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1 Introduction

Throughout this paper all Lie algebras are considered over a fixed field F' and [,] denotes
the Lie bracket. A Lie algebra is called nilpotent if it has a central series, that is a series

(0)=LoCLiC..CL =L

of ideals L such that L;4+1/L; is contained in the center of L/L; for all i ( or equivalent by
[Ll'Jrl, L] g Li, for all ’L)
Recall that the lower central series of a Lie algebra L is defined to be the series with
terms
m(L)=L and ~k41(L) = [w(L),L] for any natural number k.

Then
L=m(L)2%(L)2....

One may see that a Lie algebra L is nilpotent if and only if the lower central series reaches the
identity after a finite number steps. Robinson [1] showed that how the first lower central
factor Gqp = G/G’ exerts a very strong influence on subsequent lower central factors of
a group G. We prove an analogue of Robinson Theorem for Lie algebras. It is known
that an extension of a nilpotent group by another nilpotent group may not be nilpotent
in general. The following example shows that an extension of a nilpotent Lie algebra by
another nilpotent Lie algebra may not be nilpotent in general.

Example 1 Let L be a 2-dimensional non-abelian Lie algebra. Then it have a basis {x, y}
with [z, y] = . Hence, if put M = (z), then M is an ideal of L such that M and L/M are
nilpotent but L is not.

Hall [1] obtained a criterion under which such an extension of groups can be nilpotent.
We prove an analogue of the Hall Theorem for Lie algebras. Indeed we prove if M is an
ideal of lie algebra L such that M and L/[M, M] are nilpotent, then L is nilpotent.
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2 Preliminaries

In this section we apply the notation and terminology of [2], which will be used in the proof
of our results.

Definition 1 For any two arbitrary Lie algebras L and K, an action of L on K means a
F-bilinear map L x K — K sending (I, k) to 'k satisfying

(i) BTk ="("k) = "('k),

(i) [k, k) = [k, K] + [k, K],
forall,l' € L and k, k' € K.

If L is a subalgebra of some Lie algebra P and K is an ideal in P, then the Lie multiplication
in P can induce an action of L on K via 'k = [I, k], for alll € L and k € K.

Definition 2 Let L and K be Lie algebras acting on each other and, on themselves by Lie
multiplications. Then for each Lie algebra P a bilinear function o : L x K — P is called a
Lie pairing if for all [,I’ € L and k, k' € K,

(@) a(ll,U),k) = a(,"k) — a(l','k),
(i1) a(l, [k, K]) = a1, k) — a1, k),
(ii)) a*LVE) = —[a(l, k), a(l', K)].

Now we give the definition of the tensor product of Lie algebras due to Ellis[2].

Definition 3 The non-abelian tensor product L ® K of the Lie algebras L and K is the Lie
algebra generated by the symbols I ® k(I € L, k € K) with the following defining relations:
@) r(l®k)=rik=1rk,
(i) (+"@k=10k+1I'®k,
I@k+K)=I0k+IQF,
(i) LU @k=1o"k) -1 (k),
1@k k="D)ek- ()oK,
(iv) [(@k), k)] =-"*)e (K,
forallr € F,1,I’ € L and k, k' € K.(see [2] and [3] for more information)

Lie pairings allow us to determine homomorphic images of L ® K as follows. The proof
of the following lemma is left to the reader.

Lemma 1 For every Lie algebra P, L, K and each Lie pairing ¢ : L x K — P, there exists
a unique homomorphism ¢* : L ® K — P such that o*(I® k) = ¢(l,k) foralll € L,k € K.

In [2,3] the results on the non-abelian tensor product L ® K are obtained by assuming
the actions of L and K on each other are compatible, in the following sense.
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Definition 4 The actions are compatible if
COE = [k, '] and (R = [, 1]
forall,l' € L and k, k' € K.

The following definition is very useful in our further investigations.

Definition 5 Let L and K be Lie algebras such that L acts on K. Then we say L
acts nilpotently on K if K having the series

(0)=KyCK, C..CK; =K
of ideals of K, where 'k 11 € K;, (1 > 0) for all I € L and ki1 € K1

Remark 1 Let M and N be ideals of some Lie algebra L such that N C M. Then the Lie

algebra L acts on % by the following defined action:

{m+ N)=[l,m]+ N forl € L and m € M.
Hence, L acts nilpotently on %, if % having the series

_ M M My _
O=tpcirc.ci-

zlg

where [L, M;11] € M; for all i > 0.

3 The results

The following theorem is analogue to the work of Robinson for Lie algebras.

Theorem 1 Let L be a Lie algebra and F; = 2:(L) fori >1. Then the map

Yit+1(L)
F;® ﬁ — i (1)
(z +vi+1(L) ® (I + [L, L]) = [z, 1] + vit2(L) (2)

is a well-defined epimorphism.

