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1 Introduction

Let K be a nonempty subset of a real Banach space E. Let T: K — K be a mapping, then
we denote the set of all fixed points of T' by F/(T). The set of common fixed points of two
mappings S and T will be denoted by F' = F(S) N F(T). A mapping T: K — K is said to
be:

(i) nonexpansive if
[Tz —Tyl| < [lz—yl
for all z,y € K.
(ii) quasi-nonexpansive if F'(T) # () and
[Tz —pl < [lz—pl
forall z € K and p € F(T).

iii) asymptotically nonexpansive if there exists a sequence {k, } € [1, 0c0) with lim,_, &k, =
Y y
1 and
[T"z =Tyl < knllz—yll

forall z, y € K and n > 1.

(iv) asymptotically quasi-nonexpansive if F(T') # () and there exists a sequence {k,} €
[1,00) such that lim,, o k, = 1 and
[Tz —pl < knlle—pll

forallz € K,pe F(T) and n > 1.
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(v) uniformly L-Lipschitzian if there exists a constant L > 0 such that
[Tz =T"y| < Llz—yl
forall z, y € K and n > 1.

It is clear that every nonexpansive mapping is asymptotically nonexpansive and every
asymptotically nonexpansive mapping is uniformly Lipschitzian. Also, if F(T) # @, then a
nonexpansive mapping is a quasi-nonexpansive mapping and an asymptotically nonexpan-
sive mapping is an asymptotically quasi-nonexpansive mapping but the converse is not true
in general.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[6] as a generalization of the class of nonexpansive mappings. Recall also that a mapping
T: K — K is said to be asymptotically quasi-nonexpansive in the intermediate sense [21]
provided that T is uniformly continuous and

limsup  sup (77w = p| ~ o~ p| ) <0.
n—oo zeK, peF(T)

From the above definitions, it follows that asymptotically nonexpansive mapping must
be asymptotically quasi-nonexpansive and asymptotically quasi-nonexpansive mapping in
the intermediate sense. But the converse does not hold as the following example:

Example 1 Let X = R be a normed linear space and K = [0,1]. For each z € K, we

define
| kz, fx#0,
T(x>_{ 0, ifz=0,

where 0 < k < 1. Then
T"x — T"y| = k"|z —y| < |z —y|

for all z,y € K and n € N.
Thus T is an asymptotically nonexpansive mapping with constant sequence {1} and

limsup{|T"e — Ty — |e =y} = limsup{k" & — yl| — o — ylI}

< 0

because lim, .o k" =0as 0 < k < 1, for all z,y € K, n € N and T is continuous. Hence
T is an asymptotically nonexpansive mapping in the intermediate sense.

Example 2 Let X =R, K = [-1 1] and |k| < 1. For each = € K, define

| kzsin(l/x), ifz#0,
T(z) = { 0, if 2 = 0.

Then T is an asymptotically nonexpansive mapping in the intermediate sense but it is
not asymptotically nonexpansive mapping.
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In 1991, Schu [12] introduced the following Mann-type iterative process:

ry = z€K,
Ty = (1—an)z, +a T x,, (1)

where T: K — K is an asymptotically nonexpansive mapping with a sequence {k,} such
that >°°7  (k, — 1) < oo and {a,} is a sequence in (0, 1) satisfying the condition § < v, <
1—0 for all n > 1 for some § > 0. Hence conclude that the sequence {x,} converges weakly
to a fixed point of T

Since 1972, many authors have studied weak and strong convergence problem of the
iterative sequences (with errors) for asymptotically nonexpansive mappings in Hilbert spaces
and Banach spaces (see,for example, [6, 7, 9, 10, 11, 12, 13, 19] and references therein).

In 2007, Agarwal et al. [1] introduced the following iteration process:

r1 = z€K,
Tnt1 = (1 —an)T"xn + anT yn,
Yn = (1 =PFn)xn+ BT 2y, n>1, (2)

where {ay} and {5, } are in (0, 1). They showed that this process converge at a rate same
as that of Picard iteration and faster than Mann for contractions.

The above process deals with one mapping only. The case of two mappings in iterative
processes has also remained under study since Das and Debata [3] gave and studied a two
mappings process. Later on, many authors, for example Khan and Takahashi [9], Shahzad
and Udomene [14] and Takahashi and Tamura [18] have studied the two mappings case of
iterative schemes for different types of mappings.

