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Abstract A k-distant tree consists of a main path called the “spine”, such that each
vertex on the spine is joined by an edge to at most one path on k-vertices. Those paths
are called “tails” (i.e. each tail must be incident with a vertex on the spine). When
every vertex on the spine has exactly one incident tail of length k, we call the tree
a uniform k-distant tree. In this paper, we show that all uniform k-distant trees are
graceful, skolem graceful, odd graceful, k-graceful, (k, d)-graceful and (k, d)-balanced.
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1 Introduction

Labeled graphs are very useful models for a broad range of applications. a-labelings are
useful in graph decomposition problems. Graceful labelings arose in the characterization of
finite neofields and in the study of perfect systems of difference sets.

We can see connection between graceful labeling and a variety of algebraic structures
including cyclic difference sets, sequenceable groups, generalized complete mappings and
near-complete mappings. Graph labelings have several applications in X-ray crystallog-
raphy, radar, communication networks, design theory, astronomy, computer science and
combinatorics.

Rosa [1], Graham and Sloane [2] introduced many labeling methods and S.W. Golomb
[3] was instrumental in coining the phraseology “Graceful Graphs”. The famous Graceful
Tree Conjecture (also known as Ringel — Kotzig, or Rosa’s or even Ringel — Kotzig — Rosa
conjecture) which says that all trees have a graceful labeling was first mentioned in [1]. Yao
et al. [4] have conjectured that every tree is (k,d)-graceful for some &k >1 and d > 1. Hegde [5]
has conjectured that all trees are (k,d)-balanced for some values of k and d. A caterpillar
is a tree with the property that the removal of its endpoints leaves a path. A lobster is a
tree with the property that the removal of the endpoints leaves a caterpillar. Bermond [6]
conjectured that lobsters are graceful and this is still open. The harmoniousness of lobsters
is also still an open problem. It is clear that uniform 2-distant trees are special lobsters. Atif
Abueida and Dan Roberts [7] have proved that uniform k-distant trees admit a harmonious
labeling, when they have even number of vertices.

2 k-Distant Tree

A k-distant tree consists of a main path called the “spine”, such that each vertex on the
spine is joined by an edge to at most one path on k-vertices. Those paths are called “tails”
(i.e. each tail must be incident with a vertex on the spine). When every vertex on the spine
has exactly one incident tail of length k, we call the tree a uniform k-distant tree.
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In this paper, we show that every uniform k-distant tree admits a graceful, skolem
graceful, odd graceful, k-graceful, (k,d)-graceful and (k,d)-balanced labeling. To prove this,
we name the vertices of any uniform k-distant tree as in Figure 2 with the help of Figure 1.
The arrows on the Figure 1 show the order of naming the vertices.

s » » ' »

e —_—

] [ ] [ 3 ]

) [ ) ) [ ) )

L ] . L ] | ] L ]

7' . 7' . o
3 3

] [ ]

] . ] . ]

—_— —_—

Figure 1: The Order of Naming the Vertices

3 Labelings

A graph G with ¢ edges is graceful if there is a labeling f from the vertices of G to
{0,1,2,...,q} such that the set of edge labels induced by the absolute value of the dif-
ference of the labels of adjacent vertices is {1,2,...,q}.

A graph G with g edges is k-graceful if there is a labeling ffrom the vertices of G to
{0,1,2,...,g+ k — 1} such that the set of edge labels induced by the absolute value of the
difference of the labels of adjacent vertices is {k,k+1,...,¢+k — 1}.

A graph G with pvertices and ¢ edges is Skolem-graceful if there is a labeling f from the
vertices of G to {1,2,...,p} such that the set of edge labels induced by the absolute value
of the difference of the labels of adjacent vertices is {1,2,...,q}.

A graph G with ¢ edges is odd graceful if there is a labeling f from the vertices of G
to {0,1,2,...,2¢ — 1} such that the set of edge labels induced by the absolute value of the
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Figure 2: Uniform k-distant Tree
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difference of the labels of adjacent vertices is {1, 3,5,...,2¢ — 1}.

A graph G with g edges is (k,d) -graceful if there is a labeling f from the vertices of G
to {0,1,2,...,k+ (¢ — 1)d} such that the set of edge labels induced by the absolute value
of the difference of the labels of adjacent vertices is {k,k +d,k+2d,...,k+ (¢ — 1)d}.

A (k,d)-graceful graph is called a (k,d)-balanced graph if it has a (k,d)-graceful labeling
f with the property that there is some integer m such that for every edge wv either f(u) <
m and f(v) >m, or f(u) >m and f(v) < m.

In Figure -3 we have a (3,2) Graceful Graph.

3 33 4 2 21
35 31 3
29 35
37 29 5
39 6
39 27 7
0 33

Figure 3: (3,2) Graceful Graph

4 Results

First, we prove that all uniform k-distant tree are (k,d)-graceful.

Theorem 1 FEvery uniform k-distant tree is (k,d)-graceful.

