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Abstract In this paper, we investigate the relationship between solutions and their
derivatives of the differential equation f ® 4+ A f =0 for £k > 2 and meromorphic
functions of infinite iterated p-order, where A is a meromorphic function of finite
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1 Introduction and Statement of Results

In this paper, we shall assume that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna value distribution theory of meromorphic func-
tions [1,2]. Throughout this paper, the term “meromorphic” will mean meromorphic in
the whole complex plane. For the definition of the iterated order of a meromorphic func-
tion, we use the same definition as in [3-5]. For all » € R, we define exp; r := €¢" and
€Xpp41 T = €xp (expp r) , p € N. We also define for all r sufficiently large log; r := logr and
log, ;7 :=log (logp r) , p € N. Moreover, we denote by expyr := 7, logyr =7, log_; r:=
exp; T and exp_; r :=log; 7.

Definition 1 [4] Let f be a meromorphic function. Then the iterated p-order p, (f) of f
is defined by

log, T (r,
pp(f) = 1imsup70gp (r, /)

S Togr (p = 11is an integer) ,
r—T00

where T (r, f) is the Nevanlinna characteristic function of f. For p = 1, this notation is
called order and for p = 2 hyper-order.

Definition 2 [4] The finiteness degree of the order of a meromorphic function f is defined
by
0, for f rational,
min{p € N: p, (f) < +oo}, for f transcendental for which
some p € N with p, (f) < oo exists,
+o0, for f with p, (f) = +oo for all p € N.

i(f) =
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Definition 3 [4] The iterated convergence exponent of the sequence of zeros of a mero-
morphic function f (z) is defined by

M (f) = limsup 22 Y VP

S Togr (p > 1 is an integer) ,
r—T00

where N (r, %) is the integrated counting function of zeros of f (z) in {z : |z| < r}. Similarly,

the iterated convergence exponent of the sequence of distinct zeros of f (2) is defined by

() = limsup 22 N 1/F)

S Togr (p > 1 is an integer) ,
r—T00

where N (r, %) is the integrated counting function of distinct zeros of f (z) in {z : |z| < r}.

Definition 4 [4] The finiteness degree of the iterated convergence exponent of the sequence
of zeros of a meromorphic function f (z) is defined by

0, if n(r,1/f) = O (logr),
ix(f) =< min{p e N: A, (f) < oo}, if Ap(f) < oo for some p € N,
00, if Ap(f) = oo for all p € N.

Remark 1 Similarly, we can define the finiteness degree ix (f) of A, (f).

Definition 5 [6] Let f be a meromorphic function. Then the iterated exponent of con-
vergence of the sequence of fixed points of f (2) is defined by

. log, N (r, j.iz)
W)= =) =lmap—

,  (p>=1is an integer).

Similarly, the iterated exponent of convergence of the sequence of distinct fixed points of
f (%) is defined by

— log, N T,%Z
Tp(f) =X (f—2) = 1imsupM

,  (p>1isan integer).
r—+00 logr

For p = 1, this notation is called the exponent of convergence of the sequence of distinct
fixed points and for p = 2 the hyper-exponent of convergence of the sequence of distinct
fixed points [7]. Thus 7, (f) = A, (f — 2) is an indication of oscillation of distinct fixed
points of f(z).

For k > 2, we consider the linear differential equation

f®+A(z) f=0, (1)

where A (z) is a transcendental meromorphic function of finite iterated order p, (4) = p > 0.

Many important results have been obtained on the fixed points of general transcendental
meromorphic functions [8]. In the year 2000, Chen [9] considered fixed points of solutions
of second-order linear differential equations and obtained precise estimation of the number
of fixed points of solutions. After him, Wang and Lii [10] investigated the fixed points
and hyper-order of solutions of second order linear differential equations with meromorphic
coefficients and their derivatives, and obtained the following result.
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Theorem 1 [10] Suppose that A(z) is a transcendental meromorphic function satisfying

§ (00, A) = 1im£nf% =0>0,p(A) = p < +o0. Then every meromorphic solution

f(2) #Z0 of the equation
["+A(z) f=0,

satisfies that f and f', f" all have infinitely many fixed points and
T =T7U)=7(") =p(f) =+o0,

To (f) =T2(f") =T2(f") = p2(f) = p.