Ishikawa-type iteration process

Ty = xz€K,
Tnt1 = (1 —ap)zn + anS"yn,

for two mappings has also been studied by many authors including [3, 9, 17].
Recently, Khan et al. [8] modified the iteration process (2) to the case of two mappings
as follows:

g = xz€K,
Tnt1 = (1 —an)T"zy, + @nS"Yn,
Un = (1 =PFn)rn+ BT 2y, n>1, 4)

where {a,} and {8,} are in (0,1). They established weak and strong convergence theorems
in the setting of real Banach spaces.

Remark 1

(i) Note that (4) reduces to (2) when S = T'. Similarly, the process (4) reduces to (1)
when T' = 1.



42 G. S. Saluja

(ii) The process (2) does not reduce to (1) but (4) does. Thus (4) not only covers the
results proved by (2) but also by (1) which are not covered by (2).

(iii) The process (4) is independent of (3) neither of them reduces to the other.

In this paper, we prove some weak and strong convergence theorems for two asymptot-
ically quasi-nonexpansive mappings in the intermediate sense using iteration process (4) in
the framework of real Banach spaces. The results presented in this paper extend, improve
and generalize several known results from the existing literature.

2 Preliminaries

For the sake of convenience, we restate the following concepts.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus
of convexity of E is the function dg(e): (0,2] — [0, 1] defined by

. 1
550) = int {1~ | e +3)] < llll =1, ol =1, = o =1 }.

A Banach space E is uniformly convex if and only if dg(¢) > 0 for all € € (0, 2].

Two mappings S, T: K — K, where K is a subset of a normed space F, are said to
satisfy the condition (A’) [5] if there exists a nondecreasing function f: [0,00) — [0, c0)
with f(0) = 0, f(r) > 0 for all » € (0,00) such that either || — Sz| > f(d(z, F)) or
|z —Tx|| > f(d(x, F)) for all # € K, where d(z, F) = inf{||z —p| : p € F}.

A mapping T: K — K is said to be demiclosed at zero, if for any sequence {z,} in K,
the condition z,, converges weakly to x € K and T'z,, converges strongly to 0 imply Tz = 0.

A mapping T: K — K is said to be semi-compact [2] if for any bounded sequence {z,}
in K such that ||z, — Tx,|| — 0 as n — oo, then there exists a subsequence {z,,} C {z,}
such that z,, — 2* € K strongly.

A Banach space F has the Kadec-Klee property [15] if for every sequence {z,} in E,
xn — x weakly and ||, || — ||z| it follows that ||z, — z|| — 0.

Now, we state the following useful lemmas to prove our main results:

Lemma 1 [12] Let E be a uniformly convex Banach space and 0 < a < 't,, < 8 < 1 for all
n € N. Suppose further that {z,,} and {y, } are sequences of E such that lim sup,,_, ||| <
a, limsup,,_, . ||ynl < @ and lim, o ||tnzn + (1 — tn)yn|| = a hold for some a > 0. Then
limy, o0 [|Tn — ynll = 0.

Lemma 2 [16] Let {a,}22; and {8,}52, be two sequences of nonnegative numbers with
S0 | Bn < 00. If one of the following conditions is satisfied:

(1> Q41 S (079 +6n; n Z 1;
(11) Q41 S (1 +6n)an; n Z 1a

then the limit lim,, . o, exists.
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Lemma 3 [20] Let p > 1 and R > 1 be two fixed numbers and E a Banach space. Then F
is uniformly convex if and only if there exists a continuous, strictly increasing and convex
function g: [0, 00) — [0, 00) with ¢g(0) = 0 such that

Az + (1= Nyll” < Ml]” + @ = M) lyll” = Wp(Ng(llz = yl)
forallz,y € Br(0) = {z € E : ||z|| < R}, and A € [0, 1], where W, (A) = M1-A)P+AP(1-N).
Lemma 4 [15] Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee
property. Let {x,} be a bounded sequence in E and p, g € Wy, (zy,) (where Wy, (x,) denotes

the set of all weak subsequential limits of {x,}). Suppose lim, . |[tz, + (1 —t)p — ¢||
exists for all ¢ € [0,1]. Then p = q.

3 Main Results

In this section, we prove some strong convergence theorems of the iteration scheme (4) for
two asymptotically quasi-nonexpansive mappings in the intermediate sense in the framework
of real Banach spaces.

