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1 Introduction

Byszewski [1] has established the existence and uniqueness of mild, strong and classical
solutions of the following nonlocal Cauchy problem

du (t)

dt
+ Au (t) = f (t, u (t)) , t ∈ (0, a] ,

u (t0) + g (t1, t2, . . . , tp, u (.)) = u0

where A is the infinitesimal generator of a C0-semigroup T (t) on a Banach space X, 0 ≤ t0 <

t1 < · · · < tp ≤ a, a > 0, u0 ∈ X and f : [0, a] × X → X, g : [0, a]
p
× X → X are given

functions. Subsequently, he has investigated the same problem for different types of evolu-
tion equations in Banach space [2–5]. Many papers have been written on nonlocal Cauchy
problem for different classes of differential and integrodifferential equations [6–12]. Brill [13]
and Showalter [14] established the existence of solutions of semilinear evolution equations
of Sobolev type in Banach space. Such type of equations arises in various applications such
as in the flow of fluid through fissured rocks [15], and thermodynamics [16]. Balachandran
and Ravikumar [17] proved the existence of mild and strong solutions of nonlinear time
varying delay integrodifferential equations of Sobolev type with nonlocal conditions in Ba-
nach spaces by using the theory of compact semigroup and Schaefer’s fixed point theorem.
Recently, Xu [18] has studied the existence of delay integrodifferential equations of Sobolev
type with nonlocal conditions in Banach space

In this paper, we shall prove the existence of solutions for integrodifferential equations
of Sobolev type with nonlocal conditions of the form

(Bu (t))
′

+ Au (t)

= f

(

t, u (t) ,

∫ t

t0

k

(

t, s, u (s) ,

∫ s

t0

h (s, τ, u (τ ))dτ

)

ds

)

, t ∈ ( t0, t0 + a] (1)
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u (t0) + g (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp)) = u0, (2)

where f : I×X×X×X → Y, k : I×I×X×X → X, h : I×I×X → X and g : Ip×Xp → Y

are given functions, and I = [t0, t0 + a] .

2 Preliminaries

Definition 1 A continuous solution u of the integral equation

u (t) = B−1T (t − t0)Bu0 − B−1T (t − t0)Bg (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))

+

∫ t

t0

B−1T (t − s) f

(

s, u (s) ,

∫ s

t0

k

(

s, τ, u (τ ) ,

∫ τ

t0

h (τ, µ, u (µ)) dµ

)

dτ

)

ds, t ∈ I (3)

is called a mild solution of problem (1) – (2) on I.

Definition 2 A function u is said to be a strong solution of problem (1) – (2) on I if
u is differentiable almost everywhere on I u

′

∈ L1 (I, X) and satisfying (1) – (2) almost
everywhere on I.

In order to prove our main theorem we consider certain conditions on the operators A

and B. Let X and Y be Banach spaces with norm |.| and ‖.‖ respectively. The operators
A : D(A) ⊂ X → Y and B : D(B) ⊂ X → Y satisfy the following hypothesis:

(H1) A and B are closed linear operators,

(H2) D (B) ⊂ D (A) and B is bijective,

(H3) B−1 : Y → D (B) is continuous.

The hypothesis (H1) and (H2) and the closed graph theorem imply the boundedness
of the linear operator AB−1 : Y → Y. Further −AB−1 generates a uniformly continuous
semigroup T (t) t ≥ 0, of bounded linear operators from Y into Y.

(H4) For someλ ∈ ρ
(

−AB−1
)

, the resolvent set of −AB−1 the resolvent R
(

λ,−AB−1
)

is compact operator.

Theorem 1 Let T (t) be a C0 semigroup. If T (t) is compact for t > t0 then T (t) is
uniformly continuous for t > t0.

We have the following characterization of a compact semigroup in terms of the resolvent
operators R (λ : A) of its generator A.

Theorem 2 Let T (t) be a C0 semigroup and let A be its infinitesimal generator. T (t) is
a compact semigroup if and only if T (t) is uniformly continuous for t > 0 and R (λ : A) is
compact for λ ∈ ρ (A) [19].

From the above fact that −AB−1 generates a compact semigroup T (t) t ≥ 0, and so
‖T (t)‖ is finite. We denoteM = ‖T (t)‖, L = ‖B‖ andL∗ =

∥

∥B−1
∥

∥ .

