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Abstract In this paper, we prove common fixed point theorems for four weakly com-
patible mappings in e-chainable fuzzy metric space without taking under consideration
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1 Introduction

Banach contraction principle plays an important role in the development of various inter-
esting results in fixed point theory as well as in approximation theory but suffers from one
drawback that the mappings taken under consideration requires continuity throughout the
space. Fuzzy set being a brain child of Zadeh [1] acts as a roadmap for other researchers
involved in the field of nonlinear analysis for the development of fuzzy metric spaces in
fixed point theory and its applications. Working in the same line Chang [2] established
fuzzy topological properties. Kramosil and Michalek [3] , Erceg [4], Fisher [5] and Deng [6]
have introduced the concept of fuzzy metric spaces in different ways. Sessa [7] generalized
the concept of commutativity to weak commutativity. Kaleva and Seikkala [8] and Mishra
et al. [9] explores further by proving some common fixed point theorems on fuzzy metric
spaces. Furthermore, Jungck [10,11] introduced more generalized commutativity, which is
called compatibility. This concept was frequently used to prove existence theorems in com-
mon fixed point theory. Grabiec [12] praiseworthy work on fixed points in fuzzy metric
spaces by extending fixed point theorems of Banach and Edelstein to fuzzy metric spaces
motivated other researcher to explore new horizons in the field of fixed point theory and its
applications.

It is self evident that strict contractive condition doesn’t guarantees the existence of
common fixed point in the setting of metric space unless and until the space is assumed
to be compact or the strict conditions are replaced by stronger conditions as in taken by
George and Veermani [13].

Jachymski [14] considered some families of maps and proved common fixed point the-
orems for it. Cho [15], George and Veeramani [16] came out with some results on analysis
for fuzzy metric spaces. Chang et al. [17] proved coincidence point and minimization the-
orems in fuzzy metric spaces. Jungck and Rhoades [18] introduced weak compatibility and
proved common fixed point theorem for set valued functions without continuity of map-
pings. Pant [19] came out with common fixed points of non-compatible maps and R-weak
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commutativity in fuzzy metric spaces. Sharma [20], Song [21] and Cho and Jung [22] proved
some common fixed point theorems in fuzzy metric spaces in different ways. Sharma and
Deshpande [23] proved some common fixed point theorems for finite number of discontinu-
ous, non-compatible mappings on non-complete fuzzy metric spaces. Furthermore, Sharma
and Deshpande [24] extended their own work by proving some common fixed point theorems
for finite number of discontinuous, non-compatible mappings on non-complete intuitionistic
fuzzy metric spaces. The main objective of this paper is to prove some common fixed
point theorems in a complete e-chainable fuzzy metric space by striking off the condition of
continuity.

2 Preliminaries

Definition 1 [3] The 3-tuple (X, M, ) is called a fuzzy metric space (shortly FM-space)
if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X2 x [0, 0o)
satisfying the following conditions for all z,y,z € X and ¢,s > 0,

(FM-1) M(z,y,0) =0,

(FM-2) M(z,y,t) =1 for all t > 0 if and only if x = y,
(FM-3) M(z,y,t) = M(y,z,t),

(FM-4) M(z,y,t)« M(y,z,s) < M(z,z,t+ s),

(FM-5) M(z,y,-):[0,1] — [0,1] is left continuous.

In what follows (X, M, %) will denote a fuzzy metric space, note that M (z, y, t) can be
thought as the degree of nearness between = and y with respect to t. We identify = y with
M(z,y,t) =1 for all t > 0 and M(z,y,t) = 0 with oo and we can find some topological
properties and examples of fuzzy metric spaces in [9,10].

In the following example, we know that every metric induces a fuzzy metric.

Example 1 [14] Let (X, d) be a metric space. Define a *x b = ab or a * b = min{a, b} and
forall z,y € X and t > 0,

M(x,y,t):m-

Then (X, M, *) is a fuzzy metric space. We call this fuzzy metric M induced by the metric
d, the standard fuzzy metric.

