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Abstract Irreducible representation is the nucleus of a character table and is of great
importance in chemistry. This paper focuses on finite metacyclic groups and their
irreducible representation. This study aims to find out the irreducible representation
of finite metacyclic groups of class two and finite metacyclic group of class at least
three of negative type that can have order 16 by using Burnside method.
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1 Introduction

This paper focuses on metacyclic groups. The study of metacyclic groups has been done
in [1-3]. In this paper, the irreducible representation of finite metacyclic groups is determ-
ined. The study of irreducible representation has been done for many groups including
symmetric group by Murnaghan [4], finite classical groups by Lusztig [5] and finite meta-
cyclic groups with faithful irreducible representations by Sim [6]. However, it has not been
done for metacyclic groups. In this paper we use Burnside method to obtain the irredu-
cible representations of finite metacyclic groups. Burnside method has been used to obtain
irreducible representations of groups of order 8 by Sarmin and Fong [7].

There are fourteen types of finite metacyclic groups. In this paper we choose the types
that have order 16. They are of type 1, type 7, type 8 and type 9. The first one is of class
two while the rest are of negative type of class at least three.

2 Preliminaries

In 2005, Beuerle [8] classified the non-abelian metacyclic p-groups. The presentation of
Type 1 metacyclic group of nilpotency class two is as below:

G~ <a,b’apa —p’ :1,[a,b]:apaﬂ> where o, 3,y € Nya > 2v, and § > v > 1.

Our focus is on those groups that have order 16. When o« = =2 and v = 1 with p = 2
then by using the formula |G| = p®*# [1], the order of this group is

|G| = pTFP =222 = 2 = 16.

Thus the presentation becomes G & {a,b | a* = b* = 1, [a,b] = a?).
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Then the elements are
{1,a,a? a® b,ab, a®b, a®b, b, ab?, a*v?, a®v?, b3, ab®, a*b>, a>b>}.

There are ten classes in this group as listed in Table 1.

Table 1: Classes in Finite Metacyclic Group of Class Two of Order 16

Co| C1 | Co| Cs Cy Cs Cs Cr Cs Co

1 |a,a®| a® | b,a®b | ab,a®b | b2 | ab?,a®b? | a2, | b3,a%b® | ab?, a3b®

3 3 3 3

According to Beuerle [8], the presentation for type 7, 8 and 9 of metacyclic groups of
negative type of nilpotency class at least three are as below:

G~ <a,b ’ =1, = a2a71, [a,b] = a*2> where o € N, > 3,
G%<a,b’a2a:1,b2:1,[b,a]:a*2> where o € N, v > 3,
G~ <a,b ’ " =1,0>=1,[b,a] = a2a71*2> where o € N, v > 3.

Our interest would be for those that have order 16. When « = 3, then by using this
formula |G| = 221 [1], the order of these groups is

|G| = pTt = 23T =21 = 16.
The presentation becomes

<a,b’a —1b2—a,[b,a]:a72>,
<a,b’a —1b2:1,[b,a]:a72>,
<,b’a—1b2—1,[b,a]—a2>

Then the elements of type 7 are
{1,a,a? a® b,ab, a®b, a®b, b, ab?, a*v?, a®v?, b3, ab®, a*b>, a>b*},
and the elements type 8 and 9 are

{1,a,a? a3 a* a® a5 a",b,ab, a®b, ab, a*b, a®b, a®b, a"b}.

Then there are seven classes in these groups listed in Table 2,3 and 4.
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Table 2: Classes in Finite Metacyclic Group of Class
at Least Three Negative Type of Order 16 for Type 7

Co Cl CQ Cg 04 05 CG

1 | a,a®b® | a?,a?b? | a,ab? | b,b3,a%b, a3 | b2 | ab,a’b, b3, a3b>

Y Y Y Y

Table 3: Classes in Finite Metacyclic Group of Class
at Least Three Negative Type of Order 16 for Type 8

Co Cl CQ Cg 04 05 CG
1 |a,a” | a®a® | a®a® | a* | b,a®b,a,abb | ab,a’b, a®b,a’d

Y Y Y

Table 4: Classes in Finite Metacyclic Group of Class
at Least Three Negative Type of Order 16 for Type 9

Co | C1 Cy |C3| Cy Cs Cs
1 | a,a®]|a?a® | a* | a®,a” | b,a3b,a*,ab | ab,a®b, a®b,a’d

Y Y Y

Next, the irreducible representation of these types of finite metacyclic groups of order
16 are found using the Burnside method.