Further, we assume the following:
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(H5) f : I × X × X × X → Y is continuous in t on I and there exist a constant N > 0
such that

∥

∥

∥

∥

f

(

t, u (t) ,

∫ t

t0

k

(

t, s, u (s) ,

∫ s

t0

h (s, τ, u (τ ))dτ

)

ds

)
∥

∥

∥

∥

≤ N

for t ∈ I and u ∈ X,

(H6) k : I × I × X × X → X is continuous in t,

(H7) h : I × I × X → X is continuous in t,

(H8) g : Ip × Xp → Y is continuous and there exists a constant G > 0 such that

G = ‖g (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))‖ .

3 Existence of a Mild Solution

Theorem 3 Assume that (H1)− (H8) hold, then the problem (1) - (2) has a mild solution
on I.

Proof Let S = C ([t0, t0 + a] , Y ) and

S0 =

{

u : u ∈ Y, u (t0) + g (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp)) = u0,

‖u‖ ≤ r, t0 ≤ t ≤ t0 + a

}

,

where r := L∗ML ‖u0‖+L∗MLG+L∗MNa. Clearly, S0 is a bounded closed convex subset
of S. We define a mapping F : S → S0 by

(Fu) (t) = B−1T (t − t0)Bu0 − B−1T (t − t0)Bg (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))

+

∫ t

t0

B−1T (t − s) f

(

s, u (s) ,

∫ s

t0

k

(

s, τ, u (τ ) ,

∫ τ

t0

h (τ, µ, u (µ)) dµ

)

dτ

)

ds, t ∈ I.

Since

‖(Fu) (t)‖

≤
∥

∥B−1T (t − t0)Bu0

∥

∥ +
∥

∥B−1T (t − t0)Bg (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))
∥

∥

+

∫ t

t0

∥

∥B−1T (t − s)
∥

∥

[
∥

∥

∥

∥

f

(

s, u (s) ,

∫ s

t0

k

(

s, τ, u (τ ) ,

∫ τ

t0

h (τ, µ, u (µ)) dµ

)

dτ

)
∥

∥

∥

∥

ds

]

≤ L∗ML ‖u0‖ + L∗MLG + L∗MNa = r,

then F maps S0 into S0. Further, the continuity of F from S0 to S0 follows that fk and
h are continuous on [t0, t0 + a] × X3, [t0, t0 + a]

2
× X2 and [t0, t0 + a]

2
× X respectively.

Moreover, F maps S0 into a precompact subset of S0. We prove that, the set S0 (t) :=
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{(Fu) (t) : u ∈ S0} is precompact in X for every fixed 0 ≤ t ≤ a. Obviously for t = t0 the
set S0 (t0) = {u0 − g} is precompact. Let t > t0 be fixed. Define

(Fεu) (t) = B−1T (t − t0)Bu0 − B−1T (t − t0)Bg (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))

+

∫ t−ε

t0

B−1T (t − s)f

(

s, u (s) ,

∫ s

t0

k

(

s, τ, u (τ ) ,

∫ τ

t0

h (τ, µ, u (µ)) dµ

)

dτ

)

ds

= B−1T (t − t0)Bu0 − B−1T (t − t0)Bg (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))

+ T (ε)

∫ t−ε

t0

B−1T (t−ε−s)f

(

s, u (s) ,

∫ s

t0

k

(

s, τ, u (τ ) ,

∫ τ

t0

h (τ, µ, u (µ)) dµ

)

dτ

)

ds (4)

for t0 < ε < t.

The compactness of the semigroup T (t) for every t > 0 and (4) imply that for every
ε, t < ε < t0 the set

Sε (t) = {(Fεu) (t) : u ∈ S0}

is precompact in X. Now, for any u ∈ S0 we have

‖(Fu) (t) − (Fεu) (t)‖

≤

∫ t

t−ε

∥

∥B−1
∥

∥ ‖T (t − s)‖

∥

∥

∥

∥

f

(

s, u (s) ,

∫ s

t0

k

(

s, τ, u (τ ) ,

∫ τ

t0

h (τ, µ, u (µ)) dµ

)

dτ

)
∥

∥

∥

∥

ds

≤ L∗MNε. (5)

From (5) it follows that the set S0 (t) is precompact. Now we show that F (S0) = S̃ =
{Fu : u ∈ S0} is an equicontinuous.