Proof Counsider a uniform k-distant tree T with q edges. Since it is a tree, ¢ = p-1, where
pis the number of vertices of T
Define a labeling f from V(T) into 0,1,2,...,k+ (¢ — 1)d such that

(Z;1>d, if 7 is odd,

k+ [p— (% +1)] d, if i is even.

fvi) =

We note that the absolute value of the difference of the labels of two consecutive vertices
of the spine (that is, labels on the edges of the spine) is equal to the absolute value of
the difference of the labels at the end vertices of the corresponding tail (for example, the
absolute value of the difference of the labels at v,, and v,41 is equal to the absolute value
of the difference of the labels at v; and vs,), by construction and labeling.
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Case 1: p is even.
The odd vertices vy, vs, ..., vp—1 receive the labels 0,d,2d, .. ., (g - 1) d respectively.
The even vertices vo vy, ..., v, receive the labels k + (p — 2)d,k+ (p — 3)d, . . .,
k+ (& —1) d respectively.
Therefore the edges receive the labels k 4+ (p — 2)d, k + (p — 3)d, . . ., k respectively.
That is, the edges receive the labels k, k+d, k+2d, ..., k+ (¢ — 1)d.

Case 2: pis odd.
The odd vertices vy, vs, . ..., vy receive the labels 0,d, 2d, .. ., (% d respectively.
The even vertices v vy, ..., v, ; receive the labels k+ (p —2)d,k+ (p —3)d, ...,k +
(p2;1) d respectively.
Therefore the edges receive the labels k + (p —2)d, k+ (p — 3)d, ..., k.
That is, the edges receive the labels k, k+ d, k+2d,....k+ (p — 3)d, k + (¢ — 1)d.
Hence every uniform k-distant tree is (k,d)-graceful. W

Corollary 1 Every uniform k-distant tree is k-graceful.

Proof Since every (k,1)-graceful labeling is a k-graceful labeling the corollary is immedi-
ate. W

Corollary 2 Every uniform k-distant tree is graceful.
Proof Since every (1,1)-graceful labeling is a graceful labeling the corollary is immediate.ll

Lee and Wui [8] have shown that a connected graph is Skolem-graceful if and only if it
is a graceful tree.

Corollary 3 Every uniform k-distant tree is Skolem-graceful.
Proof Since every uniform k-distant tree is a graceful tree, it is Skolem-graceful. B

Theorem 2 Every uniform k-distant tree is (k,d)-balanced.

Proof Consider the (k,d)-graceful labeling f given in theorem 1. Take m = (5 —1)d, if p
is even and m = (p2;1) d, if p is odd.

When p is even, odd vertices v1, v3, ..., vp—1 receive the labels. 0,d,2d,..., (g - 1) d
respectively and even vertices va v4, ..., vp receive the labels k + (p — 2)d, k+ (p — 3)d, . . .,
k+ (& — 1) d respectively.

When p is odd, odd vertices vy, v, . ..., v, receive the labels 0, d, 2d, . . ., (%) d respec-

tively and even vertices v vy, ..., v,_; receive the labels k + (p — 2)d, k + (p — 3)d, ... .k +
(%) d respectively. Hence this m satisfies the condition that for every edge wv either
f(w) < m and f(v) >m, or f(u) >m and f(v) < m. Hence every uniform k-distant tree is
(k,d)-balanced. B
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Theorem 3 FEvery uniform k-distant tree is odd graceful.

Proof Consider a uniform k-distant tree T with g edges. Since it is a tree, ¢ = p —1,
where pis the number of vertices of T.
Define a labeling f from V(T) into {0,1,2,...,2¢ — 1} such that

2(’_1>, if 7 is odd
flvi) = 2

2¢g+1—14, if ¢ is even.

We note that the absolute value of the difference of the labels of two consecutive vertices
of the spine (that is, labels on the edges of the spine) is equal to the absolute value of
the difference of the labels at the end vertices of the corresponding tail (for example, the
absolute value of the difference of the labels at v,, and v,41 is equal to the absolute value
of the difference of the labels at v; and vay,), by construction and labeling.

Case 1: p is even.

The odd vertices vy, vs, ..., vp—1 receive the labels 0,2,4,...,p — 2 respectively.
The even vertices v2, vy, ..., vp receive the labels 2¢ — 1,2¢ — 3,2¢ —5,...,2¢+1—p
respectively.

Therefore the edges receive the labels 2¢ — 1,2¢ — 3,2q — 5, ..., 1 respectively.
That is, the edges receive the labels 1,3,...,2¢g — 3,2¢ — 1.

Case 2: pis odd.

The odd vertices vy, vs, . ..., vy receive the labels 0,2,4,...,p — 1 respectively.
The even vertices vo, vy, . . ., Up—1 receive the labels 2¢ — 1,2¢ — 3,2¢ —5,...,2¢+2 —p
respectively.

Therefore the edges receive the labels 2¢ — 1,2¢ — 3,2q — 5, ..., 1 respectively.
That is, the edges receive the labels 1,3,...,2¢q — 3,2¢ — 1.

Hence every uniform k-distant tree is odd graceful. B

5 Conclusion

In this paper, we have shown that uniform k-distant tree possess many interesting proper-
ties. We believe that this paper will create an interest towards solving the open problems
mentioned in this paper and other related problems.
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