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1 Introduction

Fractional differential equations have gained considerable importance due to their various
applications in visco-elasticity, electro-chemistry and many physical problems (see [1-2], see
also [3-4]). So far, there have been several fundamental works on the fractional derivative
and fractional differential equations, see [3,5-10] and references therein. Moreover, the study
of systems of fractional order is also important as such systems occur in various problems of
applied nature, for instance, see [11-13]. Recently, many people have studied the existence
and uniqueness for solutions of some systems of nonlinear fractional differential equations,
reader can see [ 10,13-16] and references cited therein.

This paper deals with the existence and uniqueness of solutions for the following system
of n fractional differential equations:

Dal.Il(t) = fl(t, xl(t), {EQ(t), e In(t)), teJ,
Da2$2(t) = fQ(t, xl(t), {EQ(t), e In(t)), t e J,

Do‘"xn(t_) = fu(t,z1(t), 22(t), -osn (¥)), t € J,
z; (0) = fom A (s)x;(s)ds,0<n; < 1,i=1,2,...,n,

where D% denote the Caputo fractional derivatives, 0 < o; < 1, J =[0,1], 7; € R, A; are
continuous functions and f; are some functions that will be specified later.

The rest of this paper is organized as follows: In section 2, we give some preliminaries
and lemmas. In Section 3, we establish new conditions for the uniqueness of solutions and
for the existence of at least one solution of problem (1). The first main result is based
on Banach contraction principle and the second on Schaefer fixed point theorem. In the
last section, some examples are discussed to illustrate the application of the established
analytical results.
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2 Preliminaries

The following notations and preliminary facts will be used throughout this paper:

Definition 1 The Riemann-Liouville fractional integral operator of order o« > 0, for a
continuous function f on [0, 00) is defined as:

JUf() = ﬁ/@ (t—7) """ f(r)dr;a>0,t>0. (2)
JUf) = f(), (3)
where T' (a) := fooo e “u*tdu.

Definition 2 The Caputo derivative of order o of f € C™ ([0, oo]) is defined as:

Df(t) = ! )/Ot(t—T)"a1f(")(7')d7',n—1<a,n€N*. (4)

F'n—«

For more details about fractional calculus, we refer the reader to [17,18]. For i =
1,2, ...,n, we introduce the spaces

3

Xi={x;(t),i=1,2,....n:2; € C(J,R)}
endowed with the norm

lzillx, = sup |l
teJ

It is clear that for each i = 1,2,...,n, (Xl-, HHX) is a Banach space. The product space
(X1 x Xo X .. X X, H-Hxlxxzx...xxn) is also a Banach space with norm

11, 22 s ) L ., = WA (21, 2], 5o o, )

We give the following lemmas [19]:

Lemma 1 For o > 0, the general solution of the fractional differential equation Dz = 0
is given by
z(t)=co+crt+cot’ + . 4 cp1t" (5)

where ¢; € R,i=0,1,2,..,n— 1,n=[a] + 1.
Lemma 2 Let o > 0. Then we have

JD% (t) = 2 (t) + co + 1t + eat? + oo+ cpat™ (6)
for some ¢; eR,i=10,1,2,....n—1,n=[a] + 1.

We prove also the following auxiliary lemma:
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Lemma 3 Let g € C ([0, 1]). The solution of the equation

Dz (t)=g(t),te JO<a<]l,

subject to the condition

= ”y/ A(s)x(s)ds,0<n <1,
is given by:
t S a—1
z(t) = /0 (t F(c)y) g(s)ds
y Y | [z
+1—”Yf0 ds/ (s) |:/0 T o) g(T)dT] ds
provided that 1 — ;' A(s) ds # 0.

125

Proof By lemmas 3 and 4, the general solution of (6) is given by the following formula

z(t) = /0 (;?oj;) g(s)ds — ¢p.

According to (7), we get
A(s)J%
?TI fo 5) ds /
Substituting the value of ¢y in (9), we obtain the desired quantity (8).

3 Main Results

We begin by introducing the quantities:

1 i | su s A a;+1

M, = I il Po< <1| (s)m Gi=1,..n
I(a;+1) ’1—%[0 ds’F (a; + 1)

M = 1111ax M;.