3 Burnside Method [2]

There are three formulas in this method. The first step in getting the irreducible repres-
entation is by obtaining the class multiplication coefficients

CiCj =Y Cij.sCs (1)

and the Cj; ; are the class multiplication coefficients.
The second step is to obtain the characters of the irreducible representations in terms
of dy, using the result given by Burnside (1911)

ol
hihgxixE = di > Cijshaxt (2)
s=1
where h; is the order of the class C;, Xf is the character of elements in class C; in the
irreducible representation labelled by k, dj, is the dimension of the irreducible representation,
Cij,s is the class multiplication coefficient and ris the number of classes in the group.
The last step of getting the irreducible representations of a group is to obtain the nu-
merical values for dj using the following equation:
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> hixixi = Néju

(3)

where Nis the order of the group, ;i is the Kronecker Delta symbol, ris the number

of classes in the group and X{ is the character of elements in class C; in the irreducible

representation labelled by j. For x¥ it is necessary to take the complex conjugate of X{
whenever imaginary or complex numbers are involved.

3.1 Irreducible Representations of Finite Metacyclic Groups of Class Two of

Order 16

We use Equation (1) to obtain the class multiplication coefficients. For example, multiplying
C1 with Cg will give elements in the Table 5 below.

Table 5: Multiplying Cy with Cg

ab? a®b2
a a’b? b2
a® b2 a’b?

Then Cl . CG = 205 + 207.

Therefore,

C1 - Cg = c16,0C0 + ¢16,1C1 + ¢16,2C2 + ¢16,3C3 + ¢16,4C4 + c16,5C5 + ¢16,6C6 + c16,7C7

+ ¢16,8Cs + c16,9C9

205 + 2C7 = ¢16,0C0 + c16,1C1 + 16,202 + ¢16,3C3 + ¢16,4C1 + c16,5C5 + c16,6C6 + c16,7C7
+ ¢16,8Cs + ¢16,9C9

Thus

C16,2 = 2 and C16,7 = 2.

Applying equation (1) for all cases gives us

coo,0 = 1
co1,1 =1
co2,2 = 1
co3,3 =1
cos,s =1
cos5,5 = 1
co6,6 = 1
corr =1
cos,s = 1
9,9 = 1

c11,0 =2
cl1,2 = 2
ci2,1 =1
c13,4 = 2
c14,3 = 2
ci54 =1
c16,5 = 2
c16,7 = 2
cire =1
c18,9 = 2

cl98 =2

c22,0 =1
co33 =1
ca55 = 1
co57 =1
ca57 =1
26,6 = 1
cors =1
cogg = 1
C29,9 =1

c335 = 2
33,7 = 2
C34,6 = 2
c358 = 1
36,9 = 2
c3rg =1
38,0 = 2
c38,2 = 2
c39,1 = 2

Ca4,5 = 2
Caa,7 = 2
C45,9 =1
c46,8 = 2
car9 =1
C48,1 = 2
C49,0 = 2
C493 =2

55,0 = 1
56,1 = 1
cs72 =1
C58,3 = 1
C59,4 = 1

66,0 = 2
Ce6,2 = 2
cer,1 =1
Ceg,4 = 2
9,3 = 2
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crro=1 cgg5 = 2 Co9,5 = 2
crg3 =1 cgg,7 =2 Co9,7 = 2
cr94 =1 89,6 = 2

Next, using Equation (2) for example i=j=0

9
hohoxgxt = di Y, Coo,shsxt
s=0

= dy(Coo,0hox§ + Coo,1thi Xt + Coo,2ha X5 + Coo,shsxh + Coo,ahaxh
+ Coo,5hsxE + Coo,chexg + Coo,7hr x5 + Coo,shsxk + Coo.0hox§
= di((Dhoxt + (0)hax] + (0)hax5 + (0)hsx§ + (0)hax + (0)hsx5
+(0)hex + (0)hrx7 + (0)hsxs + (0)hoxs
= dhoxt.

Thus x& = dy.

Similarly x5 = +dy, x§ = +dy, x5 = +di.

Using c25.7 = 1 we get x5 ~x’§ = dkx?
USiIlg C11,0 = 2 and C11,2 = 2 we obtain

XY = +dy, ifX5 = dg, and x} = 0,ifs = —d;..

Similarly for x&.
USiIlg C33,5 = 2 and C33,7 = 2 then

xE = ddi, ifyE = x5 and yF = 0,ifyF £ xE.
Similarly for x%, X’g and X’g.

