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1 Introduction

Impulsive differential equations have become important in recent years as mathematical
models of phenomena in both the physical and social sciences. There has a significant
development in impulsive theory especially in the area of impulsive differential equations
with fixed moments, we refer the reader to [1]. It is well known that

2'(t) = f(t,x(t), t >0, t#£tg,k=1,2,--,

: : (1.1)
Az(ty) = lim z(t) — lim z(t) = Ix(tg, z(tx)), k=1,2,---,

t—t} t—ty

models many kinds of ecological systems [1], where f and Iy(k = 1,2---) are continuous
functions. The existence of solutions of this system and the global attractivity of solu-
tions were studied by many authors, see [2] and the references therein. In mathematics, a
functional equation is any equation that specifies a function in implicit form [3]. Studying
the existence of solutions of the following functional equation with continuous variable and
impulse effects

2'(t) = f(t,x(t), t >0, t#£tg,k=1,2,--,

: . (1.2)
Az(ty) = lim x(t) — lim z(t) = Ix(tg, z(tx)), k=1,2,---,

t—tF t—ty

is interesting.
The topic of fractional calculus (derivatives and integrals of arbitrary orders) is en-
joying growing interest not only among mathematicians, but also among physicists and
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engineers [4]. Differential equations of fractional order have proved to be valuable tools in
the modeling of many phenomena in various fields of science and engineering [5-9]. Con-
sequently, considerable attention has been given to the solvability of fractional differential
equations of physical interest.

The differential equations in (1.1) and (1.2) can be unified by the following one with
fractional differential derivative

Dgyx(t) = f(t,=(1)), t > 0 (1.3)

where 0 < o < 1 and D¢ is a fractional derivative of order . The existence and the
uniqueness of solutions and numerical solutions of model (1.3) has been studied by many
authors see [4,10,11]. The solvability of initial value problems of fractional differential
equations have been studied in [4,12-15]. Recently, the authors in papers [10,16-22] studied
the existence of solutions of the different initial value problems for the impulsive fractional
differential equations on a finite interval and in mentioned papers the nonlinearities in the
fractional differential equations and the impulse functions are continuous and bounded ones.
To our knowledge, the existence of solutions of initial value problems of impulsive fractional
differential equations on infinite interval with singular nonlinearities has not been studied.

In this paper, we discuss the following initial value problem for nonlinear singular frac-
tional differential equation with impulse effects

DS@u(t) = m(t)f(t, ’U,(t)), t e (ti, trL’Jrl],i S INo,

lim 2 =u(t) = ;7 ¢(s)F (s, u(s))ds,

t—0t 0

lim (t — t;)1 = %u(t) = I(t;, u(t;)),i € IN,

t—t}

where

(a) 0 < a < 1, D§, is the Riemann-Liouville fractional derivative of order a, 0 =ty <
ty <ty <. with lim ¢; = 400, Ng = {0,1,2,---} and N = {1,2, - -},

1——+00
(b) m : (0,400) — IR satisfy m| (s, ¢,,,] € CO(tk, te41](k =0,1,2,---), m may be singular
at t = 0, m satisfies that there exist constants L > 0, k > —a, such that |m(t)| < Lt*
for all t € (0, +00),
(¢) ¢:(0,+00) — IR satisfy ¢ € L1 (0, +o0) and,
(d) f,F:(0,40) x R — IR are Carathéodory functions, I : {t; : i € N} xR - R is a
discrete Carathéodory function.
A function z with x : (0,400) — IR is said to be a solution of (1.4), if x
CO(ti, ti11)(i € Ng) and x satisfies all equations in (1.4).
We obtain the results on the existence of solutions of (1.4). An example is given to
illustrate the efficiency of the main theorems.

(tastiya] €

The remainder of this paper is as follows: in Section 2, we present preliminary results.
In Section 3, the main theorems and their proof are given. In Section 4, two examples are
given to illustrate the main results.
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2 Preliminary results

For the convenience of the readers, we present the necessary definitions from the fractional
calculus theory. These definitions and results can be found in the monograph [8].