Theorem 1 Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let S, T: K — K be two asymptotically quasi-nonexpansive mappings in the intermediate

sense such that F = F(S)NF(T) # 0. Let {x,} be the sequence defined by (4). Put

Go = max{ sw (I —q| - o=l ) Vo,
zeK, qeF
sup_ (15" — gl ly = all ) vO. vn =1} (5)
yeK, qeF

such that Y7 | G, < 0o. Then {x,} converges to a common fized point of the mappings S
and T if and only if liminf, . d(zy, F') = 0, where d(z, F') = infpcp d(z, p).

Proof The necessity is obvious. Thus we only prove the sufficiency. Let ¢ € F. Then
from (4) and (5), we have

v —all = (L= Bn)zn + BT 2, — 4|
< A =8 llzn —all + B [T 20 — 4
< (1 =8) llzn — gl + Bulllen — qll + G4
= (1=5n)llzn —all + Bn llzn — all + BuGn
< lzn =gl + G, (6)

Again using (4), (5) and (6), we obtain

(1 = an)T"zn + anS"yn — 4|

(1= an) [Tz — qll + an [S"yn — |

(1 = an)lzn = gll + Gn] + an[llyn — gll + Gl

(1= an) lzn = gll + an llyn — all + Gn

(1= an) |lzn = gll + anlllzn — gl + Gnl + Gn

[2n = gl + 2Gn. (7)

[£nt1 — 4l

(VAN VAN VAN VAN VAN
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Since by assumption of the theorem >, G, < 0o, by Lemma 2.2 we know that the limit
limy, o0 [|2n, — ¢|| exists. Also from (7), we obtain

d(xp+1, F) < d(zn, F)+2G,, (8)

for all n > 1. From Lemma 2 and (8), we know that lim,_ .o d(zn, F) exists. Since
lim inf,, o d(x,, F) = 0, we have that lim,, . d(x,, F) = 0.

Next, we shall prove that {z,} is a Cauchy sequence. Therefore, for any m,n > 1 and
for given p € F', from (7), we have

H33n+m - pH < H33n+m71 - pH +2Gnim-1
S |‘$n+m72 - pH + 2(Gn+m72 + Gn+mfl)
<
n+m—1

< lzw—pl+2 Y G 9)

k=n
Since
lim d(z,, F) =0, D Gn<oo (10)

n=1

for any given € > 0, there exists a positive integer n; such that

€ - €
d(an, F) < 3, ; Gp<y VYnzm. (11)
Hence, there exists ¢ € F such that
€
lzn =gl <7 Vn2m. (12)

Consequently, for any n > n; and m > 1, from (9), we have

[Zn+m —2all < NTngm —all + |20 — 4|
n+m—1
< Joa—dl+2 S Gi+lon—al
k=n
n+m—1
< 2aa-al+2 Y G
k=n

< 2(2) 2(2):5. (13)

This implies that {z,,} is a Cauchy sequence in E and so is convergent since E is complete.
Let lim,, oo, = ¢*. Then ¢* € K. It remains to show that ¢* € F. Let &1 > 0 be
given. Then there exists a natural number ny such that ||z, —¢*|| < g for all n > no.
Since limy, oo d(2,, F') = 0, there exists a natural number n3g > ng such that for all n > ng
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we have d(z,, F') < £ and in particular we have d(z,,, F') < £. Therefore, there exists
w* € F' such that [|z,, —w*|| < . For any n > n3, we have

ISq" —a"ll < ISg" —w' | + " =]
< 2fg" -
< 2( g = @ugll + ons — 0"
2(5+3)
€1.

This implies that S¢* = ¢* and hence ¢* € F(S). Similarly, we can prove that ¢* € F(T).
Hence ¢* € F = F(S)N F(T). This shows that ¢* is a common fixed point of the mappings
S and T. Thus {z,} converges strongly to a common fixed point of the mappings S and T'.
This completes the proof.

Theorem 2 Let E be a real uniformly convex Banach space and K be a nonempty closed
conver subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptotically
quasi-nonexpansive mappings in the intermediate sense such that F = F(S) N F(T) # 0.
Let {a,} and {Bn} be sequences in [§,1 — §] for some & € (0,1). From arbitrary x1 € K,
let {xn} be the sequence defined by (4). Put

Go = max{ sw (I ~q| - o=l ) Vo,
zeK, qeF

sup (15w —all Iy —all ) vO. ¥n>1}
yeK, qeF

such that Yo" Gy < 0o. Then limy, oo |25 — Syl = limy, o |25, — Tay|| = 0.