For t0 < t < s we have

‖(Fu)(t)− (Fu)(s)‖ ≤ ‖B−1(T (t − t0) − T (s− t0))Bu0‖

+ ‖B−1(T (t − t0) − T (s − t0))Bg(t1 , t2, . . . , tp, u(t1), u(t2), . . . , u(tp))‖

+

∫ t

t0

‖B−1‖‖T (t − ξ) − T (s− ξ)‖
∥

∥

∥
f(ξ, u(ξ),

∫ ξ

t0

k(ξ, τ, u(τ ),

∫ τ

t0

h(τ, µ, u(µ))dµ)dτ )
∥

∥

∥
dξ

+

∫ s

t

‖B−1‖‖T (s − ξ)‖
∥

∥

∥
f(ξ, u(ξ),

∫ ξ

t0

k(ξ, τ, u(τ ),

∫ τ

t0

h(τ, µ, u(µ))dµ)dτ )
∥

∥

∥
dξ

≤ (L∗L‖u0‖ + L∗LG)‖T (t − t0) − T (s − t0)‖

+ L∗N

∫ t

t0

‖T (t − ξ) − T (s − ξ)‖dξ + L∗MN |s− t|. (6)

Since T (t) is compact, Theorem 1 implies that T (t) is continuous in the uniform operator
topology for t > 0. Therefore the righthand side of (6) tends to zero as s → t tends to zero.
Thus S̃ is equicontinuous. Also, S̃ is bounded. It follows from Arzela-Ascoli theorem (see
Dieudonne [2]), that S̃ is precompact. Hence by the Schauder fixed point theorem, F has
a fixed point in S0 and any fixed point of F is a mild solution of (1) – (2) on I such that
u (t) ∈ X for t ∈ I.2
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4 Existence of a Strong Solution

Theorem 4 Assume that

(i) Conditions (H1) − (H8) hold,

(ii) Y is reflexive Banach space with norm ‖.‖ ,

(iii) f : I × X × X × X → Y is continuous in t on I and there exist constants N > 0 and
N1 > 0 such that

∥

∥

∥
f
(

t, u
(

t
)

,

∫ t

t0

k
(

t, s, u
(

s
)

,

∫ s

t0

h
(

s, τ, u
(

τ
))

dτ
)

ds
)
∥

∥

∥
≤ N

and ‖f (t, u1, u2, u3) − f (s, v1, v2, v3)‖

≤ N1 [‖t − s‖ + ‖u1 − v1‖ + ‖u2 − v2‖ + ‖u3 − v3‖] for ts ∈ I, uivi ∈ X,

(iv) k : I × I × X × X → X is continuous in t and there exist constants N2 > 0 and
N3 > 0 such that ‖k (t, s, u, v)‖ ≤ N2, ‖k (t, σ, u, v)− k (s, σ, u, v)‖ ≤ N3 |t − s| for
t, σ, s ∈ I, u ∈ X,

(v) g (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp)) ∈ D
(

−AB−1
)

, u0 ∈ D
(

−AB−1
)

.

Then u is a strong solution of problem (1) – (2) on I.

Proof Since all the assumptions of Theorem 3 are satisfied, then the problem (1) – (2)
has a mild solution belonging to C (I, X) Now we shall show that u is a strong solution of
problem (1) – (2) on I. For any t ∈ I we have

u
(

t + h
)

− u
(

t
)

= B−1

[

T
(

t + h − t0

)

− T
(

t − t0

)]

Bu0

− B−1

[

T
(

t + h − t0

)

− T
(

t − t0

)]

Bg
(

t1, t2, . . . , tp, u
(

t1

)

, u
(

t2

)

, . . . , u
(

tp

))

+

∫ t0+h

t0

B−1T
(

t + h − s
)

f
(

s, u
(

s
)

,

∫ s

t0

k
(

s, τ, u
(

τ
)

,

∫ τ

t0

h
(

τ, µ, u
(

µ
))

dµ
)

dτ
)

ds

+

∫ t+h

t0+h

B−1T
(

t + h − s
)

f
(

s, u
(

s
)

,

∫ s

t0

k
(

s, τ, u
(

τ
)

,

∫ τ

t0

h
(

τ, µ, u
(

µ
))

dµ
)

dτ
)

ds

−

∫ t

t0

B−1T
(

t − s
)

f
(

s, u
(

s
)

,

∫ s

t0

k
(

s, τ, u
(

τ
)

,

∫ τ

t0

h
(

τ, µ, u
(

µ
))

dµ
)

dτ
)

ds

= B−1T
(

t − t0

)[

T
(

h
)

