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On the Structure of Nil Graph of a Commutative Ring
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Abstract Let R be a commutative ring and N(R) be the set of all nil elements of
index two. The nil graph of R denoted by I'n(R), is an undirected graph with the
vertex set Zy(R)" = {z € R*|zy € N(R) for some yin R* = R — {0}}, and any two
vertices z and y of Zy(R)* are adjacent if and only if zy € N(R).In this paper we
determine the chromatic number of the nil graph I'n(Zpagq) , where Zpaq4is the cyclic
group of order p®q. Also we study the diameter and girth of I'n(Zpeq).
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1 Introduction

A kind of graph structure on a commutative ring R was introduced by Chen [1] by
considering the nil elements of R. A graph was defined with vertex set equal to all elements
of R where any two distinct vertices x and y are adjacent if and only if zy € N(R), N(R)
denotes the set of all nil elements of R. This concept was modified by Li and Li [2]. In this
modified definition the graph defined is an undirected graph I'y(R) whose vertex set is the
set Zn(R)* = {z € R*|zy € N(R) for some y in R* = R — {0}}. Two vertices = and y in
I'y(R) are adjacent if and only if zy € N(R) or yz € N(R). Taking this concept, Nikmehr
and Khojasteh [3] determined some results on the diameter and girth of I'y(R) of matrix
algebras.

Next we state some definitions and notations used throughout the paper.

A ring R is called non-reduced if there exists at least one non zero nil element in the ring.
Let R be a non-reduced commutative ring and N(R) be the set of all nil elements of R of in-
dex two. The Nil Graph of R, denoted by 'y (R), is an undirected graph with the vertex set
ZN(R)* = {x € R*|zy € N(R) for some yin R* = R—{0}} and any two vertices of Zn(R)*
are adjacent if and only if zy € N(R). We recall that a graph is connected if there exists a
path connecting any two distinct vertices. The distance between any two distinct vertices x
and y, denoted by d(z,y), is the length of the shortest path connecting them. The diameter
of a graph I" denoted by diam(T" ) is equal to sup{(z,y) : = and y are distinct vertices }.
The girth of a graph, denoted by gr(T"), is the length of the shortest cycle in I'. A clique of
a graph is a maximal complete subgraph.

A graph T is said to be r-partite if V (I') can be partitioned into r disjoint sets

Vi, Vo, ..., Vesuch that no two vertices within any V; are adjacent, but for any v € Vj,
u € V; , u and v are adjacent.
A proper coloring of a graph is an assignment of k-colors {1,2,...,k} to the vertices

of I' such that no two adjacent vertices have assigned with the same color. The chromatic
number x(I") of a graph I is the minimum k for which I" has k-coloring.
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A dominating set in a graph I' is a subset D of the vertex set of I' with the property
that every vertex not in D is adjacent to one or more vertices of I'.The domination number
of ', denoted by Domn(T"), is defined as the cardinality of a minimum dominating set of T".

In our paper we consider a non-reduced commutative ring where N(R) = {z € R|z? = 0}
and call the graph I'y(R) as nil graph of R. Taking the modified concept of the nil graph
defined by Li and Li [2], we determine the chromatic number of the nil graph I'y(Zpag),
where Zy«q is the cyclic group of order p*q. Also we determine the diameter and girth of

FN(Zpaq)-

2 The Nil Graph I'n(Zpeq)

Theorem 1 Let I'n(Zpeq) be the nil graph of the commutative ring Zpeq, where p and g
are two distinct primes and o is an odd positive integer greater than one. Then the graph
FN (Zpaq) ZS

(a) p3" + 1- partite, if a =4n+1,n=1,2,3,...
(b) p3"*2- partite if a = 4n+3,n=0,1,2,3,...

Proof

a) If « =4n + 1, then the vertex set of the graph I'ny(Zye,) can be partitioned into
g pq

Vi ={z=mp q:ptm,qtm1<m<p"™t=F—1},0<k<4n,
Vi={z=mp' :ptm,qtm,1 <m <p" g —1},0<i<4n+1.