Proof By Theorem 1, lim, ., ||z, — ¢|| exists for all ¢ € F. Assume that lim,_, ||z, — ¢|| =
r. If r = 0, the conclusion is obvious. Now suppose r > 0. We claim lim,, o ||@n, — Szp|| =

limy, o0 || €, — Txp|| = 0. Using (4) and Lemma 3, we have
lyn = all* =11 = Bu)T" @0 + Buwn — q|*
< (1= B) 1T @0 — all* + Bn |z — gl
W (Bn)g(IT" 2 — xnl|)

< (1= B) 1T @0 — all* + Bn |z — gl

< (1= B)llen — all + Gul® + Ba llzn — all”

< (1= B)llen — all® + 6a] + Bu |z — all®

< lzn —gl® + 6n, (14)

where 0, = 2 ||z, — q|| G, + G2 with >_°7 0, < co. Again using (4), (14) and Lemma 3,
we have
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lzne1 —al® = (1 = an)T @0 + anS™yn — ql|”

< (=) [Tz — gl + an [|Syn — gl
~Wa(an)g(|T" xn — S™ynll)

< (A= an)llzn — qll + Gul* + anlllyn — all + Gnl?
~Wa(an)g(|T"xn — S™ynll)

< (1= an)[llzn — al’ + 0a] + anlllyn — all” + A
~Wa(an)g(|T"xn — S™ynll)

< (1= an)[zn — al® + 0a] + anlllzn — al” + 64]
+ann — Walan)g(|T"zn — S"yul|)

< len —all? + 00 + A

—Wa(an)g([[T"zn — S"ynl[) (15)

where \,, = 2 ||y, — ¢|| G, + G2 with Y07 | A, < <.
Observe that Wa(a,) > 6% and > 0~ 3, < co. Now (15) implies that

2Y (T~ Sl < llar —al + 36
n=1 n=1

+> A < o0, (16)
n=1

Therefore, we have lim, o g(||T™zy — S™yn||) = 0. Since g is strictly increasing and con-
tinuous at 0, it follows that

lim ||T"x, — S"yn| = 0. (17)

n—oo

Now taking limsup on both the sides of (6), we obtain

limsup |y, —qll < 7 (18)

n—oo o
Since T is asymptotically quasi-nonexpansive mapping in the intermediate sense, we can
get that

[T"zn —qll < o —qll + G (19)

for all n > 1. Taking limsup on both the sides of (19), we obtain

limsup |[T"x, —q|| < 7 (20)

Now
lzns —all = (1 —an)T 2 + anS"yn —q||
= (T"2n — @) + an(S"yn — T x|
1T"zn — gl + an [[S"yn — T" 4|

IN



Convergence Theorems of Two-step lteration Process 47

yields that

r < liminf||T"z, —q|| - (21)

So that (20) gives lim, oo ||T"zn — ¢l = 7.
On the other hand, since S is asymptotically quasi-nonexpansive mapping in the inter-
mediate sense, we have

[T"zn —qll < T"2n = S"ynl + 15" yn — 4l
< T w0 = S"ynll + [lyn — all + G,
so we have
r < liminf |y, —q| . (22)
n—oo

By using (18) and (22), we obtain
Jim (g —gll = 7. (23)

Thus r = limy, 00 ||Yyn — ¢l] = limp oo [|[(1 = Bn)(@n — @) + Bn(T™xn — q)|| gives by Lemma
1 that

JL%HT"JZn_mnH = 0. (24)
Now
lyn = anll = BullT"@n — @all.
Hence by (24), we obtain
Jim =l = 0, (25)

Also note that

[Znt1 —anll = (1= 0n)T"Tn + anS"yn — n|
< Ty — wpl| + o [|[T" 20 — S™ Y|
— 0 as n — oo, (26)
so that
lZnt1 =Yl < lZat1 — 2ol + lyn — 24l

— 0 as n — oo. (27)
Furthermore, from

lZnt1 = S"ynll < Nzngr — 2ol + |20 — T2,
+ T 20 — S"yul|
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using (17), (24) and (26), we find that