Lemma 1 [12] For all z,y € X, M(z,y,-) is non-decreasing.

Definition 2 [12] Let (X, M, %) be a fuzzy metric space :

(i) A sequence {z,} in X is said to be convergent to a point z € X (denoted by
limy,— 0oy, = @), if limy,— 0o M (x4, x,t) = 1, for all t > 0.

(ii) A sequence {z,} in X called a Cauchy sequence if

lim,, oo M (Zp4p, Tn,t) =1, for allt > 0 and p > 0.
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(iii) A fuzzy metric space in which every Cauchy sequence is convergent is said to be
complete.

Remark 1 Since # is continuous, if follows from (FM-4) that the limit of the sequence in
fuzzy metric space is uniquely determined.

Let (X, M, ) be a fuzzy metric space with the following condition:

(FM-6)  lim;ooM (z,y,t) =1 for all z,y € X.

Lemma 2 [25] If for all ,y € X, ¢t > 0 and for a number k € (0, 1)
M(z,y, kt) > M(x,y,t) then z = y.

Lemma 3 [15] Let {y,} be a sequence in a fuzzy metric space (X, M, %) with the condition
(FM-6). If 3 a number k € (0, 1) such that

M(yn+2; Yn+1, kt) Z M(ynJrla Yn, t)

forallt > 0and n=1,2,... then {y,} is a Cauchy sequence in X.

Definition 3 [22] Let (X, M, ) be a fuzzy metric space and € > 0 . A finite sequence
T = xg,x1,T2, ..., Ty =y is called e-chain from z to y if

M(zi,zi—1,t) >1—¢eforallt >0andi=1,2,...,n.
A fuzzy metric space (X, M, x) is called e-chainable if for any zy € X , 3 an e-chain from
T to y.
Definition 4 [9] Let S and T be mappings from a fuzzy metric space (X, M, ) into itself.
The mappings S and T are said to be compatible if
limy, oo M (STxy, TSxp, t) =1,
for all ¢ > 0, whenever {z,} is a sequence in X such that
lim,, oSz, = lim,,_,,Tx, = z for some z € X.

Definition 5 [18] Two self mappings S and T are said to be weakly compatible if they
commute at their coincidence points; i.e., if Tu = Su for some u € X, then T'Su = STu

3 Main Results

Theorem 1 Let (X, M, *) be a complete e-chainable fuzzy metric space and let A, B, S and
T be self mappings of X satisfying the following conditions:
AX CcTX and BX C SX, (1)
3k € (0,1) such that
M(Axz, By, kt) > M (Sx,Ty,t) « M(Ax, Sz, t) « M(By, Ty, t) * M(Ax, Ty,t),
for every x,y € Xand > 0, (2)
the pairs AS and BT are weakly compatible. (3)

Then A, B, S and T have a unique common fixed point in X.
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Proof Working on the same pattern as in [7], we can find a Cauchy sequence {y,} in
X such that yo,—1 = Txo,_1 = Axop_o and yo, = Sxo, = Bro,_1 forn =1,2,... from
completeness, y, — z for some z € X, and so {Axo,—2}, {Szan}, {Bran-1} and {Txo,_1}
also converges to z.

Similarly as in [22] we can show that {x,,} is a Cauchy sequence in X. Since X is complete,
hence 3z € X such that {z,} converges to a point z. Hence Ju,v € X such that Su = z
and Twv = z respectively. By (2), we have

M (Au, yan, kt) =M (Au, Bxo,_1, kt)
ZM(S’LL, TCCQn,l, t) * M(Au, Su, t) * M(B.TEQn,l, T.TEQn,l, t)*
M(Au, TCCQn,l, t)

Taking the limit as n — oo,

M(Au, z, kt) > M(z,z,t) * M(Au, z,t) * M(z, z,t) * M(Au, z,1),
M (Au, zkt) > 1%« M (Au, z,t) x 1 x M(Au, z,t).

which gives M (Au, z, kt) > M (Au, z,t).