Any two elements x € Vi, and y € Vi, are adjacent if k1 + k2 > 2n + 1. No two
vertices of V; are adjacent but are adjacent to the vertices of Vi, if i + k& > 2n + 1.

Now we can consider the following cases:

(i) Let x,y € V;, for 0 < i < 4n + 1, such that = m;p® and y = map®, then
xy ¢ N(Zpogq) as g1 x and y. Hence x and y are not adjacent. So the elements
of u;‘gg 1V, are not adjacent to each other but are adjacent to the elements of V},
for some k such that i +k > 2n + 1.

(i) Let o,y € Vi, for 0 < k < n, such that = = mip¥iq € Vi, and y = map*2q € V4,.
Then (zy)? = 2%y? = mim3p>F1Hk2)gt £ 0(mod p*"tlq) as ki + kg < 2n + 1.
So zy ¢ N(Zpq) and = and y are not adjacent. Therefore all the elements of
U%—oVk are not adjacent to each other. But they are adjacent to the elements of
Vs, for some k' such that k + k' > 2n + 1.

(iii) Let x,y € Vi, for n 4+ 1 < k < 4n,such that 2 = m;p* € Vi, and y = map*? €
Vi, then (zy)? = 22y? = m2m3p*>F1k2) gt = 0(mod p*™t'q) as ky +ky > 2n+1.
Thus 2y € N(Zpeq) and x and y are adjacent. Thus all the elements of the
set Ui’;n +1Vk are adjacent to each other. Total number of elements in the set
Ui Ve i

4n
Z (p4n+17k _ p4nfk) _ an 1
k=n-+1
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Now considering all the cases discussed above, we can arrange the vertices of the
graph into the following independent sets

Iy = Uy,
I = UZZOVk,
Ay ={z:z=1tp"g}, 1 <t <p*" -1

Thus the independent sets Ay, Az, As, ..., Aysn_1 together with Iy and I; form a
p?? — 14141 =p3" 41 - partite graph.

(b) If & = 4n + 3, then the vertex set of the graph I'n(Zpeq) can be partitioned into

Ve={z=mp*q:ptm,qtm 1 <m<p" ™ F_1}0<k<dn+2,
Vi={z=mp' :ptm,qtm,1<m < p"37ig _1},0<i<4n+3.

Any two elements x € Vi, and y € Vi, are adjacent if k1 + k2 > 2n + 2. No two
vertices of V; are adjacent but are adjacent to the vertices of Vi, if i + &k > 2n + 2.

Now we can consider the following cases:

(i) Let x,y € V;, for 0 < i < 4n + 3, such that x = m;p® and y = map®, then
2y ¢ N(Zpog) as ¢ t  and y. Therefore x and y are the non adjacent vertices
in Ty (Zyegq). So the elements of US"?V; are not adjacent to each other but are
adjacent to the elements of Vj for some k such that i + k& > 2n 4 2.

(ii) Let o,y € Vi, for 0 < k < n, such that = = mip¥iq € Vi, and y = map*2q € V4,.
Then (zy)? = 2%y? = mim3p>F1Hk2)g% 2 0(mod p*"+3q) as ki + ko < 2n + 2.
So zy ¢ N(Zpoq) and = and y are not adjacent. Therefore all the elements
of Up_,Vik are not adjacent to each other. These elements are adjacent to the
elements of Vj, for some k' such that k + k' > 2n + 2.

