
i o B0 PEO) g T (0)
fa ) =T O GG ae] T O e W

|
Note that 6{(t) > 0 while 0] (¢) may be positive or negative. Thus 0/ (t)/]67(t)| = £1.
The boundary relationships (3) and (4) can be unified as

L @l P

where I' = FO U Fl.
To eliminate the + sign, we square both sides of the boundary relationship (5) and get

_ _ 2 f/(Z)Q 5
f(2)? = ~[f()PT(2)? TR el (6)

An integral equation can be constructed related to the boundary relationship (6) based on
the following result of Murid and Razali [15]:
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Suppose D(z) is analytic and single-valued with respect to z € Q and is continuous on
QUT. Suppose further that D satisfies the boundary relationship

T(2)Q(2)D(2)*

PE) =) = poF

zel, (7)

where T'(z(t)) = 2/(t)/|2'(t)| is the complex unit tangent function at z € I", while ¢, P and
@ are complex-valued functions defined on I' with the following properties:

if zeT
(P1) ¢(2) = { 20’ ;f z g FO , where ¢g and ¢; are complex constants,
1 1

(P2) P(z) is analytic and single-valued with respect to z € €,
(P3) P(z) is continuous on QU T,

(P4) P(z) has a finite number of zeroes at ay, asz, ..., a, in Q,
(P5) P(2) #0, Q(2) #0, D(2) #0, z € T.

Theorem 1 Let u and v be any complex-valued function that are defined on I'. Then

) 1w eeTw)
(”T@]D(”PV%rl@—z)cz(w) s

D(w)|duw|

1
2

= —c(2)u(z e%
=—clzu(z) | ), Res o—orrs

ajinsidel’

— ulz)(co — 1) [% /F %dw] sem (8)

where the minus sign in the superscript denotes complex conjugate and where

I, — Iy, if z €Ty,
27 Iy, ifzely.

Comparison of (6) and (7) leads to a choice of ¢(z) = —|f(2)|?, P(z) = f(2)%, D(z) =

f'(z), Q(z) = T(z). Substituting these assignments into (8) along with the choice of
u(z) = T(2)Q(z) and v(z) = 1, gives the integral equation

/Mz w) f'(w)ldw| = | £(2)|*T(2)2 [S}ES%]

+ TEP(-p )[i,/mwﬂimﬂw], eT, )

2 —2)f(w)
where
Tw) |T()? 1 ] ifw,zel,w+ 2z
27Ti T—% w— 2 ) ) ’ ’
o) = 10

fw=zel.
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If we multiply both sides of (9) by T(z) and use the fact T'(2)T(z) = |T(z)|? = 1, we obtain

<
7 (w)
) [5—63 (= 2) (W)

@)+ [ N w)ldo] = 5G)FT
Y 1 [ (w) -
where N is the Neumann kernel [6] defined by
lIrn 5(z) , ifw,ze T w# z,
N(Za ’LU) = 771 Im[z”?t)zz/( )] (12>
EW, ifw=zel.

To evaluate the residue in equation (11), we use the fact that if f(w) = g(w)/h(w),
where g and h are analytic at a, and g(a) # 0, h(a) = h'(a) = 0, h'(a) # 0, which means a
is a double pole of f(w), then [5]

Res f(w) = 22,,(( )) ;h/;;f,(gﬁa? (13)
Applying (13) to (11) and after several algebraic manipulations, we obtain
w1
RS @2 T a- 2P (4
Thus integral equation (11) becomes
. _
@+ [ N @il = 1(OPTE |- =]
LTEA - 1) [Q;/F = _fZ()J)(w)de] el (15)
Multiply (15) by f'(a), we get
’ / — —|f(z 2—2 1
+ [ NP @) @ldu] = - FEFTE —=
+T()(1 - p?) [%/F %f(a}dw] , zel. (16)

The single integral equation in (16) can be separated into a system of two integral equations
given by

/NZO, (w) /' (@)]dw| = ~T(z0) ——

[ (w) /
TG — )[%/Flmf(a)dw] . wely,  (17)
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/N (21,w)T £ (a)]dw| = W(a_lmz

+T(21)(1 — p?) [% /1‘0 %f(@dw], z1 €It (18)

Taking boundary relationship (6) into account, (17) and (18) become

T(Zo)
/N (20, w)T f'(a)|dw] = (a_%)z
{%/m (w_Zo>f’_<;>;;;;$wg,qdw e
12T (1)
/N (z1,w)T f(a)ldw| = (a—21)2

NES () (a) N
+ ()1 = 47) {2#1 /ro (w — 21) [—T(wb';ﬁ—:gggﬂ ! ] el 20

Using the facts that |f/(w)|? = f/(w)f'(w), T(w)|dw| = dw, and T(w)T (w) = |T(w)|* =
1, the two integral equations (19) and (20) become