Definition 2.1[8] Let ¢ € IR. The Riemann-Liouville fractional integral of order « > 0 of
a function g : (¢,00) — IR is given by I%, g(t) = ﬁ fct (t — s)*"tg(s)ds, provided that the
right-hand side exists.

Definition 2.2[8] Let ¢ € IR. The Riemann-Liouville fractional derivative of order av > 0
of a continuous function g : (¢,00) — IR is given by D%, g(t) = F(n ) 4 f = S)(f)nﬂd
where n — 1 < a < n, provided that the right-hand side exists.

n

Remark 2.1 One sees that I% D* x(t) = z(t) + Y ¢;(t — ¢)** for some ¢; € R and
i=1
D& IS x(t) = x(t).

Definition 2.3 Let k be defined in (c), 0 > k+ 1. We call K : (0,00) x R — R a
Carathéodory function if it satisfies the followings:

(i) t— K (t %x) is measurable on (¢;,t;11](i € INg),

(ii) . - K (t %x) is continuous on R for almost all t € (¢;,t,11],% € INy,

(iii) for each r > 0 there exists a constant A, > 0 such that ’K (t % )’ <A, te
(tistiy1],i € No, o] <.

Definition 2.4 G : {t; : i € IN} x R} is called a discrete Carathéodory function if G
satisfies the following items:

a—1
i) z—G (tl-, %x) is continuous on R for most all i € INg,

a—1

(ii) for each r > 0 there exists A,; > 0 such that ’G (tl-, %x)’ <A, i€

+oo '
N, |z| <rand > A,; < +oc.

i=1

To obtain the main results, we need the abstract existence theorem.

Lemma 2.1[15]Leray-Schauder Nonlinear Alternative
Let X be a Banach space and T : X — X be a completely continuous operator. Suppose

Q is a nonempty open subset of X centered at zero. Then either there exists x € 02 and
A € (0,1) such that x = NT'x or there exists x € § such that ¢ = Tx.

For ¢ € L*(0, 00), denote ||¢||1 = fo s)|ds. Let the Gamma and Beta functions I'(«)
and B(p, q) be defined by

—+o0 1
I(a) = / z*te dx, B(p,q) = / P71 — 2)7 N da.
0 0
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Let k be defined in (b) and o > max{l —a, k+1}, §(t) = (t—t;)' > for t € (t;,t;41](i €
Ny). Choose

| € COti, tipa](i € INy),

isbi41
X=<z:
lim, +(t— )" z(t)(i € Ny), 1121 1‘252,3:(0 are finite
For z € X, define the norm by ||z|| = ||z]||x = sup 1642)6 |z(t)|. It is easy to show that
te(0,+00)

X is a real Banach space.
Lemma 2.2 Suppose that (a)-(d) hold, v € X. Then u € X is a solution of
Dgiu(t) =m(t) f(t,z(t), t€ (titiya],i€ No, -,

lim 1= u(t) = [ ¢(s)F (s, 2(s))ds,

10+ (2.1)
tlilg(t—ti)l’o‘u(t) I(t;,z(t;)),1 € N
if and only if u € X satisfies the integral equation
o(t) = 7 P (s, () + 32 (6= 1) (1. 2(8) )
+ Jy S m(u) f (u, 2(u))du, € (b, tiga], i € No.
Proof If z € X, then there exists r > 0 such that ||z|| = tes&g}:;o) 1645?6 |z(t)| < r. Since f is

a Carathéodory function, there exists A, > 0 such that

t t’L 11— )
|f(t:E |_’f( t_t)a 1(1+t”)%x(t>>’SAT,tG(ti,tiJrl],’LGIN().
Similarly from F| I are Carathéodory function and discrete Carathéodory function, we get
that there exist constants A!, A, ; > 0(i € IN) such that