− I
]

Bu0

− B−1T
(

t − t0

)[

T
(

h
)

− I
]

Bg
(

t1, t2, . . . , tp, u
(

t1

)

, u
(

t2

)

, . . . , u
(

tp

))

+

∫ t0+h

t0

B−1T
(

t + h − s
)

f
(

s, u
(

s
)

,

∫ s

t0

k
(

s, τ, u
(

τ
)

,

∫ τ

t0

h
(

τ, µ, u
(

µ
))

dµ
)

dτ
)

ds

+

∫ t

t0

B−1T
(

t − s
)[

f
(

s + h, u
(

s + h
)

,

∫ s+h

t0

k
(

s + h, τ, u
(

τ
)

,

∫ τ

t0

h
(

τ, µ, u
(

µ
))

dµ
)

dτ
)

− f
(

s, u
(

s
)

,

∫ s

t0

k
(

s, τ, u
(

τ
)

,

∫ τ

t0

h
(

τ, µ, u
(

µ
))

dµ
)

dτ
)]

ds.
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According to our assumption we observe that

‖u(t + h) − u(t)‖

≤ L∗MLh
∥

∥B−1Au0

∥

∥ + L∗MLh
∥

∥B−1Ag (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))
∥

∥

+ L∗MNh + L∗M

∫ t

t0

N1

[

h + ‖u(s + h) − u(s)‖

+

∫ s

t0

∥

∥

∥
k
(

s + h, τ, u(τ ),

∫ τ

t0

h(τ, µ, u(µ))dµ
)

− k
(

s, τ, u(τ ),

∫ τ

t0

h(τ, µ, u(µ))dµ
)
∥

∥

∥
dτ

+

∫ s+h

s

∥

∥

∥
k
(

s + h, τ, u(τ ),

∫ τ

t0

h(τ, µ, u(µ))dµ
)
∥

∥

∥
dτ

]

ds

≤ L∗MLh
∥

∥B−1Au0

∥

∥ + L∗MLh
∥

∥B−1Ag (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))
∥

∥

+ L∗MNh + L∗MN1

∫ t

t0

[h + ‖u (s + h) − u (s)‖ + N2ha + N3h]ds

≤ Ch + L∗MN1

∫ t

t0

‖u (s + h) − u (s)‖ds,

where

C = L∗ML
∥

∥B−1Au0

∥

∥ + L∗ML
∥

∥B−1Ag (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))
∥

∥

+L∗MN + L∗MN1a + L∗MN1N2a
2 + L∗MN1N3a

which is independent of h and t ∈ I. Thanks to Gronwall’s inequality, we obtain

‖u (t + h) − u (t)‖ ≤ CheL∗MN1a for t ∈ I.

Therefore, u is Lipschitz continuous on I. The Lipschitz continuity of u on I combined with
(iii) and (iv) of Theorem 4 implies

t → f

(

t, u (t) ,

∫ t

t0

k

(

t, s, u (s) ,

∫ s

t0

h (s, τ, u (τ ))dτ

)

ds

)

is Lipschitz continuous on I. By Pazy [19, Corollary 4.2.11], we observe that the equation

(Bv (t))
′

+ Av (t) = f

(

t, u (t) ,

∫ t

t0

k

(

t, s, u (s) ,

∫ s

t0

h (s, τ, u (τ ))dτ

)

ds

)

, t ∈ ( t0, t0 + a]

v (t0) = u0 − g (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))

has a unique strong solution v satisfying the equation

v (t) = B−1T (t − t0)Bu0 − B−1T (t − t0)Bg (t1, t2, . . . , tp, u (t1) , u (t2) , . . . , u (tp))

+

∫ t

t0

B−1T (t − s)f
(

s, u(s),

∫ s

t0

k
(

s, τ, u(τ ),

∫ τ

t0

h(τ, µ, u(µ))dµ
)

dτ
)

ds, t ∈ I

= u (t) .

Consequently, u (t) is the strong solution of initial value problem (1) – (2) on I. This
completes the proof of Theorem 4. 2



Nonlocal Cauchy Problem for Integrodifferential Equations of Sobolev Type 185

5 Conclusion

Thus we got the existence and uniqueness of mild and strong solutions of nonlinear inte-
grodifferential equations of Sobolev type in Banach space by using compact semigroup and
Schauder fixed point theorem. Our results are generalization of the results of Balachandran
and Park [7, 9].
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