Theorem 1 has been generalized to higher order differential equations by Liu Ming-Sheng
and Zhang Xiao-Mei [7] as follows.

Theorem 2 [7] Suppose that k > 2 and A(z) is a transcendental meromorphic function
satisfying 0 (00, A) = 8§ > 0, p(A) = p < +00. Then every meromorphic solution f(z) Z 0
of (1), satisfies that f and f', f",---, f*) all have infinitely many fized points and

T =7 =7 () = =7 () = p(f) = +o0,

T2 () =72 (f) =72 (/) = =72 (FP) = pa () = p.

In the year 2008, Belaidi [11] obtained an extension of Theorem 2, by studying the rela-
tion between solutions and their derivatives of the differential equation (1) and meromorphic
functions of finite iterated p—order and proved the following result.

Theorem 3 [11] Let k > 2 and A (z) be a transcendental meromorphic function of finite
iterated order p, (A) = p > 0 such that § (0o, A) = 6 > 0. Suppose, moreover, that either:
(@) all poles of f are of uniformly bounded multiplicity or that

(i) d(oc0, f) > 0. If p(2) # 0 is a meromorphic function with finite iterated p—order
pp (p) < 400, then every meromorphic solution f(z) # 0 of (1) satisfies

M=) =R (f =9) = =2 (1P =) = pp () = +ox, (2)

M (f—@) =X (f =)= =Xpp1 (f(k)—<ﬂ) =ppr1 (f) =pp(A)=p. (3)

The main purpose of this paper is to study the relation between solutions and their
derivatives of the differential equation (1) and meromorphic functions of infinite iterated
p—order. We obtain an extension of Theorem 3. In fact, we prove the following results.

Theorem 4 Letk > 2 and A (z) be a transcendental meromorphic function of finite iterated
order p, (A) = p > 0 such that 0 (co0, A) =6 > 0. Suppose, moreover, that either:
(@) all poles of f are of uniformly bounded multiplicity or that
(4) 0 (00, f) > 0.

If ¢(z) # 0 is a meromorphic function with ppy1 (p) < pp (A), then every mero-
morphic solution f(z) # 0 of (1) satisfies ix (f(j) —p) =i (f(j) —p) =i(f)=p+1,
je{0,1,--- k} and (3).
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Remark 2 For p, (¢) < oo in Theorem 4, we obtain Theorem 3.

Setting p = 1 and ¢ (z) = z in Theorem 4, we obtain the following corollary.

Corollary 1 Let k > 2 and A (z) be a transcendental meromorphic function of finite order
p(A) = p > 0 such that § (co, A) = § > 0. Suppose, moreover, that either: (i) all poles of
f are of uniformly bounded multiplicity or that
(ii) 4 (o0, f) > 0.

Then every meromorphic solution f(z) # 0 of (1) satisfies that f and f', f",---, f*
all have infinitely many fixed points and

7(£9) =7 (£9) = p (D) = +o0, j € {01, &},
72 (F0) =7 (F9) = p2 () = p. 5 €40, 1ok}

When A (z) is a transcendental entire function, we get the following results.

Theorem 5 Assume A(z) is a transcendental entire function of finite iterated order p =
pp(A) > 0. If ¢(2) # 0 is an entire function with py11 (@) < pp (A), then every solution

f(;)(sl; 0 of (1) satisfies ix(f9) — @) = ix(f9) —p) =i(f) =p+1,j€ {01, k}
and (3).

Setting p = 1 and ¢ (z) = z in Theorem 5, we obtain the following corollary.