Therefore by Lemma 2, we have Au = z. Since Su = z, thus Au = z = Su, i.e. uisa
coincidence point of A and S.

Similar to (2), we have

M(y2n,1, B’U, kt) = M(A.IQH,Q, B’U, kt)
Z M(SCEQH,Q, T’U, t) * M(A.IQH,Q, S.IQH,Q, t) * M(B’U, T’U, t) * M(A.IQH,Q, T’U, t)

Taking the limit n — oo, we have
M(z, Bv,kt) > M(z, z,t) « M(z, z,t) * M(Bv, z,t) * M(z, z,1).

This gives M (z, Bv, kt) > M(Buv, z,t).

Therefore by Lemma 2, we have Bv = z. Since Tv = z, thus Bv = Tv = z , i.e. visa
coincidence point of B and T'.

Since the pair {A, S} is weakly compatible therefore A and S commute at their coincidence
point i.e. ASu = SAu or Az =Sz

Similarly the pair {B, T} is weakly compatible therefore B and T commute at their coin-
cidence point i.e. BTv =TBv or Bz =1Tz.

Now we prove that Az = z, by (2), we have

M(AZ, B.’,EQn,l, kt) ZM(SZ, TCCQn,l, t) * M(AZ, SZ, t) * M(B.TEQn,l, T.TEQn,l, t)*
M(AZ, T.TEQn,l, t)

Taking the limit n — oo, we have
M(Az, z, kt) > M(Sz,z,t) * M(Az,Sz,t) « M(z,z,t) « M(Az, z,t),
M(Az, z, kt) > M(z, z,t) « M(Az, z,t) « M(z,z,t) * M(Az, z,1),
M(Az, z,kt) > 1« M(Az, z,t) « 1 x M(Az, 2, 1),
M(Az, z, kt) > M(Az, z,t).
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Therefore by Lemma 2, we have Az = z. Since Az = Sz, thus Az = Sz = z.
Similar to (2), we have
M(A.IQH,Q, BZ, kt) ZM(SCCQH,Q, TZ, t) * M(A.IQH,Q, S$2n,2, t) * M(BZ, TZ, t)*
M(A.IQH,Q, TZ, t)

Taking the limit n — oo, we have

M(z,Bz,kt) > M(z,z,t) * M(z,2,t) « M(Bz, z,t) *« M(z, z,t).
This gives

M(z, Bz, kt) > M(Bz, z,t).

Therefore by Lemma 2, we have Bz = z. Since Tz = Bz, thus Bz =Tz = 2.
For uniqueness let w(z # w) be another common fixed point of A, B, S and T. By (2), we
have

M(z,w, kt) = M(Az, Bw,t) (Sz, Tw,t) * M(Az, Sz,t) * M(Bw,Tw,t) « M(Az, Tw,t)

>M
> M(z,w,t).
From Lemma 2, z = w.

This completes the proof of the theorem.

Corollary 1 Let (X, M, *) be a complete e-chainable fuzzy metric space and let A, B, S
and T be self mappings of X satisfying (1) and (2) of Theorem 1 and there exists k € (0, 1)
such that
M(Ax, By, kt) >M (Sz, Ty, t) * M (Azx, Sz,t) * M (Sz, By, 2t) * M (By, Ty, t)*
M (Az, Ty, t),
forall z,y € X and t > 0.
Then A, B, S and T have a unique common fixed point in X.

Corollary 2 Let (X, M, %) be a complete e-chainable fuzzy metric space and let A and B
be self mappings of X satisfying the following condition ; there exists k € (0, 1) such that
M(Ax5 By’ kt) Z M(x’ y’ t)’

forall z,y € X and t > 0.

Then A and B have a unique common fixed point in X.