—+oo
F(t2(0)] < Apy [ T(t 2(t0)] < Avs, 1€ (fiytisa)yi €N, 3 Ay < oo,
i=1
Use Dy u(t) = m(t)f(t,z(t)), t € (ti,tiy1],7 € Ny, we will prove by mathematical
induction method that there exist constants ¢, € IR(c € INg) such that

u(t) = L ] /0 (t—8)*"tm(s) f(s,z(s))ds + Z Co(t —to)* 1t € (ti, tin1],i € Np. (2.3)

NG =

It is easy to know for t € (o, t1] that there exists a constant ¢g € IR such that

1 ' a—1 a—1
u(t) = ] /0 (t—9)*""m(s)f(s,x(s))ds + cot® . (2.4)

()
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So (2.3) holds for ¢ = 0. Now suppose that (2.3) holds for ¢ = 0,1,---,j. We prove that
(2.3) holds for i = j + 1. In fact, assume

u(t) = ﬁ/o (t=5)" " m(s) f(s,2(s))ds+ D et —to)* " +B(t), ¢ € (t41,1552]. (2.5)

o=0

For ¢ € (tj41,tj4+2], we have by Definition 2.2

m(t) (1, 2(1)) = Dgeu(t) = gy [ (¢ — 5) = u(s)ds|

| S 97 (e s = 0 )t 32 s — 1))

o=0
e 1 =97 (g oo = 0w a(dut 5 eols =10 +0(s) ) ]
=D B(t) + ﬁ [J_Z f::“(t — 5@
j+1 i=0 o=0 ,
+ﬁ [fot(t — S)f‘lﬁ fos(s —u)* tm(u) f(u, x(u))duds]
e [ =977 5 ot -t
=D a0+ i [Jz io o JE(t - 5) (s —tg)alds]
—|—F(1 ) F(a) [fo f t—8)"%s—u)* tdsm(u)f(u, x(u))du}/
+F(1 a) [Z Co ft (s —t )alds]

tit1—to

= D?ﬁlfp(t) F(l [Z Z o w)o‘wo‘ldw]

/

J
co(s — tg)o‘lds]

/

/

t—to

+ﬁm [fo fo —w) " *w*” 1dwm(u)f(u,x(u))du]/

/

/

j—1j—1 tit1—to
=D 0 <>+m . [z S eyt (1wt

T [fo Jo (1= w)=owe= ldwm(U)f(u,x(u))duy
e [XJ: e Jite (1= w)“w“ldw]

=D () + rr [XJ: Co fol(l _w)awaldw] + [fot m(u) f(u, z(u))du /

Il
0
W R
A
—
=
+
3
—
=
kﬁ
—
\.Ph
8
—
=
S—

It follows that D, ®(t) = 0 for t € (tj41,¢;42]. So there exists a constant cj41 € IR such
J+l
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that ®(t) = c¢j11(t — tj41)* " Thus

j+1

= [ =9 s a(e)ds + 3 ent = 1) € (1o

t) = ——

) = o
o=0

Hence (2.3) holds for ¢ = j + 1. By mathematical induction method, we know that (2.3) is

valid.
From 1im+ ti=og(t) = 0+Oo d(s)F (s, x(s))ds, we get cg = f0+oo d(s)F (s, x(s))ds.
t—0

From lim (t — ¢;)1~u(t) = I(t;, x(t;)),i € IN, we get that ¢; = I(t;,x(t;)),i € IN.

t—th

i

Hence, we have

—s a—1
ut) = [y CE—m(s) f(s, 2(s))ds
0L [ p(s)F (s, 2(s))ds + S0y (t — t)* " (ts, x(ts)), t € (ti,tiga],i € IN.
Hence u satisfies (2.2). Furthermore
—s a—=1
Jo S=m(9) f (s, 2 (s))ds

< At~ O‘Lft @ Fs(zla) lskds

tlfa

*At”kal(l W)k dw — 0 as t — 0F.