lim ||2p+1 — S"yn| = O. (28)
n—oo
Then
Tn4+1 — L Tp+41 > Tn+1 — Tn+1 Tn+1 — Tn
|| T || < H Tn+1 H 4 HTnnLl Tn+1 H
[T, ~ T
S Hxn+1 - Tn+1$n+1” + L ||$n+1 - xn”
+LT 2y, — Tpi1|
= ||#nsr = T wnpa|| + L|Zngr — @4l
+Lay, [Tz, — S"yn|
yields
lim ||x, —Tzy| = 0. (29)
n—oo
Now
lzn —S"zn| < [lon — Zogall + |01 — S"ynll
+ 18" yn — S" 2|
< #n = Zogall + |z — S"ynl|
+L ||yn — zal
— 0 as n — oo.
Thus
||$n+1 - an+1|| S Hxn+1 - Sn+1$n+l” + |‘Sn+1$n+l - an+1”
S Hxn+1 - Sn+1$n+l” + L ||Sn$n+l - $n+1||
< lonia = S anpa ]| + L1520 11 = Sl
115"y — wnsall)
< |‘$n+1 — Sn+1$n+1H + L2 Hxn+1 - ynH
+L|IS"yn — Tnt1l|
implies

lim ||z, — Sz,|| = 0. (30)
This completes the proof.

Theorem 3 Let E be a real uniformly convex Banach space and K be a nonempty closed
conver subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptotically
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quasi-nonexpansive mappings in the intermediate sense such that F = F(S)N F(T) #
Let {ay} and {5,} be sequences in [0,1 — §] for some § € (0,1). From arbitrary x1 €
let {xz,,} be the sequence defined by (4). Put

0.
K

7

Gp = max{ sw (|72 —q| - [z =q]) Vo,
F

zeK, qe

sup_ ([15"y —all ~ 1y —all ) vO. ¥n>1}
yeK, qeF

such that 307 | G, < oo. If at least one of the mappings S and T is semi-compact, then
the sequence {x,} converges strongly to a common fized point of S and T.

Proof Without loss of generality, we may assume that T is semi-compact. This with (29)
means that there exists a subsequence {z,,} C {z,} such that {z,,} — z* € K. Since S
and T are continuous, then from (29) and (30), we find

|z* —Tz*|| = lim |an, — Tz, =0
N — 00
and
|[z* = Sz*|| = lm ||z, —Szn,|| =0.
N — 00

This shows that * € F = F(S)NF(T). According to Theorem 1 the limit lim,, o |2y, — 2|
exists. Then

lim ||z, — 2| = lim |zn, —2"|| =0,

n—oo np—00
which means that {x,} converges to z* € F. Thus the sequence {z,} converges strongly
to a common fixed point of the mappings S and T'. This completes the proof.

Applying Theorem 1, we obtain strong convergence of the process (4) under the condition
(A’) as follows:

Theorem 4 Let E be a real uniformly convex Banach space and K be a nonempty closed
conver subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptotically
quasi-nonezpansive mappings in the intermediate sense such that F = F(S)N F(T) # 0.
Let {a} and {Bn} be sequences in [§,1 — d] for some & € (0,1). From arbitrary x1 € K,
let {xn} be the sequence defined by (4). Put

Go = max{ sw (T —q| - [z =dl) Vo,
F

zeK, qe

sup_ ([15"y —all ~ Iy —all ) vO. ¥n>1}
yeK, qeF

such that 307 | G, < 0o. Let S and T satisfy the condition (A"), then the sequence {x,}
converges strongly to a common fixed point of S and T'.
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Proof We proved in Theorem 2 that
nlirrgo |zn — Sz, =0, nlirrgo |2n — Tzy| = 0. (31)
From the condition (A’) and (31), either
Tim f(d(zn, F)) < lim [lz, — Szn[| =0,

or

lim f(d(zyn, F)) < lim ||z, — Tx,|| =0.

Hence
lim f(d(zn, F)) =0.

Since f: [0,00) — [0,00) is a nondecreasing function satisfying f(0) = 0, f(r) > 0 for
all r € (0, 00), therefore we have
lim d(z,, F)=0.

n—oo

It follows, as in the proof of Theorem 1, that {z,,} converges strongly to a common fixed
point of the mappings S, T. This completes the proof.

4 Weak Convergence Theorem

In this section, we prove a weak convergence theorem of the iteration process (4) in the
framework of real uniformly convex Banach spaces.

Lemma 5 Let E be a real uniformly convex Banach space and K be a nonempty closed
convex subset of E. Let S,T: K — K be two uniformly L-Lipschitzian asymptotically
quasi-nonexpansive mappings in the intermediate sense such that F = F(S) N F(T) # 0.
Let {a,} and {f,} be sequences in [d,1 — 0] for some ¢ € (0,1). From arbitrary z; € K,
let {z,} be the sequence defined by (4). Put

Go = max{ sw (|T"z—q|~|z—q]) Vo,
zeK, qeF

swp_ (115"y —all ~ v~ all ) V0. ¥n>1}
yeK, qeF

such that >>° | Gy, < oo. Then lim, . ||tz, + (1 — ¢)p — ¢|| exists for all p, ¢ € F and
t€10,1].