Corollary 2 Let k > 2 and A (z) be a transcendental entire function of finite order p (A4) =
p > 0. Then every solution f(z) # 0 of (1) satisfies that f and f',f",---, f*) all have
infinitely many fixed points and

7(19) =7 (F9) = p(f) = +00, j €{0,1,-+- K},
72 (F9) =7 (F9) = p2 () = p. 5 €40, 1ok}

The following corollary may to study the relation between the solutions of two differential
equations and entire functions.

Corollary 3 Let k,n > 2 and A(z),B(z) be transcendental entire functions of finite
iterated order p, (A) = pa > pp (B) = pp > 0 such that pa # pp. Let fi be a solution of
the equation

M+ A=) f=0 (4)
and f2 be a solution of the equation
FM+B(2) f=0. (5)

If ¢ (2) # 0 is an entire function with p,41 (@) < pa and p,11 (@) # pp, then fi and fo
satisfy

Xpﬂ (fl(i) - fz(j) - <P) = Apt1 (fl(i) - fz(j) - <P) = Pp+1 ( 1(i) - z(j) - <P) = PA,

0<i<k jeN.
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Theorem 6 Letk > 2 and A (z) be a transcendental meromorphic function of finite iterated
order p, (A) = p > 0 such that 0 (co0, A) =6 > 0. Suppose, moreover, that either:

1. all poles of f are of uniformly bounded multiplicity or that

2. (o0, f) > 0.

Let ¢ (z) # 0 be a meromorphic function with ppi1 (p) < pp(A) and ¢’ (2) — ¢ (2) # 0.
If f £ 0 is a meromorphic solution of equation (1), then the differential polynomial g =
FED 4 fB=2) o f 4 f satisfies ix (9 — @) =i (g— ) =i (f) =p+1 and

Apt1 (9 =) = Apr1 (9 — ) = ppt1 () = pp (A) = p.

In 1994, Chen [12] studied the oscillation of solutions of nonhomogeneous linear dif-
ferential equations and gave a very good general theorem : If the order of solution of
nonhomogeneous linear differential equation is dominate the order of the coefficients and
the second member, then the exponent of convergence and the order of solution are equal.

The natural question which is arises: What about the oscillation of derivatives of solution
of nonhomogeneous differential equations?

The second main purpose of this paper is to give an answer to the above question for
the nonhomogeneous differential equation

fO+ARf=F (6)
where A, F' are meromorphic functions. In fact, we prove the following result.

Theorem 7 Let k > 2 and A(z), F (z) be transcendental meromorphic functions of finite

iterated order such that igjg is not a polynomial of degree less than k. If f is a meromorphic

solution of equation (6) with p, (f) = p > max{p, (F),pp (A)}, then f satisfies

Yo (F0) =2 (F9) = pp (), G € 40,1+ K}

Remark 3 In Theorem 7, if we do not have the condition % is not a polynomial of degree

less than k, then the conclusions of Theorem 7 can not hold. For example the equation
f// _ (622 +ez) f - (622 +ez) ,

has a solution f(z) = e 4 z with po (f) = 1 and Xa (f) = X2 (f") = 0, here we have
P(z) _
Az — *

2 Auxiliary Lemmas

The following lemmas will be used in the proofs of our theorems.

Lemma 1 [11] Let £ > 2 and A(z) be a transcendental meromorphic function of finite
iterated order p, (A) = p > 0 such that § (co, A) = > 0. Suppose, moreover, that either:

1. all poles of f are of uniformly bounded multiplicity or that
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2. § (o0, f) > 0.

Then every meromorphic solution f (z) # 0 of (1) satisfies p, (f) = +oo and ppi1 (f) =
pp (A) = p.