I(a)
Then t — [; ! % (s)f(s,x(s))ds is convergent and continuous on (0, +0c0). Further-
more, the limits hm+ t'=eu(t) = 0 and lim (t —t)'u(t) = I(t;,2(t;)),i € IN and for
t—0 t~>t

t e (ti, ti+1] we have

§ a— a—
20 Ju(t)] < T e gl 1AL + z“w (t =) 4,

(=t~ (t (t—s)* !
LA = o T(a) uFdu

fe% 1 w)* !
ol AL+ z D Ar + LA IS gt [ Qa0 ey

Jj=1

| /\

k41 1 1— a—1
< H%H(leA; + szlAr’j + LATerT o %wkdw — 0 ast — +oo.

Sou e X.
On the other hand, if + € X and u is a solution of (2.2), then we can show v € X and

1im+ ti=ox(t) = O+Oo d(s)F(s,z(s))ds =: ¢o and 1im+(t—ti)170‘u(t) =1I(t;,x(t;))=ci,i € IN.
t—0 t—t

We rewrite (2.2) by

' Lt — )t

2(t) = St —1,)°"e; + / i m(s) (s, (st € (bt € o,

7=0
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Furthermore, we have

D5 a(t) = ey [t = 9) ()] |
= [Z B - ( X (5= t)" e + “p"ziilm(wf(u,x(u»du)]
+ s [ ftj (t—s)"@ (éo(s —te)* Lo + [ <S;@‘;’lm(u) f(u, :c(u))du)] / .

Use above method, we have Dg, x(t) = m(t)f(t,z(t)). Then u € X is a solution of (2.1).
The proof is completed. O

Now, we define the operator T" on X by

(F2)) = #0772 9P o + ) 2

+ L F;g) m(s)f(s,x(s))ds, t € (ti, ti11],i € No.

Lemma 2.3 By Lemma 2.2, x € X is a solution of IVP(1.10) if and only if x € X is a
fixed point of the operator T .

Lemma 2.4 Suppose that (a)-(d) hold. Then T : X — X is well defined and is completely
continuous.

Proof The proof is very long, so we list the steps. Firstly, we prove that T : X — X
is well defined; secondly, we prove that T is continuous and finally, we prove that T is
compact. So T is completely continuous. Thus the proof is divided into three steps.

Step(i) Prove that T': X — X is well defined.

For z € X, we have ||z|| = r > 0. then ||z|| = sup 1‘252,|33(t)| < r. Since f is a
te(0,+00)

Carathéodory function, there exists A, > 0 such that

t— tl)lfa

|f(t:E |_’f( t_t)a 1(1—|—t‘7)( R :E(t))’SAT,tG(ti,tiJrl],iGIN().

(2.7)
Similarly from F,I are Carathéodory function and discrete Carathéodory function,
we get that there exist constants A/, A,; > 0(: € IN) such that

+oo
|F(t,$(t>)| S A;a | (tl;x( ))| < AT“ (tiati+1]ai S IN) ZATJ < +00. (28)

=1

Similarly to the proof of Lemma 2.2, we have Tx € X. Then T : X — X is well
defined.
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Step(ii) We prove that T is continuous. Let z, € X with z,, — x9 as n — co. We will
show that T'x,, — Txg as n — oo.

In fact, we have r > 0 such that ||z,|| <7 >0(n=0,1,2,---). Then

_ a(t) 5(t
|lznll = oup T [zn(t)] < 7, and e 2 () — wo(t)] — 0 (2.9)

as n — 4o00. Since f, F are Carathéodory functions, I is a discrete Carathéodory
function, we get that there exist constants A., A,; > 0(: € IN) such that (2.7) and
(2.8) hold.

By

(Tan)(t) = fy SELm(5) (5, 20 (3))ds + 121 [ 7 6(3)F (s, 2n(s5))ds (2.10)
+ 2 (= 1)t wn(t)) T € (fis tial, i € M. '

From the Lebesgue dominated convergence theorem, we get
§
sup 2L |(Tw)(t) — (To)(£)] — 0 (2.11)

as n — +o00o. It follows that T is continuous.

Step(iii) We prove that T is compact, i.e., for each nonempty open bounded subset € of

X, prove that T(Q) is relatively compact.