/N 20, w)T (@) |dw| = — L)
(a Z0)?
1 T(w) / /
+ 5 TGl - >/Flw LI @f@ldul, s€lo, (21
P (21)
/ N(z1,w)T f@ldu| = ~ =2
TG u2>/mw(_z)_1f<> (@)ldw], = €Ty, (22)
Since I' = Ty UT'q, equations (21) and (22) can be written as
T()f (o) (@) + [ N0, w)T()f () (@)]du]
~ [ N T ) @ldu)
- T(Zo) T(Zo) 1 w , w
- gy g | o @) @)l
T(Zo)
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T(20)f (z0)f (@) + [ N(zr,w)T(w)f (w)f'(a)|dw]

To
- [ NG wTw)f w)f @ldul
TG TG [
o | s ) @l
S [ T @ @l aen. e

Using the fact that any z € C, Im(z) = (z — Z)/(2i), the Neumann kernel which is defined
in (12) can be written as

|- E ifw,z z
N(Z ’(U): 2mi Z—w—z_w ) f’LU, Gf,w7é , (25)
’ i Im[z//(t)z/(t)]

2 [P

fw=zel.

Applying definition (25) to N(z0,w) in [ . of equation (23) and to N(z1,w) in [ of
equation (24), we obtain

T(z0)f (20)f"(a) + [ N(z0,w)T(w)f" (w)f' (a)|dw]

o
[ o | 2 2B ) ) @l
_r, 27m |zo—w Zg—W
7_% o 1 T(ZO) W) (w) ' (a)dw
— s g | TS ) @)l
1 T(0) o) # ()
o | T ) @ldul, 2 < T (20)
Te)f 0f @)+ [ o | 25 - 2B r ) @)ldul

—— T [ 2B s @l
[ D vy wr@las) s ety o

After simplications, we get
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T(z0)f (20)f (@) + [ N(zo,w)T(w)f (w)f'(a)|dw]|

To

- /pl % [%} T(w)f' (w) f'(a)|dw)|

g

TG 1 / LG 1) () f (@) dul, 20 € T,

@-=)® 2mip?

r, 20 — W
T @+ [ 5o | ZE T @) @)l

-/ N (21, w)T(w) f'(w) f'(a)|dw|
pT) 12 [ T
E=7!

@—z)2 " 2mi DE_ET(U’)JN(U’)JU(@)WU}L z €T,

Rearranging (28) and (29) yields

T(z0)f"(20)f (a) + [ N(z0,w)T(w)f (w)f (a)|dw]

To
L T(ZO) — m w /’LU /CL w
e | | T o @l
Tef f@)+ [ g | 2 - ) ) (@)l
- N(zl,w)T(w)f’(w)f’(a)|dw|——%, z1 €T.
—I' 1

Defining

9(z,a) = T(2)f (2)f (a),

hia,z) = —(ET_(Z;)2
110 @

Pzw) = 2mi |z —w ,LLQ(E—w)]

e = [ T

105

(29)

(31)
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(30) and (31) can be written as

g(ZOa CL) =+ N(zo,w)g(w, CL)|d1.U| - / P(zo,w)g(w, CL)|d1.U| = h’(a’a ZO)) 20 € FO) (32)
F[) 7111

o)+ [ Qe wlgu,oldul - / N w)glw.@)ldu] = h(a, ). €T (33)

3 Numerical Implementation

Using parametric representations zo(t) of T'g for ¢t : 0 < ¢t < [y and 21(t) of —T'; for
t:0<t<f, equations (32) and (33) become

Bo

9(20(t),a) + | N(z0(t), 20(s))g(20(s), a) 29 (s)|ds

B1
—/0 P(z0(t), 21(s5))g(21(5), a) 21 (s)|ds = h(a, 20(t)), 20(t) €To,  (34)

Bo
9(z1(t),a) + | Q(z1(t), 20(s))g(20(s), a)|z)(s)|ds
B1
-/ N(z1(t), 21(s))g(21(5), a) |21 (s)lds = p*h(a, 21 (), z1(t) €T1. (35)
Multiplying (34) and (35) by |2{(t)| and |2 (t)|, respectively, gives

Bo
20(t)9(20(t), @) + | |20(t) [N (20(t), 20(5))g(20(s), @)l 29 (s)|ds

B1

~ |20(6)| P (20(), 21(s))g(21(s), ) |21 (s)lds = |20 (t) | (a, 20(t)),  20(t) € Lo,

(36)
Bo
|21 (t)]g(21(t), @) + | |21 (1) Q(21(t), 20(5))g(20(s), a)| 25 (s)|ds
B1
-/ |2 ()N (21(t), 21(5))g(21(s), @) |21 (s)|ds = p®| 21 (£)|h(a, z1(t)), =21 (t) €T
(37)
Defining
do(t) = |z(t)|g(20(t),a),
o1(t) = |z1(t)|g(21(t),a),
() = [z)|h(a,20(t)),
n(t) = plz1t)|h(a, 21 (1)),
Koo(to, s0) = |zo(t)IN(20(t), 20(s)),
Koi(to,s1) = |2(t)|P(20(t), 21(5)),
Kio(ti,80) = |21(0)|Q(21(2), 20(s)),
Ki(t,s1) = |2(8)|IN(21(), 21(5)),
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equations (36) and (37) can be written briefly as