Lemma 2 [11] Let p > 1 be an integer and let Ag, Ay, -+, Ag—1, F # 0 be finite iterated
p—order meromorphic functions. If f is a meromorphic solution with p, (f) = 400 and
pp+1 (f) = p < +0o0 of the differential equation

FB 4+ A () P 4+ AL (2) f + Ao (2) f = F, (7)

then ix (f) = ix (f) =i (f) = p+1, A (f) = Ao (F) = pp (f) = coand Apy1 (f) = Apra (f) =
ppt1 (f) = p

Lemma 3 [13] Let p > 1 be an integer, and let Ag, A1, -+, Ax—1, F' Z 0 be meromorphic
functions. If f is a meromorphic solution of equation (7) such that

1. max{i(F),i(4;) (j=0,..,k—1}<i(f)=por
2. max{py (F),pp(4j) (G =0,...k=1)} <pp(f) < oo,

then ix (f) = ix (f) =i (f) = p and X, () = A () = pp (£).

Lemma 4 (see Remark 1.3 of [4]) If f is a meromorphic function with i (f) = p, then
pp (') = pp (f)-

The following lemma is a corollary of Theorem 2.3 in [4].

Lemma 5 Assume A (z) is an entire function with ¢ (A) = p, and assume 1 < p < +o0.
Then, for all non-trivial solutions f of (1), we have

pp (f) =00 and ppi1 (f) = pp (A).

3 Proof of The Theorems and Corollary
Proof [Theorem 4] Assume that f # 0 is a meromorphic solution of equation (1). Then
by Lemma 1, we have p, (f) = +oc and pyi1 (f) = pp(A) = p. Set w; = fU) — ¢,

j€40,1,---,k}. Then by ppt1 () < pp+1 (f) = pp (A), Lemma 4 and Lemma 1 we get
Pp+1 (w;) = pp (A) = p. We can rewrite (1) as

(k)
f+%r:0. (8)

By differentiating both sides of (8), j times we get

RN @)
ﬂﬂ+(%;> =0. (9)
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Thus, w; = f(j) — ¢ is a solution of the equation

(w(.kj)>(j) o=\ )
w; + | —2 =—lp+ ( )
J A A

Now, we prove that B # 0. Suppose that B = 0. If ¢ is a polynomial, then p, (¢) =
i\ @)
Pp ((“’(k )) ) = pp (A) = 0 and this is a contradiction. Hence B # 0. If ¢ is not a

=B. (10)

A

AN E))
polynomial, then we have ¢ + (“"(2 ])) = 0. By differentiation this expression (k — j)

(k=i)\ *) (k=)
(‘PA ) +A(¢A >_0. (11)

Thus 25 is a nontrivial solution of equation (1) with ppi1 (#) < pp (A), this is a

times we get

A
contradiction by Lemma 1. Hence B # 0. By (10) we can write

w§'k) + ¢k71w§'k71) +-+ Qow; = AB, (12)

where ®; (i =0, 1, - -, k) are meromorphic functions with p, (®;) < oo (i =0,1,---,k). By
AB # 0 and p, (AB) < 400 with Lemma 2 we have iy (w;) = iy (wj) =i (w;) = p+ 1 and
Mot (w5) = A1 (W) = ppi1 (w)) = pp (A). Thus i (F9) —p) = ix (f9) — ) =i(f) =
p+Lland A1 (F9 =) = X1 (f9) =) = ppia (/) = pp (A) (5 €{0,1,---,k}). D

Proof [Theorem 5] Assume that f # 0 is a solution of equation (1). Then by Lemma
5, we have p, (f) = +o0 and pp11 (f) = pp (A) = p. By using similar arguments as in the
proof of Theorem 4, we obtain Theorem 5. O

Proof [Corollary 3] Assume that f; and fo are solutions of equations (4) and (5). Set

= f + ¢ (j €N). Then by pps1 () < pa, ppr1 (f2) = p < pa and pyi1 () # pp we
have ppy1 (¥) < pa. By application of Theorem 5 for the solution f; of (4), we get