We impose also the following hypotheses:
(H1): The functions f; : [0,1] x R™ — R are continuous.

(Hz): There exist nonnegative functions{mi;}, ,_,

(10)

(11)

such that for all ¢ € [0,1] and



126 Soumia Belarbi, Zoubir Dahmani

T = (xla axn> 5y: (yla ayn> € Rna we have

AT - AP <D maa () e — vl
1=1

[f2 (6, 7) = f2 (1, 9)]

IN

n
> ma (t) |z — uil,
1=1

o (7)) = fu 0D < D (1) |2s — wil,
=1

where

m = max { sup m; (t)}

ij=1,....,n (0<t<1

(H3): There exist positive constants L;,i = 1, ..., n, such that

|fi (¢, )| < Ly,
for each t € J and all 7 € R".

Our first result is based on Banach contraction principle. We have:

Theorem 1 Suppose ; fom A; (s)ds # 1 for alli =1,...,n, and assume that the hypothesis
(Hz) holds. If

Mypp < 1, (12)

then the system (1) has a unique solution on J.

Proof Consider the operator T : X7 x X X ... x X, — X1 X X2 X ... X X, defined by:
T(x1,..;zn) (t) = (Th (X1, ooy ) (0) , To (21, ooy ) () oo, T (21, 05 ) (8))

where
Y A (ks g0
T (21, ..., xn) (1) —/0 Wfl (1,21 (T>""’xn(7—>)d7—+1—~yl Om A (5) ds
1 s (S—T)a171
X | A (s) /0 Wfl (1,21 (7) ooy (7)) dT] ds,

and foralli=1,....,n

3

t— 7')0”71

T (1, ..., zn) (1) :/0 ( T ()

ni
0

Vi
fi(rxa (1), oy wn (7)) dT + L= [y Ai(s)ds

Sﬂ'Tx T z,(7))dT| ds
/0 Tlay) ({7 @al >>d]d.
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We shall prove that T' is contractive:
For T = (z1, ..., Zn) , T = (Y1, -, Yn) € X1 X X2 X ... x X, and for each t € J, we have:

Ty (21, s zn) () = T1 (Y155 yn) ()]

|/ " fi(r a1 (1), ey zn (7)) dT

” ” O
+1 o [T AL () ds Jo A (s) X l/o T () fi(m (1), 0 (7)) dT] ds

bt —r) !
_/0 ?Jcl(ﬂyl (1) ey yn (7)) dr

O[l)

T i " (s) / ﬂfl (7,51 (T) s ooy (7)) d | ds |
1—-m fom Aq(s)ds Jo 0 I ()
Thus,
Ty (w1, 20) (8) = T1 (Y1, -5 Yn) ()]
t _ a;—1
< /0%xOigglm(m(ﬂ,...,xnm)—ﬁ(ayl(ﬂ,...,yn(ﬂﬂ
|”Yl|supo<s<1 |A1 mn s—1)"" !
+’1_"Yl ds’ / / ~———~——drds
Xosup |f1 (T Ty (T) oy T (T)) — f1 (T yl( ) yn (1))
Consequently,

|T1 (xl, ,In) (t) - Tl (yl; ;yn) (t)|

1
m X 02&21 |f1 (Taxl (7—) 3oy Ly (7—)) - fl (Ta Y1 (7—) y e Yn (7—))|

|71] SUPp<s<1 |A1 (s)| ]
’1 -m 0771 Aq (s) ds’F a1+ 2)

X Oiggl |f1 (Taxl (7—) 3oy Iy (7—)) - fl (Ta Y1 (7—) y e Yn (7—))| :

a;+1

Using (Hz), we can write:

Ty (21, oy ) (8) = T2 (Y1, s yn) (¢ )I (13)
1 |71]supg<s<1 |41 (5) it Z |z (£) —
T(ar+1)  [1—7y " A (s dsyr a1+2 ‘ vi

With some simple calculations, we obtain
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Ty (@) (8) = Ta (@) ()] < Mimn [T = Yllx, xx, 0. xx, - (14)

Hence, we have

1Ty () =T (@)l x, < Mimn [T =l x, . x,x..xx, - (15)

With a similar method as before, for i = 2, ..., n, we can write

ITi () = Ti (@)l x, < Mimn |7 = ll x, x5 % xx, - (16)

Thanks to (15) and (16) yields the following inequality

IT @) =T @ x,xx0 % xx0 < MM T =Tl x50 ¢, - (17)

Consequently by (12), we conclude that T is contractive. As a consequence of Banach
fixed point theorem, we deduce that T has a unique fixed point which is a solution of
(1). O

The second main result is the following theorem:

Theorem 2 Suppose that for all i = 1,2,...,n, v f” s)ds # 1 and assume that the
hypotheses (Hy)and (Hs) are satisfied. Then the system ( ) has at least one solution on
J.