Note that in the above theorem it is obvious that the Lie algebras
trivial on each other.

vi(L)
it

e (D) and —[L%L] act

Proof We define a function « of the Lie algebra F; x ﬁ to the Lie algebra F;41, given
by
(@ + %41 (L), L+ [L, L]) = [2, 1] + vit2 (L)

for all x € +;(L) and [ € L. Since the Lie algebras ,ﬂga) and ﬁ act trivial on each other

and v;+1(L) = [v(L), L] for any natural number ¢, we have
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such that T = 2 + ;11 (L), = y+ viy1(L) and | = [+ [L, L] for all z,y € v;(L) and [ € L.

Similarly the function « satisfy in the other conditions of Definition 2. Hence, the function

« is a Lie pairing. So, by the Lemma 1 there exists an induced homomorphism of the Lie
L

algebra F; ® o] o the Lie algebra Fj, 1, given by

(@ +7i11(L) @ (14 [L, L]) = [, ] + 7ig2(L)

for all z € v;(L) and I € L. It can be easily seen that the induced homomorphism is onto,
and the proof is complete. O

In the following corollary, we intend to give sufficient conditions under which a Lie
algebra can be finite-dimensional.

Corollary 1 If L is a nilpotent Lie algebra such that ﬁ is finite-dimensional, then L is
finite-dimensional.

Proof Let F; = ,{LE%A be finite-dimensional. Then by Theorem 1, F;;; is also finite-
dimensional, since the finite-dimensional property is inherited by images of tensor products.
Hence, by induction on i every lower central factor is finite-dimensional. Since L is nilpotent,
then v.4+1(L) = (0), for some non-negative integer c. As the finite-dimensional property is

closed under forming extensions, thus L is finite-dimensional. O

Lemma 2 Let A, B,C and D be ideals of a Lie algebra L such that B C A and D C C.
Also let % and % act compatibly on each other. If L acts nilpotently on % and %, then L
acts nilpotently on % ® %.

Proof Since L acts nilpotently on % and %, then there are series

=%cac. . Cchx=2ad(0)=2CchLcC.C%E=¢

of ideals % and % respectively, such that [L, A;41] € A; and [L,Cj41] C Cj, forall0 <i <t
and 0 < j < s. We claim L acts on % ® % by the following defined action:

l@a®e) =[l,d@ec+ax |l

such that le L,a=a+ B € % andc=c+ D € %. With using Remark 1 we have

Laee) =1,1T,dec+a® ],
=[L, [, a]] - [I',[l,d]®@Cc+a [, [,c]] - [V, I, c]]
= ([, [I",a]]@c—[U,[l,a]]®@C) + (@R [I,[I',c]]—aa [I',[l, ]])
= ([, [l",a]]@c+a [, [I,d]) — ([I',[l,d]]@c+a [, ][I, ]])
= (L ha]ec+,dell,d+adel,d+ax]l,[l,d)-
(" La]oe+Laol,d+del,d+ae ', d)
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foralll,l! € L,a=a+B€ 4 andc=c+ D € &. Similarly

‘e ded =(awe,ded+ave'(dad),
forallle L,a=a+ B € %,?:a’—l—Be %,E:c—l—De % andd =c +D € %.
Now let a; = a; + B € % and¢j =c; +D ¢ %. Then we construct the following series of
ideals T = 4 ® :

where T, = (@, ® ¢, | m+n < r, <t,0 <n < s). Hence, for any I € L and
Tm @ € Try1 we have Y@, ®¢,) = [I, am) @y + @m @ [I, ¢] € T,. This completes the

proof. O

I o
IN
3

Now we are able to prove the analogue of Hall Theorem for Lie algebras.

Theorem 2 Let M be an ideal of Lie algebra L. If M and W are nilpotent Lie algebras,

then L is nilpotent.

Proof Since W is nilpotent, then it has a central series as follows:

_ _L L Ly _ _L
<O> - [M,[J)W] < [M,}W] c...C [M,M] — [M,M] (1>
Now we construct the following series for [ MVM]:
M M M, _ _M
(0) = prar € pran € -+ € pran = mra

where M; = L; N M, (0 < j <t). The Lie algebra L acts on % by the following defined
action:
Hm 4 [M, M]) = [l,m] + [M,M] for | € L and m € M.

Hence, by the above central series, the action of L on % is nilpotent. Put F; = ,Y'Y+§](\4A/)[)
for ¢ > 1. Then L acts nilpotently on F;. Suppose that L acts nilpotently on Fj, then by
Lemma 2, L acts nilpotently on F; ® % By Theorem 1, F;1; is an image of F; ® [1\/;\4—1\4]
and hence, L acts nilpotently on F;i;. Therefore by induction on ¢, L acts nilpotently on
every lower central factor of M. Since M is nilpotent, then there exists a non-negative
integer ¢ such that y.41(M) = (0). Now, combining the lower central series of M and (1)
we obtain

0) =441 (M) C ... Ca(M)=[M,M]=LoC...C L = L.
By the fact that L acts nilpotently on Fj, there is a series

K; K, o
(0) = 57tm € - € snan = L

such that [L, K;, ] € K;,. Now we obtain a central series of L which provides the nilpotency
of L, as required. O
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