Then the characters of the irreducible representations in terms of
dy; is given in Table 6.

Table 6: The Characters of the Irreducible Representations in Terms of dj,

o G &) G Gy Cs Ce % Ce G
dye dy. dy. dy. dy dy. dy dy dy dy.
dy dy e  —dp —dp 4y dy dp  —dp  —dg
die  —dp di die  —dp  dp —dp dy di  —dg
e —de A —d dg e —de  de  —de 4
dy 0 —dy 0 0 d; 0 —dj 0 0
dk dk dk dk dk _dk _dk _dk _dk _dk
die dy. d  —dp  —dp  —dp —dp —dp dg dye
de  —de dg de  —dp —de de —de —de dg
de  —dp A —dp dp —d dp —de dp —dg
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Finally, using Equation (3) to obtain dj,

S i () = hoxxd + R X5+ haxxs + haxdds + haxixihs g + hexixh
' + hax5xE + hsxExE + hoxbxs
= X0X6 + 2XXT + X35 + 2X5X5 + 2xEXE + XEXE + 2X6X6 + XExE
+2X5 X8 + 2X5 X5
—16.

For example, using the characters of the third irreducible representation,

2
> hi (XF)” = didi + 2 (—di) (—di) + did + 2dgdy, + 2 (—di) (—di) + didi
' +2(—dy) (—di)  + didy + 2dydy + 2 (—dy.) (—di)
= 16d;
= 16.

Thus, dk =1.
As for the fifth irreducible representation,

2
Z h; (Xf) =drdr +2(0) (0) + (—dg) (—di) +2(0)(0) + 2 (0) (0) + drdk
1 +2(0)(0) + (—dk) (—dx) +2(0)(0) +2(0) (0)
= 4d;
= 16.
Thus, dk = 2.
Therefore, dy, = 2 for the fifth and tenth irreducible representations and for the others

dp = 1.
Thus the character irreducible representations table can be completed in Table 7.

Table 7: Character Irreducible Representations
of Finite Metacyclic Group of Order 16

G |26, | 6y | 26, | 26, | G | 26, | & | 26 |26,
L1111 111 ]1]1]1
L1 1|1][-1]-1]1]1]1]-1]=1
L |1 |=1|4| 1 |=1|la|=2|a]1 |-
L1 |-1|1][-1]1|1]-1]1]-1]1
,| 2|0 |—2[0 o |2]0|-=2]0]0
|11 |1]1|1|-a]-1]-1]-1]-1
| 1|1 |1 -1|-1|-a|-1|-1]1]1
L, |1 |—-1|1| 1 |=a|=a]1|—a]-a]n
|1 |-1|1|—=2|1|=a]1|-1]1 |-
L | 2] o0 |-2[0|o0o|-=2[0|z]0]o0
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3.2 Irreducible Representations of Finite Metacyclic Groups of Class At Least
Three of Order 16 of Type 7

We use Equation (1) to obtain the class multiplication coefficients for all cases. Then we
have

cooo0=1 c110=2 c220=2 330=2 cuo=4 c550=1 ces0=14
co1n=1 cr13=1 ca5=2 c332=1 cuup=4 cs66=1 ce62=4
co22=1 ci21=1 ca31=1 cuue=2 cuus=4 ce6,5 = 4
co33=1 ci23=1 c33=1 c351=1 ca54=1
cosa=1 ci32=1 cue=2 c364=2 ca61=4

cos5 =1 ciz3s=1 co52=1 ca63 =4
co66 =1 cru6=2 c266=2

c15,3 =1

c16,4 = 2

Next, using Equation (2) for example : = j = 0,

9
hohoxfxt = dic Y _ Coo,shsx*
s=0
= di(Coo,0hoxt + Coohix} + Coo2haxh + Cooshaxh + Coo,ahax + CooshsxE

+ Coo,6he Xt
= di((Dhoxg + (0)haxt + (0)hax5 + (0)haxh + (0)haxs + (0)hsxE + (0)hexg
= dphoXt.

Thus, x§ = dy.
Similarly,

X]g = +d,
X5 = td, if x§ = di,
X]2€ =0, if X]g = —dj.