Let © be a bounded open subset of X. We have r > 0 such that then ||z|| =
sup fft)a lz(t)| < r for all z € Q. Since f, F are Carathéodory functions, I is a

te(0,+00)

discrete Carathéodory function, we get that there exist constants A., A,.; > 0(i € N)

such that (2.7) and (2.8) hold.

Sub-step (iiil) Prove that {t — 1642)6 (Tz)(t) :z € ﬁ} is uniformly bounded.

In fact, for t € (¢;,t;11](i € INg), we have

_ 4.\l _g)e-1
1642)6 |(Ta)) ()] < & 1115 Ot (t F(Zl) |m(s)f(s,z(s))|ds

g )lmaglma oo _ytme & a—
U RS (59| (s) F (s, a(s))|ds + L5 — 3 (8= )t 2(ty))]
J:

4k 1 (1) ! +oo
< ALz Jo Ui wtdw + 19lhAr + 3 Ars

+oo
< ALBGED 4 l6lud, + 3 Ay < oo

It follows that

—+oo
sup | (To)(O)] < A LB + [18lhAr + 3 Ary
J:

for all 2 € Q. Tt is easy to see that T'(Q2) is uniformly bounded in X.
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Sub-step (iii2) Prove that {t — fft)a (Tz)(t)) :z € Q} is equi-continuous on each
interval (ti, trL’Jrl],i € INg.

For each s1, 89 € (ti,ti+1] s2 > s1, we have

_t )1« so—t, )17
(a7 (1) (31) — 2 (7))

1+s 1+52
s 81 (s1—s)* "t So—1;)' T sz (sg—s)* 7!
( llis)l 01 ( IF(O)L) m(S)f(S,x(S))dS _( 21i5)g 02 ( 211(0)‘) m(S)f(S,x(S))dS
s So—t;) T +oo
[t Lt T S (5) (s, a(s)) | ds
(51 t) ™ Z(S ot ) I(t- x(t)) _ (s2—ty))' e 21:(5 _t-)o‘flf(t- x(t))
T+s] A 1 VERANY) T+s] = 274 YRR
J: =
s1—t )17 prs1 (s1—s) "t So—t)1T% s2 (sg—s)* "t
< | [ S m(s) (s, w(s))ds — 2 [ Lle—m(s) (s, (s))ds
si—t)lme sa—t;)tm
+A/ ||¢||1 ( llis)f - ¢ 21i5)g
s - so—t;) " d o—
+| o= 21@1 = 13)° 7 1, 0(15)) — S 32 (52— 1) 1, 0(13)
j= j=
We have
s1—t)1 7 ps1 (s1—s)* ! sa—t)! 7% 82 (sp—s)* !
St [ S m(s) (s, a(s))ds —L2mp— [ L2l (s) f(s, @ (s))ds
< |G st T e (e () f (s, 2(5)) ds
— 1+s9 1+sg 0 I'(a) ’

s1—t) 7Y ps2 (sp—s) 7t
+loati— [ Latejm(s) f(s, 2 (s))|ds

s 1-a s s1—8)2 "1 _(g5—g)@—1
ot 2 o o)t 22 m ) i (s) f(s, 2(s)) | ds

< LA, [ - | o7 el ks

+LA, Ji! (ool shds 4 LA, gl o Lamslalees) s
< LA, (511;) - (52;?5) Sngk 01 a 1}@; lwkdw

+LA, BT gt Jo S5 A=)k duw

a 21 a—
+LA, [ [y S — lwkdw—SS”“ 0 Oy whdu]

< LA |t e ok (L0 gy
LAty — )00 [ Bk

+LAT|: a+tk fl a th(i) whdw — [s37F — 59 fO% %wkdltj
< L4, “I;i;’j - “2;&’;” O

e [t?jlk zli %wkdw —[s57F =891 fy %wkdw]

— 0 uniformly as s; — s by I > —a, 81, 82 € (¢, tit1]
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and
(1D 52 (o1 — 1) (03, 2(t7)) — S 5 s = 1) (1, 2(49)
Thsf 2 174 VAR 1+s3 = 27 Y VR
J: =
1 T R L e e ya-1
= ’1+sg T 1+sg Ari + 11+sg - 21+sg > (52 —t5)* Ay