Proof We use Scheafer fixed point theorem to prove that T has at least one fixed point
on X; X Xo x...x X,

step 1: T is continuous on X7 X X5 X ... X X,, in view of (Hj)

step 2: The operator T maps bounded sets into bounded sets in X7 x Xo X ... x X,,.
For o > 0 we take (z1,...,x,) € By such that:
B, = {(xl, ,In) € X1 X Xo X ... x X, H(ZEl,
t € J, we have:

s Tn) X, x X x X, S o} . Then, for each

bt —r) !
Ty (1, oy 20) (8)] < /0 % xoiugl i (1 (7)o (7)) (18)
+|”yl|sup0<s<1 | Ay (s /m/ s—7)"" ldes
’1 -7 fO Al dS’
x sup |f1(r,21(7),...;zn(
0<7<1
Thanks to (Hg), we obtain
L L SUPg<s<q | A1 (s
Ty (21, ..., ) (£)] < 1 1|l Po< §1| 1(s)] (19)

+ .
I(ag+1) ’1—71 OmAl(s)dslf(al—i-Z)

Thus,
|T1 (xl,...,xn) (t)| < LMy, t e J. (20)
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Consequently,
HTl (Ila"'axn)Hxl < L1 M;. (21)

Similarly, for all ¢ = 2, ..., n, we can write

Consequently, we obtain,
T (x4, ..., xn)HX1><X2><...><Xn < M max {Li}?zl . (23)
Therefore,
HT(‘Tla---axn)HX1><X2><...><Xn < 0. (24)

Step 3: The equi-continuity of T: Let us take (x1,...,z,) € By, t1,t2 € J, such that
t1 < ta. We have:

|T1 (xla"'axn) (t2)_T1 («Il,...,xn) (t2)| (25)
t1 (t2 _ 7_)04171 _ (tl _ 7_)04171
< | T X S |fi (721 (7)o (7))

Thanks to (Hg), we can write

Ly @ @
|T1 (.Il, ,In) (t2) — Tl (.Il, ,In) (t2)| < m (t21 — tll) . (26)
Thus,
Ly e o
HTl (.Il, ,In) — Tl (.Il, ’x")HXl < T (Oél i 1) (t21 — tll) . (27)
Analogously, for all i = 2, ..., n, we can write
L'i (e 77 (e 77
|71 (21, s xn) — Th (21, oy )| (tg* —77). (28)

P
X = T(a;+1)

And then,

L'i " (e 77 (e 77
1Ty (@1, s @n) = T1 (%1, 5 T0) L x e x0 x . x X, Smax{m}i_l (ta" —t7") . (29)

This implies that |71 (w1, ..., 2n) = T1 (%1, s Zo) | x, x x,x...xx, — 0 as ta — t1:
By Arzela-Ascoli theorem, we conclude that T is a completely continuous operator.

Step 4: We shall prove that the set €2 defined by

Q={(z1,...,2n) € X1 x Xog X .. x X, (%1, 00, Tp) = AT (21, ..., ), 0 < A < 1}
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is bounded. Let (x1,...,z,) € Q, then (x1,...,2,) = AT (21, ..., &), for some 0 < A < 1.

Thus, for each ¢t € J, we have:

T (t) = )\Tl (.Il, ceey .’,En) (t)
i) (t) = )\TQ (.Il, ceey .’,En) (t)
T (t) = N, (z1,...,20) (t).