(iii) Let z,y € Vi, for n +1 < k < 4n + 2,such that x = myp*iq € Vi, and y =
map*2q € Vi,, then (z9)? = 2%y? = mim3p*F1+52)gt = 0(mod p*"*3¢) as
k1 4+ ks > 2n+ 2. Thus 2y € N(Zp~q) and = and y are adjacent. Thus all

the elements of the set uﬁ’;ﬁlvk are adjacent to each other. Total number of

elements in the set Uif{lile is

4n+2

Z (p4n+37k _ p4n+2fk) _ p3n+2 _1.
k=n-+1

Now considering all the cases discussed above, we can arrange the vertices of the
graph into the following independent sets

I = U,
L = UZ:OVk U {33 = p"“q},
Ay ={z:z=1tp"g},2<t <p*" -1

Thus the independent sets Ag, A3, ..., Apsn+2_; together with Iy and I; form ap>nt?—

2+ 1+ 1= p3*+2 _ partite graph. O
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Corollary 1 Let I'y(Zpeq) be the nil graph of the commutative ring Zpeq, where p and g
are two distinct primes and o is an odd positive integer greater than one. Then

(@) X(CN(Zpag) =p*" + Lifa=4n+1,n=1,2,3,....
() XON(Zpog) =p*" 2 ifa=4n+3,n=0,1,2,3,....

Proof

(a) If @« = 4n + 1, then by the proof of the previous Theorem 1(a) we see that the
all the vertices of the set U™ 4+1Vk are adjacent to each other and total number
of elements in this set is p®® — 1. The elements of the set Vi, are not adjacent
among themselves but are adjacent to every member of the set U™ +1Vk- Again the
elements of the set u;‘;ﬁlvi are not adjacent among themselves but are adjacent to
every element of the set Ui’;n 11 Ve and Vi—,. Therefore all the elements of Ui’;n 11 Ve
along with any one element from Vj—, and one from Ufﬁ:ilm will form a clique of

order p?” — 1+ 1+ 1 =p3" + 1. Therefore x(U'n(Zpoq)) > p*" + 1.
By Theorem 1(a) the graph I'y(Zye,) is a p*™ + 1- partite graph which implies that
X(TN(Zpeq) < p*™ + 1.. Therefore (' (Zpaq) = p*™ + 1.

(b) If @« = 4n + 3, then by the proof of the previous Theorem 1(b), the elements of the

set ui’;ﬁlvk are adjacent with each other and total number of elements of this set is

p*"+2 — 1.Therefore the set U} 2, Vj, U {z}, where x € U™}, V; will together form

a complete subgraph of order p?" ™2 — 1+ 1 = p3"*2 and hence x(I'n(Zpeq)) > p*" 2.
Again by Theorem 2.1(b) we have the graph I'y(Zpa,) is a p3"*2 partite graph and
XN (Zpeq)) < p*"2. Hence XN (Zpeq)) = p*" 2.0

Example 1 Consider Zoy = Zgsy. Then Zn(Z24)* = {1,2,3,...,23}. Then we can divide
the vertex set into the following independent subsets

Vi = {12}, Vo = {18}, V3 = {3,6,9, 15,21}, Vi = {1,2,4,5,7,8, 10,11, 13, 14, 16, 17, 19,
20,22, 23}. The nil graph I'y(Za4) is shown in Figure 1.

Theorem 2 Let I'n(Zpeq) be the nil graph of the commutative ring Zpey, where p and q
are two distinct primes and o is an even positive integer. Then the graph I'n(Zpeq) is

(a) p3"- partite, if a« = 4n,n=1,2,3,...

(b) p*" ™! 4+ 1- partite if « = 4n+2,n =0,1,2,3, ...

Proof
(a) If o = 4n, then the vertex set of the graph I'n(Zyo4) can be partitioned into
Vi={z=mp"q¢:ptm,qtm 1<m<p"™F-1},0<k<4n -1,
Vi={z=mp' :ptm.qfm,1<m<p'"'qg—1},0<i <4n.

Any two elements = € Vj,, and y € Vi, are adjacent if k1 + k2 > 2n. No two vertices
of V; are adjacent but are adjacent to the vertices of Vj, if i + &k > 2n.