Bo B1
Po(t) + Koo(to, so)¢o(s)ds — Koi(to, s1)¢1(s)ds = yo(t), 20 € Lo, (38)
0 0
Bo B1

¢1(t> + Klo(tl, So)¢0(5)d5 — Kll(tla Sl)¢1(5)d5 =7 (t), z21 € Fl. (39)
0 0

Since the functions ¢, v, and K are (-periodic, an appealing procedure for solving (38)
and (39) numerically is using the Nystrom’s method with the trapezoidal rule [1]. The
trapezoidal rule is the most accurate method for integrating periodic functions numerically.
We choose By = 81 = 27 and n equidistant collocation points t; = (i — 1)Gy/n, 1 <i<n
on 'y and m equidistant collocation points ¢, = (2 — 1)31/m, 1 <1 < m, on I';. Applying
the Nystrom’s method with trapezoidal rule to discretize (38) and (39), gives

¢o(t ZKoo (ti, tj)do(t; ZKm (ti, tr)o1(tr) = 0(t), (40)
P1(t ZKlo to, tj)do(t; ZKH (o, tr)or(tr) = m(t). (41)

Equations (40) and (41) lead to a system of (n + m) complex equations in n unknowns
¢o(t;) and m unknowns ¢4 (t,). By defining the matrices

B

Bij = ZKooltit)),
n

Ci = ﬁKOl(tutk)a
m

Ez; == @Klo(tut])a
n

D, = éKu(tutk),
m

zoi = ¢olts),

L1, = ¢1(t15

Yoi = Y0
Y. = N

the system of equations (40) and (41) can be written as n+m by n+m system of equations

[Inn + Bnn]XOn — ComX1m = Yon, (42)
EmnXOn + [Imm - Dmm]xlm = Y1im- (43)

The result in matrix form for the system of equations (42) and (43) is

Inn + Bnn e _Cnm X0on Yon

Emn tet Imm - Dmm X1m Y1im
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Defining
Inn + Bnn e _Cnm X0on Yon
A= : : , X= and y = ,

Emn tet Imm - Dmm X1m Yim
the (n 4+ m) x (n +m) system can be written briefly as Ax = y. Separating A, x and y in
terms of the real and imaginary parts, the system can be written as

ReARex —ImAImx +i(ImARex + Re AImx) = Rey + ilmy. (45)

The single (n+m) x (n+m) complex system (45) can also be written as 2(n+m) x 2(n-+m)
system matrix involving the real (Re) and imaginary (Im) of the unknown functions, i.e.,

Red ... ImA Re x Rey
: e : : = : . (46)
ImA -+ ReAd Im x Imy
Since the parameter p is assumed known, the system (46) can be solved simultaneously for
the unknown functions,

The boundary correspondence functions 0y(t) and 6, (t) are then computed approximately
by the formulas

Oo(t) = Argf(20(t)) ~ Arg(—igo(t)), (49)
01(t) = Argf(21(t)) ~ Arg(igi(t)). (50)
4 Numerical Results

For numerical experiment, we have used the frame of circular annulus A = {z : r < |z]| < 1},
s

r=qg=e ", 7 >0, as a test region. The exact mapping function is given by [23]
1 .
04 (glogz + g —ia)
J(z) = = —% . , (51)
0 1 logz + T +io
28T
with g = €729 and 6, being the Jacobi Theta-functions. We have chosen 7 = 0.50 and

o = 0.20. Since 04 (77i/2) = 0 [24], this implies a = e~27 = u. Figure 1 shows the region and
image based on our method. The results for the sub-norm error between the exact boundary
correspondence functions 6y(t), ¢1(t) and the computed boundary correspondence functions
Oon(t), O1m(t) is shown in Table 4 All the computations were done using MATHEMATICA
package [25] in single precision (16 digit machine precision).
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Figure 1: Conformal mapping of a circular annulus onto the unit disc with a circular slit :
7=0.50,0=020,r=e ", a=p=e"2.

Table 1: Error Norm

n=m_[0o(t) —Oon(t)lloc [161(t ) Orm () [l oo
32 6.3(—05) 3.2(—04)
64 3.5(—10) 1.9(—09)
128 1.2(—14) 8.7(—13)

5 Conclusion

In this paper we have constructed a system of integral equations for numerical conformal
mapping of doubly connected regions onto a unit disc with a concentric circular slit of radius
w. The system involved the Neumann kernel and is linear if p is assumed to be known. The
numerical example illustrates that the present method can be used to produce approxima-
tions of high accuracy provided p is known. In practice, however, p is unknown and has
to be determined in the course of numerical computation. For unknown g, the discretized
system presented in this paper becomes a system of nonlinear equations. Therefore, any
solution method must be iterative. For such treatment of our method, see the forthcoming
papers [13, 14].
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