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1 Introduction

Yet by the year 1912, S. Bernstein obtained the estimate inverse to Jakson’s inequality in
the space of continuous functions for some special cases [1], later Stechkin [2], Timan [3],
proved such inverse estimates, including the case of the space LP, 1 < p < oo.

Approximation problems for functions in the space L?(R?, w;(z)dz), where w; is a weight
function invariant under the action of an associated reflection groups, using the function
with bounded spectrum, are studied in this paper. Applying the Dunkl transform, Dunkl
Laplacian operator and generalized spherical mean operator, we obtain analogs of the Bern-
stein inequality for function with bounded spectrum, direct and inverse theorem of Jackson
type [4],[2],[5], where the modulus of smoothness is constructed on the basis of generalized
spherical mean operator.

2 The Dunkl transform and its basic properties

Dunkl [3] defined a family of first-order differential-difference operators related to some re-
flection groups. These operators generalize in a certain manner the usual differentiation and
have gained considerable interest in various fields of mathematics and also in physical ap-
plications. The theory of Dunkl operators provides generalizations of various multivariable
analytic structures. Among others, we cite the exponential function, the Fourier transform
and the translation operator. For more details about these operators see [6], [7], [1] and [8].

Let R be a root system in RY, W the corresponding reflection group, R, a positive
subsystem of R and [ a non-negative and W-invariant function defined on R. The Dunkl
operator is defined for f € C'(R?) by

D;f(z) = %(m) + Z l(a)ajw,x € R4
J a€Ry ’

Here (,) is the usual Euclidean scalar product on R? with the associated norm |.| and o,
the reflection with respect to the hyperplane H, orthogonal to a. We consider the weight
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function

wi(@) =TT Kea)),

a€Ry

where w; is W-invariant and homogeneous of degree 27 where

v= Y la).

a€Ry

We let  be the normalized surface measure on the unit sphere S?~! in R? and set

dm(y) = wi(y)dn(y).

Then 7; is a W-invariant measure on S?~!, and we let d; = n;(S?1).
The Dunkl kernel E; on R? x R? has been introduced by Dunkl in [9]. For y € R? the
function x — E(z,y) can be viewed as the solution on R? of the following initial problem:

Dju(z,y) = yju(z,y), ifl1<j<d,
u(0,y) =0, forall y € RY,

This kernel has a unique holomorphic extension to C% x C%.
Rosler has proved in [8] the following integral representation for the Dunkl kernel,

Bi(r.) = [ e Haualy) e Rz T,
Rd

where j, is a probability measure on R? with support in the closed ball B(0, |z|) of center
0 and radius |z|.

Proposition 1 [6] Let z,w € C? and A € C
(1) Ei(z,0) = 1,E|(z,w) = Ej(w, 2), Ej(Az,w) = Ei(z, \w).
(ii) For all v = (v1,...,vq) € Nx € R,z € C?, we have

| DY Ex(; 2)| < || lexp(|z|| Rez],

where )
v
v 0
N K
0%y ----0%,

In particular | DY Ey(iz; 2)| < |z|"¥! for all z,z € R,

lv|=1v1 +....+ vg.

We denote by LZ(R?) = L?(R%, w;(x)dz) the space of measurable functions on R¢ such

that N
= X 2 xr)ax ’
s = ( [ 1f@Pwrtalas) "

and D; the Dunkl Laplacian defined by
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The scalar product in the Hilbert space L?(R?) obeys the formula

(.9) = [ Tag@yua)ds, f.g € LR
R
By the partial integration one can verify the correlation

(lea g) = (ga le)

for any functions f,g € D (D denotes the set of infinitely differentiable functions with a
compact support).

As usual, we endow the space D with a topology; this turns it into a topological vector
space [10]. Let D’ stand for the set of generalized functions, i.e., linear continuous functionals
on the space D. We denote the value of a functional f € D’ on a function ¢ € D by (f, ).
The space L?(R?) is embedded into D’, provided that for f € L?(R?) and ¢ € D we put

o) = [ Fe)e@us

One can extend (in a natural way) the action of the Dunkl Laplacian operator D; onto the
space of generalized functions D’, putting

<le5</7> = <faDl<P>a feD/,<P€D.

In particular, the action of the operator D;f is defined for any function f € L?(R¢) but,
generally speaking, D; f is a generalized function.
The Dunkl transform is defined for f € L} (R%) = L' (R, wy(z)dx)

~

FO© =FO =" [ F)Bit o),

where the constant ¢; is given by

z|2
cl:/ e wi(z)dz.
R4

The inverse Dunkl transform is defined by the formula

f@) = | FOB( ),z e R
From [11], we have that if f € L?(R?)