1—1

(s1—t;)1™™ 1 1
* 11+51 le [(514]‘)1"1 n (Sz*tj)l’a} Arj

’ 1

7,7

1+s§ = 1+sg

(s1—ti)'—© (s2—ti)' ) ) a—1 . )
1+s§ - 1+s§ (tl - tlfl) Z Am

tiv1—t) ™ izl _ _
o X o2 = 1)1 = (1 = 1) 7] Ay
J:

Since there exists § > 0 such that
|(s2 — ;)17 — (s1 — t;)7*| < € for every j € N[1,i—1],|s1 — s2] <6,
T+se 1Jrlsg , 81— 82| <6,

(s1=t)""%  (s2—ti)'"
1+sf 1+sg

’ 1

a’<e,|sl—52|<5,

then

[

(s1—t:)" > — )Lt t. _M : — ) (¢t t;
T 3 (o1 = ) g 0(1)) — B 3 (52— 1) (0, 0(4)
A

J
SeAr,i+€(t1_t1 l)a IZATJ+(1+1_t)1 QGZATJ

It follows that {t — 1‘1?6 (Tz)(t)) :z € ﬁ} is equi-continuous on each interval (¢;, t;41],4 €
INy.

Sub-step (iii3) Prove that {t — 1J£t)a (Tz)(t) :z € ﬁ} is equi-convergent as t —
+00.
We have for ¢ € (;,t;41]

1
|24 (T2) ()] < 0l 4; + A za—mwmm

t—t; t (t—s
+igt 1+)ta LA, f : F(zx)_ stds

14t

v o 1 w)e—1
< —Hta||¢||1A;+—H1tU ZIAW'+LA (—t)ime, ) a F(C)Y) whdw
J:

i 4k o1 (]—q)e—1! .
< Z=llelhAL + = '21 Ay + LA [, %wkdw — 0 uniformly as t — +oo0.
J:

Hence we get that {t — 1645?6 (Tz)(t) :z € ﬁ} is equi-convergent as t — +o0.

So T'(€) is relatively compact in X. Then T is completely continuous. The proofs are
completed. O
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3 Main results

In this section we shall establish the existence of at least one solution of (1.10).

Theorem 3.1 Suppose that (a)-(d) hold. Furthermore, suppose that there exist nonnegative
numbers cg, by, Cr, Br, Cr i, Br i such that

’f (t, %U)’ < Cf =+ bj|U|,t S (ti,tprl],i S INo, U e ]I{,

’F (t, %U))’ < CF+BF|U|,t€ (ti,tprl],i (S IN(),U (S ]I{,

o 3.1
’I(t(tj%),U)’ < Cri+BriU]ie N,U € R, (3.1)
+oo +oo
> Cr, By,; are convergent.
j=1 j=1
Then (1.4) has at least one solution if
B(a,k+1) ey
L Féa) bf + ||(J5||1BF + Z B <1l (3,2)
j=1

Proof To apply Lemma 2.1, we should define an open bounded subset 2 of X centered
at zero such that assumptions in Lemma 2.1 hold.

Let @ = {z € X : o = ATz for some A € (0,1)}. We prove that Q; is bounded. For
x € O, we get x = AT'(x). So

z(t) = N(Tz)(t) |
= AL [ G(s) (s, w(s))ds + A 3 (8= £5)° "M (4, 2(t5)) (3.3)

Jj=1
_g)a—t .
+A fy Yl m(s) £ (s, 2(s))ds, t € (ti,ti41],i € No.