Now we can consider the following cases:
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(i)

(iii)
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Figure 1: The Nil Graph I'y(Z24)

Let z,y € Vi, for 0 < i < 4n, such that £ = m;p" and y = mgp®, then
2y ¢ N(Zpogq) as ¢ 1 x and y. Therefore x and y are not adjacent in I'y(Zpag).
So the elements of U, V; are not adjacent to each other but are adjacent to the
elements of Vj, for some k such that i + k > 2n.

Let 2,y € Vi, for 0 < k <n — 1, such that 2 = mip*1q € Vi, and y = map*2q €
Vio- Then (zy)? = 2%y? = mim3p>F1tk) gt £ 0(mod p*tq) as ky + ka < 2n.
So zy ¢ N(Zpeq) and = and y are not adjacent. Therefore all the elements of
UZ;&Vk are not adjacent to each other but are adjacent to the elements of Vi,
for some k' such that k + k' > 2n.

Let x,y € Vi, for n < k < 4n — 1,such that = = mipkt € Vi, and y = map®? €
Vi, then (zy)? = 2232 = mim3p>Ftk)et = 0(mod p*q) as k1 + ko > 2n.
Thus xy € N(Zpey) and = and y are adjacent. Thus all the elements of the set

U1V}, are adjacent to each other. Total number of elements in the set U3" 'V},
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is
4An—1
Z (p4nfk _p4nflfk) _ an _1.
k=n

Now considering all the cases discussed above, we can arrange the vertices of the
graph into the following independent sets

I = Ui Vi,
L =UpZiVi U{z =p"q},
Ay ={z:z=1tp"q},2 <t <p” — 1.

Thus the independent sets As, As... Ay — 1 together with Iy and I; form a p3" -
partite graph.

a = 4n + 2, then the vertex set of the graph I'n(Zpo,) can be partitioned into

b) If 4 2, then th f the graph I' v (Zpeq b itioned i
Vi ={x=mpFq:ptm,qtm, 1 <m <p*"*t2=F 1}, 0<k<4n+1.
Vi={z=mp' :ptm,qgtm,1 <m < p*+t2=ig —1},0<i < 4n +2.
Any two elements x € Vi, and y € Vi, are adjacent if k1 + k2 > 2n + 1. No two
vertices of V; are adjacent but are adjacent to the vertices of Vi, if i + &k > 2n + 1.

Now we can consider the following cases:

(i) Let x,y € V;, for 0 < i < 4n + 2, such that x = m;p® and y = map®, then
xy ¢ N(Zpoq) as g1z and y. Therefore z and y are the non adjacent vertices in
TN (Zpeg). Thus all the elements of the set U:"{?V; are not adjacent to each other
but are adjacent to the elements of the set Vj for some k such that i+%& > 2n+1.

(ii) Let o,y € Vi, for 0 < k < n, such that = = mip¥iq € Vi, and y = map*2q € V4,.
Then (zy)? = 2%y? = m2m3p>F1Hk2)g% 2 0(mod p*"+2q) as ki + kg < 2n + 1.
So zy ¢ N(Zpeq) and = and y are not adjacent. Therefore all the elements of
U—oVk are not adjacent to each other. But they are adjacent to the elements of
Vs, for some k' such that k + k' > 2n + 1.

(iii) Let z,y € Vi, for n +1 < k < 4n + 1,such that = mp*q € V;, and y =
map*2q € Vi, then (z)? = 2%® = mimip>Fitk)gt = mImgp?(kitha) gt =
0(mod p*"*2q) as k1 + ko > 2n + 1. Thus 2y € N(Zpe,) and z and y are
adjacent. Thus all the elements of the set Uif{l}HVk are adjacent to each other.