Dif(€) = —|€2 (&) (1)

The Dunkl transform shares several properties with its counterpart in the classical case. We
mention here, in particular that Parseval theorem holds in L? (R?). As in the classical case,
a generalized translation operator is defined in the Dunkl [5, 12]. Namely, for f € L?(R?)
and z € R? we define 7, (f) to be the unique function in L?(R?) satisfying

~

T f(y) = Eiliz,y)fly) ae yeR™
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Form to Parseval theorem and proposition 1.1, we see that
I7efll2s < |l fllzg for all € R
For o > %1, let jo(z) be a normalized Bessel function of the first kind, i.e.,

_ 2T (a4 1) Ja ()

xa

Jal(T)

3

where J, () is a Bessel function of the first kind [13].
The function J, () is infinitely differentiable, J,(0) = 1.

Proposition 2 ([14] or [15]) For x € R the following inequalities are fulfilled

() lja(z)] <1.
(1) |1 — ja(z)| > co with |x| > 1, where ¢y > 0 is a certain constant which depend only on
a

(ii1) |1 — jo(z)| < c122, where ¢y is a constant.

The generalized spherical mean value of f € L?(R?) is defined by

1
Myf(z) =7 /SH Tof (hy)dm(y), @ € R, h > 0.

We have
[ Mp fll20 < [ fll2,- (2)

Proposition 3 ([16]) Let f € L?(R?) and fir h > 0. Then My f € L?(R?) and

Muf(€) = jyy a1 (BIEDF(E), € € RY. (3)

Let the function f € L?(R?). We define differences of the order k (k = 1,2, ...) with a
step h > 0.

Ajf(z) = (I~ Mp)*f(2),

where I is the unit operator.
For any positive integer k, we define the generalized module of smoothness of the kth order
by the formula

wi(f,0)21 = sup [|AFfll2,,6 > 0.
0<h<$
Let W2k ; be the Sobolev space constructed by the operator Dy, i.e.,
Wy ={f € Li(RY) : D]f € LI(RY);j = 1,2,... k},

where DY f = f, D! f = Dy(Di ™" f).
For any f € L?(R?) and any number v > 0, let us define the function

~

P,(f)(@) = FH(f(&)xw(9)),



Direct and inverse theorems of approximation theory 181

where y, () = 1if |¢| < v and X, (€) = 0 if [¢] > v, F~! is the inverse Dunkl transform.
One can easily prove that the function P,(f)(z) is infinitely differentiable and belongs to
all classes WQkJ, k=1,2,...

A function f € L?(RY) is called a function with bounded spectrum of order v > 0 if f({) =0
for [¢] > v. The set of all such functions is denoted by Z,.
The best approximation of a function f € L?(R¢) by functions in Z, is the quantity

Efeii= inf [1f =gl

3 Bernstein’s inequality and Jackson’s direct theorems

Bernstein’s Theorem 1
If fel,, then D;f € Z, and

D1 fll2p < V2 fll2- (4)
Proof

From equality (1), we have D;f € Z,, if f € T,
Formula (1) and Parseval theorem gives

1D = [ D@ P

R GRGT

/|g|< €O Pun(e)de

~

< v FEPwi(€)dg
Rd
= v f@)Pwi(e)de
Rd
= VYIfI3,
Therefore
D1 fll2p < V2 fll2- m
Jackson’s Theorem 2
Suppose that f € Wii(m =1,2,...), then
Ey(f)20 < cov?™wr (D" f,1/v)a,, (5)

k
(k+m) 07171

forallv >0, where co = ¢y s a constant.
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Proof
Using the Parseval equality, we have

If =PI, = AJK@—RUWM%MMx
= [ 1f© - RiB©Fue)as
= |1 @)F©) Pl
Therefore
17 = PADIE = [ IFOPw© (©
€[>

By Proposition 2, we have

1 =Jyrg a1 (El/V) = o
for || > v.
Therefore, from (3) and Parseval equality we deduce that

1 =P < sy [ (=g €/ PO Pt
Co d

= ey [ = M) ) Pune)e
o R

A

71 m
T 26Em) /Rd (I = My,)f 4™ f(@) Pwi(z)da
0

1

WH(I— My )M fI15
0

Therefore i
1f = Po(P)ll2a < o TN = My fla. (7)

Proposition 2, Parseval equality and formula (1) show that

1T = [ 10 = M) f@)Puwie)de

= | - My y,) F)(€)|Pwi(€)dE

- /<1gﬁ¢4mvwnﬂ>wm0&
S o MG IRG

_ /|&ﬂ>|(0&

= Cll/ / |le ’LUl

= 4||sz||2,z-
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Therefore
1T = Myj)flloa < 12| Diflla:

Successive applications of (8) to the right-hand side of (7) result in

ey FT ey (1 = Tyy,)  DP £l
o 2w (DT £, 100,

I = Po ()2

<
<

(+)m

where ¢2 = ¢ which implies (5) holds, the theorem is proved.