Nt (17 =) = dpir (17 =) = pps (17 = 15 = 0) = oo (1) = o
0<i<k, jeN. O

Proof [Theorem 6] Assume that f # 0 is a meromorphic solution of equation (1). Then
by Lemma 1, we have p, (f) = +oo and ppi1 (f) = pp (A) = p. Set g = fF) 4 =1 4
.-+ + f’. First, we prove that p, (g/) = pp (f) = o0 and ppi1 (9) = ppy1 (f) = pp (A). We
have g = f—D 4 fB=2) L ... 4 " 4 fthen ¢ = f®) + fE=D 4.4 # and

g-g =f-f". (13)

Substituting f*) = —Af into (13) we get

F=2"9 (14)



166 Abdallah El Farissi, Benharrat Belaidi

If we suppose that p, (g) < oo then by (14), we obtain that p, (f) < co. This is a contradic-
tion. Hence p, (9) = p, (f) = +o00. By g = fE=D 4 f(-=2) 4 ... 4 f 4 f we have by Lemma
4, pp+1(9) < ppt1 (f) and by (14) we have ppi1 (f) < ppi1 (9) then ppi1(9) = pp+1 (f).
Now, we prove that A\p11(g — @) = Apt1(9 — ©) = pp+1 (f) = pp (A) . Suppose that f # 0 is
a meromorphic solution of equation (1). Set w = g —¢, then we have p, 11 (w) = pp11 (9) =
pp+1 (f) = pp (A). In order to prove Api1(g — ) = Api1(9 — @) = ppt1 (f) = pp (A), we

need to prove Ap11 (W) = Apy1 (W) = pp+1 (f) = pp (A). By g = w + ¢, we get from (14)

w—w -y
F= 1+ A + 1+A°

o—¢ (k) o—¢
+ A
1+ A4 1+ A4

(15)

Substituting (15) into equation (1), we obtain
w—w (k)—|—A w—w _
1+A4 1+A

which implies that

w(k+1)_|_q)kw(k)_|_..._|_q)0w_(A_|_1)<<f+j> +A(‘i’+fl>>_F, (16)

where ®; (j =0,1,---,k) are meromorphic functions with p, (®;) < co (j=0,1,--- k).
_ /

Since ¢ — ¢’ # 0 and ppi1 (%) < pp (A), then by Lemma 1 it follows that F' # 0. By

i(w) =p+1and X;0+1 (w) = Ap+1 (w) = Pp (4),

Le,ix(g—@)=ix(g—¢)=ilg—¢)=i(f) =p+1and A1 (g—¢) = Mps1 (9 —¢) =
Pp+1 (f) = Pp (A) O

Lemma 2, we obtain iy (w) = iy (w)

Proof [Theorem 7] Assume that f is a meromorphic solution of equation (6). Set
w; = fU), j€{0,1,---,k}. Then, by Lemma 4, we have p, (w;) = p, (f). We can rewrite
(6) as

f&

- 17
By differentiating both sides of (17), j times we get
k)N @) F\ O
(4) P S i 1 1.2+ k 1
o (L0) = (%) ez, (19)

Thus, w; = fU) is a solution of the equation

(k=) \ @ )
w; F
w; + ( JA ) = (Z) . (19)

(4
k k—1 F
w§-)+¢k71w§- )—|—---—|—<I)0wj—A<Z> ,

By (19) we can write
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where ®; (1 =0, 1, - - -, k) are meromorphic functions with p, (®;) < pp (w;) (¢ =0,1,---,k —1).
By the condition % is not a polynomial of degree less than k, we have (%)(j) % 0,
j € {0,1,---,k}. By A(%)(j) # 0 and p, (A (%)(j)) < pp(wj) with Lemma 3 we
l{l(é)wf Ap (UI;J}) = N (wy) = pp(wj) = pp(f). Thus A, (f9) = A, (F9)) = pp (f), jDG

4 Conclusion

In this paper, we have investigated the interaction between the solutions and the coefficients
of some higher order homogeneous and nonhomogeneous linear differential equations with
meromorphic coefficients and we obtained some properties of the growth and the zeros of
the solutions and their derivatives.
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