Total number of elements in the set U™ tL 1 is

k=n-+1
4n+1
4n+2—k An+1—k\ __ , 3n+1
> —-p )=p" — 1.
k=n-+1

Now considering all the cases discussed above, we can arrange the vertices of the
graph into the following independent sets

4n+2
IO = Uizo Via

Il == Uzzovk,
Ay ={z:z=tp" g}, 1 <t <p*"H' -1
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Thus the independent sets A;, Ay, Az..., Apsns1 — 1 together with Iy and I form a
p?rtl — 14141 =p3"*t! 41 - partite graph. O

Theorem 3 Let I'n(Zpeq) be the nil graph of the commutative ring Zpeq, where p and g
are two distinct primes and « is an even positive integer. Then

(a) X(CN(Zpeg) =p*"ifa =4n,n=1,2,3,....

() XON(Zpog) =p*" T +1,ifa =4n+2,n=0,1,2,3,....

Proof

(a) If @ = 4n, the elements which are divisible by p"¢q are adjacent with each other.
Therefore the set U™ Vi U {a}, where a € U, V; will together form a clique of
order p*™ and hence x(I'§(Zpoq)) > p*". Again by Theorem 2.2(a) we have the graph

I N (Zpaq) is a p*"- partite which implies that x(I'n (Zpeq) < p*". Hence x(I'n (Zpaq) =

p3n

(b) If @ = 4n + 2, then by the proof of the previous Theorem 2.2(b), the elements of the
set Ui’;‘;}HVk are adjacent to each other and total number of elements in this set is
p>" 1 —1.Therefore the set U™ t!  ViU{z = p"q}U{z = p"q}U{y}, where y € U2V,
will together form a clique of order p*"*! + 1. Therefore x(T'n(Zpeq) > p*" T + 1.
By Theorem 2.2(b) we have the graph I'y(Zpe,) is a p*"*! 4 1 partite graph which
implies that x(Dn(Zpeq) < p*" ™ + 1. Hence X(Dn (Zpeg) = p*" T +1. O

Example 2 Consider Zyg = Zaz. Then Zn(Z4s)* = {1,2,3,...,23}. Then we can divide
the vertex set into the following independent subsets

27,33,39,45}, Vs = {1,2,4,5,7,8,10, 11,13, 14, 16, 17, 19, 20, 22, 23, 25, 26, 28, 29, 31, 32, 33,
34,35,37,38,40,41,43,44,46,47}. The nil graph I'y(Z4s) is shown in Figure 2.

Theorem 4 If p and q are distinct primes and « is any positive integer greater than one,
then diam(I' n(Zpeq)) = 2.

Proof Since Zp«4 is non-reduced, there exists non-zero nil element in the ring. All the
non-zero nil elements are adjacent among themselves and are also adjacent to every other
vertices of the graph I'y(Zpeq). Therefore the non non-zero nil elements are connected
through the non zero nil elements and hence the diam(I'n (Zpeq)) = 2. O

Theorem 5 If p and q are distinct primes and « is any positive integer greater than one,
then gr(T'n(Zpeq)) = 3.

Proof Let v1,v2,03 be the vertices of T'y(Zpeq) such that v; = p* 1q, vo = ¢, v3 = p™.
Then vq - v2 - v3 - v1 is a 3-cycle. Hence gr(I'n(Zpog)) = 3. O
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Figure 2: The Nil Graph I'y(Z4s)

3 Conclusion

The results and findings of our discussions can be summerized as follows:

a) The nil graph I'y(Z,«4) is always a partite graph.
g

(i) fa=0
(i) If a = 0
iii) fa=0
i

mod4n + 1), then the graph I'n(Zye,) is p*™ + 1- partite.
mod4n + 3), then the graph I'n(Zye,) is p3"2- partite.
mod4n), then the graph I'y(Z,e, is p*"- partite.

mod4dn + 2), then the graph I'n(Zye,) is is p*" ! 4 1- partite.

—_= ==

Ifa=0

(b) The chromatic number of the graph depends on the p-partite structure of the graph

and also the clique of the graph.

(¢) Every nil-element of the graph individually constitutes an independent set.
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(d) Since every nil-element of the graph is adjacent to all other vertices of the graph.
Hence Domn(I'n (Zpegq)) = 1.
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