Proof By Theorem 1, we know that {z,} is bounded. Letting
an(t) = [[tzn + (1 = t)p — 4|

for all ¢ € [0,1]. Then lim, o an(0) = ||p — ¢|| and lim,_,o an (1) = ||z, — ¢ exists by
Theorem 1. It, therefore, remains to prove the Lemma 5 for ¢ € (0,1). For all x € K, we
define the mapping W,,: K — K by

Woze = (1—a)T x4+ apnS™ (1 — Gn)z+ BT x).
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Then
W =Wyl < [l =yl + 26,
for all z,y € K. Setting

Sn,m = n+m71Wn+m72 .. -Wn; m > 1

and

bam = |Sn.m(tzn + (1= 8)p) — (tSn. man + (1 — £)Snma)ll-

From (32) and (33), we have

n+m—1

190, m@ = Sp,myll < [z -yl +2 Z Gi

for all z,y € K, where Sy, 2y = Zn4m and Sy ,p =p for all p € F'. Thus

tznm + (1 —t)p —q||

bn,m + ||Sn,m(t$n + (1 - t)p) - Q||
n+m-—1

b + an(t) + 2 Z G,.

An+m (t)

IN

IN

By using Theorem 2.3 [4], we have

bn,m < ¢71(||33n —pll - HSn,mxn - Sn,mpH)
< ¢ (#n — 2l = l[ntm —p+p — Sn mpll)
< 67 (len —ll = Ut — ol = 10,0~ 1)),

51

(37)

and so the sequence {b, n} converges to 0 as n — oo for all m > 1. Thus, fixing n and

letting m — oo in (37), we have

limsupanin(t) < 67 (flan—pl = ( lim_lzm = pl = |Sn,mp — 2l ))

m— o0
n+m-—1

+an(t)+2 > G,
i=n
and again letting n — oo, we obtain

limsupa,(t) < ¢ *(0) +liminfa,(t) + 0 = liminf a,(t).

n—oo n—oo

This shows that lim,, o a,(t) exists, that is,
lim |[[tz, + (1 —t)p — 4|
n—oo

exists for all ¢ € [0,1]. This completes the proof.

(38)
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Theorem 5 Let E be a real uniformly convexr Banach space such that its dual E* has the
Kadec-Klee property and K be a nonempty closed convex subset of E. Let S, T: K — K be
two uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings in the interme-
diate sense such that F = F(S)NF(T) # 0. Let {an} and {Bn} be sequences in [6,1 — ]
for some § € (0,1). From arbitrary x1 € K, let {x,} be the sequence defined by (4). Put

Go = max{ sw (I —q| - o=l ) Vo,
zeK, qeF

s ([15"y—all = lly—all ) VO, ¥n=1}
yeK, qeF

such that 377 | G, < oo. If the mappings I — S and I — T, where I denotes the identity
mapping, are demiclosed at zero. Then {x,} converges weakly to a common fixed point of
the mappings S and T.

Proof By Theorem 1, we know that {z,} is bounded and since E is reflexive, there exists
a subsequence {z,,} of {z,} which converges weakly to some p € K. By Theorem 2, we
have

lim Hxn — Sxp, H =0, lim Hxn — T:an =0.
n—o00 7 7 n—o00 J 7

Since the mappings I — S and I — T are demiclosed at zero, therefore Sp = p and Tp = p,
which means p € F. Now, we show that {z,} converges weakly to p. Suppose {x,,} is
another subsequence of {z,} converges weakly to some ¢ € K. By the same method as
above, we have ¢ € F and p, ¢ € wy(z,). By Lemma 5, the limit

lim |[[tzy + (1 —t)p — q||

exists for all ¢ € [0, 1] and so p = ¢ by Lemma 4. Thus, the sequence {x,} converges weakly
to p € F'. This completes the proof.

Remark 2 Theorems of this paper can also be proved with error terms.

Remark 3 Our results extend, improve and generalize many known results given in the
existing literature.

5 Conclusion

The results proved in this paper of the iteration scheme (4) for more general class of quasi-
nonexpansive, asymptotically nonexpansive and asymptotically quasi-nonexpansive map-
pings not only covers the results proved by iteration scheme (2) but also by (1) which
are not covered by (2). Thus our results are good improvement and extension of some
corresponding previous results from the existing literature.
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