Using C11,0 = 2 and C11,2 = 1, we obtain

1 .
Xllc = iﬁdka if X]2C = Oa
Xi = £di, if x5 = di,
¥ =0, if x5 = —dy.
Similar as x4,
X4 = +dg, if 28 = di, x5 =0,
X3 =0, if 25 = dj, x5 =0,
b =0, if 2f = —dg, x5 = 0.

and the others can be similarly shown.
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Finally, using Equation (3) to obtain dy,

2
D hi ()" = hox6x6 + haxixt + hax5x5 + hax5x5 + haxixh + hsxExE + hexéxé
i = x6X6 + 2XxF + X5X5 + 2x5xE + 28k + xExE + 2xExE
— 16.

Then the complete character irreducible representations is shown in Table 8.

Table 8: Character Irreducible Representations of
Finite Metacyclic Group of Order 16 of Type 7

Gy | 20y | B0y | 26y | A0 | Gy | 40
T, | 1 1 |1 1 1 |11
L | 2| v2] 0 |—vz|o0]-=2]0
, | 2] 0 |-2] 0 0] 2] 0
T; | 2 |—v2]| 0 | v2 | 0 | —2]0
T | 1 1 | 1| 1 [-1]1]-1
Ts | 1 | -1] 1] -1 1] 1]-1
T, | 1 | 1] 1] -1|-1] 1] 1

3.3 Irreducible Representations of Finite Metacyclic Groups of Class At Least
Three of Order 16 of Type 8

Using Equation (1), we obtain the class multiplication coefficients for all cases as given
below:

cooo=1 c110=2 c20=2 c330=2 cuo=1 cs50 =4 ces0 =4
cot,i=1  ecnz=1 c224=2 c332=1 ca55=1 css2 =4 ces2 =4
ci22=1 ci21=1 c232=1 cau1=1 ca66=1 css54a =4  cesa =4
ci33=1 ci23=1 ce33 =1 c356 =2 cs6,1 = 4
coaa=1 c134=2 cauz=1 c3,5=2 cs6,3 = 4

cos,5 =1  ci32=1 ca55 =2
cos,6 = 1 c143 =1
C15,6 = 2
ci6,5 = 2
Next, using Equation (2) for example i = j =0,

9
hohoxox§ = di Y, Coo,shsX
s=0
= di(Coo,0hoxt + Coo,1h1 X} + Coo,2h2xs + Cooshax’s + Coo ahaX}
+ Coo,5h5xE + Coo,che Xt
= di(Dhoxg + (0)hax} + (0)haxs + (0)hax5 + (0)haxy + (0)hsxE + (0)hexs
= dhoxs.
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Thus x§ = dy.
Similarly, we obtain

XZ = +dy,
X5 = Ed, if X = di,
X5 = 0,ifxi = —dy.
and the others can similarly be shown.
Finally, using Equation (3) to obtain dj:
2
D hi(XF)” = hoxtxo + kXXt + hax5xE + hax5x5 + haxixh + haxExS + hexéx6
1
= XOX0 + 2XIXT + X5x5 + 2x5x5 + 2X X4 + XEXE + 2x6 X6
= 16.

Thus the character irreducible representations are listed in Table 9.

Table 9: Character Irreducible Representations of
Finite Metacyclic Group of Order 16 of Type 8

Co | 2C, | 2C, | 2C5 | C, | 4C5 | 4C,
T,| 1] 1 | 1] 1 |[1]|1]1
,| 2 | v2 |0 |—v2|-2| 010
I, 2] 0 |—2] 0 [2]0]o0
.| 2 | —v2| 0 | vZ |-2] 010
T, | 1] 1 | 1] 1 =
Tg| L | =1 | 1 | -1 | 1| 1 |—1
Te| L | =L | 1 | -1 —1] 1

3.4 Irreducible Representations of Finite Metacyclic Groups of Class At Least
Three of Order 16 of Type 9

We use the same steps as above and obtain the complete character irreducible representa-
tions as given in Table 10.

4 CONCLUSION

Burnside method can be applied to any type of groups without having to consider the
structure of the group. Because of that, we used this method to obtain the irreducible
representation for some types of finite metacyclic groups.
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Table 10: Character Irreducible Representations of
Finite Metacyclic Group of Order 16 of Type 9
Gy | 2C; | 265 | 26, | 46, | G | A6,

I 1 1 1 1 1 1 1

L | 2| V2] 0 |—vz2|0 | =2]o0

I 2 0 —2 0 0 2 0

| 2 |—v2| 0 | vz | 0 | =2]0

[y 1 1 1 1 -1 1 -1

I5 1 -1 1 -1 1 1 -1

s 1 -1 1 —1 —1 1 1
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