It is easy to see from (i) that

2 e)] = |£ (b i S|

t—t; 1—a
< ey + by S a (1)

<cy+bgllz|l, t € (ti, tiva],i € No.
Similarly we get
|F'(t, z(t))| < Cr + Brl||z||,t € (i, tit1],i € No,

[(ts,2(t:))| < Cri + Brlla|],i€ N.
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From (3.3), note o > max{1l — a, k+ 1}, for ¢t € (¢;,t;41], we have

1—a t (t—s)e— 1
20 1a (1) < S N(Ta) (1)) < o fy Sk Im(s) £ (s, 2(s))|du

U o 16() F (s, a(s)|ds + 5 21@— t) M L (ts, 3 ()]
)T et (p—s)o ! +00
< Ut I st [ + byl|al[Jds + S5 [ J6(s)| [Cr + Brlloll)ds

14t

+ ;(t )% [Cra + Bl

o 1 w 1l 4l—o
< LUt etk [ A wkdu [eg + byl + ((55) ' Lol 6111 [Cr + Brl ||

W) " (Cr.+ B
W[ I,s + Brs||xl]]

1—a 14k @, i
< LS £ B e + bllalll + 11611 (Cr + Brllell + 3 [Crs + Brsl ol

s=1

+o0 too
< LBE e +1191hCr + 3 Cro+ [LB<?g’;>* Sop +l19l1Br + B] [E

It follows from (3.2) that

+oo
LEGG er + 161hCr + 3 Crs

JE|S

+oo ’
1— ( LBGEb + |6l Br + % Bm)
s=1

It follows that €27 is bounded.

To apply Lemma 2.1, let

B(a,k+1) o Ll-a
o Tl0lhCr+ 32t Cr s
Q=qzeX:||z||< O :

B(a,k (%) —a
1— (L (r(a)ﬂ)bf +1o|1Br + > ory tL Bz,s)

+1

Then ( is a non-empty open bounded subset of X and Q D ; centered at zero.

It is easy to see from Lemma 2.3 that T' is a completely continuous operator. One can
see from (3.4) that

x # Mz for all z € 9 and A € (0,1).

Thus, from Lemma 2.1, x = Tz has at least one solution 2 € Q. So x is a solution of (1.4)
The proof of Theorem 3.1 is complete. O
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For easy referencing, we list the conditions needed as follows
(C),. there exist positive number p > 0 and positive functions ¥;, ¥; (i = 1,2), K, (s =
1,2,---) and real numbers L; > 0(i = 1,2), Jos(s = 1,2, - ) such that
7 (b =) =) S LU, e (titisal, i€ No, U € R,
F(t,%[]) —\Ifl(t)’ SL2|U|‘“, e(ti;tiJrl]; ielNo, UGR,
147 . T
I(Q,wlj)— ZGIN,UG]R,;:IJi<oo.
Theorem 3.2 Suppose that (a)-(e), (A)-(B) hold. Then, (1.4) has at least one solution if
(C), holds for
(i) p>1 and
T—p(y, — 1)u—1 iy
Pl A0 = 0P Bk + DL+ olLa + Y
s=1
where )
t —8)* ™ a—
Yo(t) = [y LRI —m(s)yn (s)ds + 10 [ ¢(s)Ws (s)ds
; (3.5)
+ Z Ks(t — ts)ail, te (ti, ti+1],i € Ny.
s=1

(ii) o €(0,1), or

—+oo
(iii) o =1 and B(a, k+ 1)LL1 + ||p||1 L2+ > Js < 1.

Proof Let the Banach space X and its norm be defined as in Section 2. Define the
nonlinear operator T by (2.6).

We have from Lemma 2.3 that T': X — X is well defined and is completely continuous
Let 1o be defined by (3.5). i

It is easy to show that ¢y € X. Let r > 0 and define
M, ={zxe X :|x—o <r}.
For x € M,., we find for t € (¢;,t;11]

(t—t)' ™

1+t [(Tz)(t) —o(t)| = (t—t;)t ™

14t

S () (5, 2(s)) — v (5)]ds

0 5T S(s)[F (s, 2(5)) —

3

<>1ds+2[ St (t)) = Tu(t))(E = t)o !