Theorem 2 Let (X, M, x) be a complete e-chainable fuzzy metric space and let A, S and T
be mappings from X into itself and

A(X) CS(X)NnT(X), (4)
the pairs {A, T} and {A, S} are weakly compatible, (5)
there exists a number q € (0,1) such that

M(Az, Ay, qt) > min{ M (Ty, Ay, t), M (Sxz, Ax,t), M(Sx, Ty,t), (6)

%[M(S:c, Ay, t) + M(Ty, Az, t)]}

forall x,y € X, t > 0. Then S, T and A have a unique common fixed point.
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Proof Define a sequence {z,} such that
A.IQn = S.IQn,l and AZEQn,l = TCCQn. n = 1, 2, .

In the similar manner as in Theorem 1, we can prove that {Az,} is a Cauchy sequence.
Since the space X is complete so there exists

z = limy, oo Az, = limy, 00 STopn—1 and = lim, _cc ATon—_1 = lim, oo TTon.
Since A(X) C S(X), there exists a point v € X such that Su = z. Then using (6) we write

M(Au, A$2n+1, qt) Z min { M(T.I2n+1, A$2n+1, t), M(Su, Au, t), M(Su, T.r2n+1, t), } )

Lo[M (Su, Axont1,t) + M (Txoni1, Au, t)]
Now taking the limit n — oo, we write
M (Au, z, qt) > min{1, M(z, Au, t), 1, %[1 + M(z, Au,t)]}.
This gives
M(Au, z,t) > M(z, Au, t).

Therefore by Lemma 2, we have

Thus
Au =z = Su.

Similarly, since A(X) C T(X), there exists a point v € X such that Tv = z. Again using

(6) we write

M (Au, Av, gt) > min{M (Tv, Av, t), M (Su, Au,t), M (Su, Tv,t), = [M(Su, Av, t)+

N~

M(Tv, Au, t)]},
M{(z, Av, gt) > min{ M(z, Av, 1), 1,1, %[M(z, Av,t) + 1]}
This gives
M(z, Av, qt) > M(z, Av, t).

Therefore by Lemma 2, we have
Thus

Since Au = Su = z by definition of weak compatibility it follows that

ASu = SAu and so Az = ASu = SAu = Sz.
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Thus from (6), we have

M(AZ, Ax2n+1, qt) Z mzn{ M (T.rQnJrl, A$2n+1, t) 5 M (SZ, AZ, t) 5 M (SZ, T.rQnJrl, t) 5 } )

VoM (Sz, Azont1,t) + M (Txony1, Az, 1))
Now taking the limit n — oo, we write
M(Az, z,qt) > min{1,1, M (Az, z, t), %[M(Az, z,t) + M(z, Az, t)]}.
This gives
M(Az, z,qt) > M(Az, z,1)).

Therefore by Lemma 2, we have Az = z. Thus Az = 2z = S=z.

Similarly by definition of weak compatibility it follows that ATv = T'Av and so Az =
ATv = TAv = Tz. Since we have already proved that Az = z. Thus Az = Tz = z.
Therefore Az =Tz = Sz = z. Hence z is a common fixed point of A, S and T.

Now, we'll show that z is a unique common fixed point. Let w(w # z) be another
common fixed point of S, T and A. By (6) we write

M(Az, Aw, qt) > min{ M (Tw, Aw,t), M(Sz, Az, t), M(Sz, Tw,t), = [M(Sz, Aw, t)

N —

+ M(Tw, Az, t)]},
M(z,w,qt) > min{l,1, M(z,w,t), M (z,w,t)}

which implies that
M(Za w, qt) Z M(Za w, t)

Therefore by Lemma 2, we write z = w. This completes the proof of Theorem 2.

4 Conclusion

In this paper, the condition of continuity of any mapping had been waived off to prove
some common fixed point theorems in e-chainable fuzzy metric space in presence of weak
compatible mappings. The proven results in e-chainable fuzzy metric space for weakly
compatible mappings without taking any mappings continuous shows that for existence
of fixed point, continuity of any mappings is not needed. We believe that dropping of
continuity with weak compatibility being a weaker condition to prove some common fixed
point theorems makes our result more interesting and useful for other researcher involved
in the said field.
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