3

S0l = [ s 1 () ()

(041) 0<r<1
+ |71|SUP0<5<1 |A1 /m / s—7)"" ' X7 drds
’1 -m ds’
X sup |f1 (7' 21 (T) ey @ (
0<

Thanks to (Hg), we can write

e (1)) < =2 Ly || supo<scy [Ar () i ™
A 1 _F(O[1+1) yl_ﬂylfonlAl(S)dS’F a1+2)
Therefore,
1 Y1| supg<, Al 77o¢1+1
|z1 ()] < ALy 7] o< <1]A41 (s)]
Hence,
|21 (8)] < AL1My,t € J.
Thus,

1]l x, < AL1M.

With the same arguments as before and using (Hs ), we can state that
il x, < ALiM;.
Thanks to (34) and (35), we obtain
(@1, 22, s )l x, Xy w0 ex, S Amax {L; M}

Hence,

H(xlaan "'1xn)HX1><X2><...><Xn < 0.

(31)

This shows that Q is bounded. As consequence of Schaefer’s fixed point theorem, we
deduce that T at least a fixed point, which is a solution of the fractional differential system

(1.

O
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4 Example
To illustrate our main results, we present the following examples:

Example 1: Consider the following fractional differential system:

et sin(x1 () +z2(t)+x3(t))

Dy (t) = fom ) +2t* +1,t € [0,1],
o _ o1 ()|l ()] +as (1))

D%2s (1) = <7rt+203i1+|¢1§t2>|+|x2<¢§|+|x3<t>|> +ete01],

Do3ag (1) = SRl 4 o=ty ¢ [0, 1],

2 (0) = [ 5zi(s)ds, (i =1,2,3),

with o %, 7 %, (1=1,2,3), 71 = —16, 2 = —24, v3 = —64 and A; (¢)
For (u1,v1, 1), (ug, v, 22) € R3,t € [0; 1], we have

e tsin(u+v+2)

i
16°
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(37)

te€[0,1].

t = 2t +1
fl(,u,v,z) 16(7Tt2+1) + + )
lul + |v] + |2] ¢
tiu,v,2) = + e,
fa ) = w0 AT D
fo (b, z) = sin (u) + sin (v) + sin (z) —t
(2 +t+ 20)
and
ot
|f1 (£, w2, v2, 22) — f1 (t,ur,v1,21)] < e (luz —ur||vz —v1||z2 — 21),
1
| f2 (t, w2, v2, 22) — fa (t,ur,v1,21)] < 1 20) (luz —ua||vz — v1] |22 — 21),
1
If2 (t, w2, va, 22) — fa (t,ur,v1,21)] < m (Jlug —ui||ve — vi] |22 — 21]),

So we take mll(t) = m12(t> = mlg(t> =

ma1(t) = maa(t) = mas(t) = m, and then, we obtain m = max {mij}?’

the other hand,~; fom A;(s)ds #1,i=1,2,3, and

2 16
M, = —+4——=1,219
! vr Toom T
2 32
My, = — =1,269
2 Nz + 1297 77
2 512
M = = = 1,504.
! Nz + /T

Hence, we obtain

an:1,504><%><3:0,282<1.

ij=1 "~

16(7i;2+1)’ ma1(t) = maa(t) = mas(t) = (,,ti—QO),

1
16° OIl
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The conditions of Theorem 6 hold. Therefore, the problem (37) has a unique solution on
[0, 1].

Example 2: Consider the following problem:

—t

D4$1 (t) 2+Sin2(x1(t()){C()))S(xz(t)erg(t)) 5 te [0, 1] )
e 2t sin(x1 (t
D, (t) = Tregstesta € (01, (38)
Do‘lxg (t) e 2tsin (z1 (t)) + cos (w2 (t) + 23 (t)) ,t € [0,1],
\/_fo “exp (is) x; (s)ds, (1 =1,2,3),
For this example, we have a; = % g = % a3z = %, Y=Y = = —/2 We take
m=2m=n=2 A;(t)=exp(it);(i=1,2,3), and for (v, )6 ,t € [0, 1], we have
—t
e
t =
fultuv,z) 2 +sin (u) + cos (v + 2)’
e 2t sin (u)
t = -—
fa(tu,0,2) 2 +cos(v+2)’
f3(t,u,v,2) = e *sin(u) 4 cos (v + 2).

It is clear that the conditions of Theorem 7 hold. Then the problem (38) has at least one
solution on [0, 1].
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