l1—a _g)e-1
< sw fo [y L Im(s)l1£ (s, 2(5) = o1 (s)ds

o ([ 166 | F (s, () — W (s)]ds + 3

tla

Lt @ (t) = (e



26 Yuji Liu

t—t; l—o o (¢_g)>—1
< e Jo SR LLust |||

t—t; 11—« - t—t; 1—a _b -
+ S e 6]y Lo | |# + S55— 3 (¢ — o) 2| ™u

s=1

+oo
< (BRI 4 lglhLa + £ 2. el

Case (i) pu>1. Letr=rg= Uz/f’ﬂ . By assumption,

o Il — 1
(ro + [ltboll)* pH

>B(a,k+1)LLy + [|¢][1La + >t Js.

s=1

Then, for x € M,, we have

[Tz — 4ol < (B(a, k+1LLy + [[¢]1 L2 + Zfiac’s> (ro + [l2bol)* < ro.

s=1

Hence, we have a bounded subset M,,, C X such that T'(M,,) C M,,. Then, Schauder
fixed point theorem implies that 7" has a fixed point « € M,,,. Hence, = is a bounded
solution of (1.4).

Case (ii) ¢ € (0,1). Choose r > 0 sufficiently large such that

(B(a, k+1LLy + [[¢]1 L2 + Ztiac’s> (r+lloll)” <.

s=1

Then, for x € M, we have

[Tz — ol < (B(a, k+1LLy + |[o][1 L2 + Ztiac’s> (r+ l[wol)” <

s=1

So T(M,) € M, and Schauder fixed point theorem implies that T" has a fixed point
x € M,. This x is a bounded solution of (1.4).

Case (iii) p=1. We choose

B(a,k+1)LLy + ||l L2 + X002, tsJs
T 1= (Bloyk+ 1)LL1 + |[¢|[1Lo + Y72, 657 T5)

r

Then, for x € M, we have

[Tz — ol < (B(a, k+1)LLy + ||][1L2 + Ztiac’s> (r+ lltboll) < 7.

s=1

Hence, as in earlier cases we conclude that 7" has a fixed point x € M,, which is a
bounded solution of (1.4).

From above discussion, the proof is complete. O
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4 An example

To illustrate the usefulness of our main results, we present an example that Theorem 3.1
can be readily applied.

Example 4.1 Consider the following impulsive problem

2 _1 (t—t;)%/° .
D0+u(t) =t 2 |:CO + bo 111273 ’U,(t) , T € (ti,ti+1],l € Ny,

3/5

lim ¢3u(t) = By fooo efslfr‘s—z/gu(s)ds, (4.1)

t—0

Au(t;) = lim u(t) —lim, ,-u(t) =27% i€ NN,

t—t}

where c¢g, by, By are constants and ¢; = i(i € IN).

Corresponding to (1.4), we have

(a) a=3,

(b) O=to<th1=1< - <tp=k<--- withlimkﬁootk:oo,
(c) m(t) =t"% satisfies that |m(t)] < Lt* with L =1, k = -1,
(d) ¢(t) = e satisfies ¢ € L1 (0, c0) and,

(e) f,F,I are defined by

3/5
f(t,z) =co+bo 1it2/3 €,

3/5
F(t5 'r) = BO 1i52/3x;

I(t;,z) =27"(i=1,2,--).

Choose 0 = 2. Then o > max{k + 1,1 — a}. It is easy to show that
(A). f,F are Carathéodory functions.

(B). I is a discrete Carathéodory function.

It is easy to see that the inequalities
f (6 i=U) | < e+ b41U1,
F (t i[])’ < CF+BF|U|,

’ (t,ti)l—a

(2] (ti—ti_1)i—@

1 (t LU)’ < Cr,;+ Bri|U|,

—+oo —+oo
> Crs, Y, Brs are convergent.
s=1 s=1
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hold for all U € R, t € (0,00) with ¢; = |co|,bs = |bo|, Cr = 0,Bp = |Bo|, C1.s =
27553175:0(52 1525)

Then Theorem 3.1 implies that (4.1) has at least one solution if

B(2/5,1/2)

Remark 4.1 It is easy to see that (4.1) has at least one solution for sufficiently small | By
and |b0|
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