Proposition 4 The modulus of smoothness wi(f,t)2,1 has the following properties.

(1) we(f +9,t)20 < wi(f, )2, +wr(g, t)2,
(i) wi(f,t)20 < 27| fll2,-
(iid) If f € W], then

wi(f )20 < est® || D* flla,,

where c3 = c¥ is a constant.

Proof

Property (i) follow from the definition of wy(f, )2,

Property (i7) follow from the fact that || Mp, fll2; < || fll2.-

Assume that h € (0,¢]. From formulas (1), (3) and Parseval equality, we have

17 = I8RAIB = [ (1= 0,y 2 (DR Pun(e)de,
DA = IDFFIR = [ J*1Fe)Pun€)de.

Formula (9) implies the equality

(1= gy gD
8573 = ¥ | P (O P e

From Proposition 2 and Parseval equality we obtain

IN

T Al MR TGIRHGE

AR DE flloy = i h** || Df Fl3.-

Therefore
AR fll2g < ER*F|DE 2.0

Calculating the supremum with respect to all h € (0, t], we obtain

wi(f, )20 < cst™ || Df fll2,

where c3 = c¥.

183

(10)



184 Radouan Daher, Salah El Ouadih and Mohamed El Hamma

4 Proofs of the inverse theorems

Proposition 5 For j > 1 we have

27
KU VE (fau < Y. T E(fau
n=27-141
Proof Note that ‘
27
Z 2=l > (29—1)2k—l9i=1 _ 92k(i—1),
n=20—"14+1

Since E,(f)2,; is monotonically decreasing, we conclude that

27
22k(j*1)E2j (f)le S Z 772k71En(,f)2,l- 0

77:2]‘*1 +1

Proposition 6 For n € N we have
ey _
2"En(f)2 < RO Z(J + 1) E ()2
§=0

Proof Note that

Z]_"_lel Z ]+12k 1>(2)2k 1’;},:272]@,”2]9'

Proposition 7. If ®, € I, such that ||f — ®,||2,0 = Eu(f)2.1 For every v € N, then
| DE®gs11 — Df®gs|lay < 22FUHDILE (f)q.
In particular

| Df @12, = || Dy ®1 — Df®oll2, < 2 Eg(f)2,

Proof By Theorem 1 and the fact that E,(f)z2,; is monotone decreasing with respect to v,
we obtain

1Df@ais = Dyl < 22405001 = @
= 22KGHV||(f — Byy) — (f — Poyi)||2
< 22UT(Ey, (f)2,0 + Boser (f)pia)2u
< 2RETUHEY (f)a.
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and

|1DF @1 — Df @oll2,0 < [|P1 = Poll2e = [I(F = @1) = (f — Po) |2
< Ei(f)2 + Eo(f)2,
< 2Eo(f)20 < 2% Eo(f)2,- O
The following theorems are analogues of the classical inverse theorems of approximation

theory [2,5].
Theorem 3 For every function f € L?(RY) and every positive integer n we have

1 o _
wi(fy 2)2a < =5 3G+ 1P E; (f)2,
n n
=0

where ¢ = c(k, ) is a positive constant.

Proof

Let 2™ < n < 2™+! for any integer m > 0.

For every v > 0, let ®, be an element of best approximation to f in the space I,, that is,
O, €1, and ||f — ®,||2; = Ev(f)2,:- By formulas (¢) and (i¢) of Proposition 4, we obtain

1 1 1
wk(f,ﬁ)z,l < wk(f—‘l’zmﬂ,5)2,l+wk(‘l’2m+1,5)2,l

IN

1
28| f — o [|2, + wi(Pomea, 5)2,1-

Therefore

1 1 1

wr(f, 5)2,1 < 2% Bymer(f)2, + wi(Pom, 5)2,1 < 28En(f)2u + wi(Pom+r, 5)2,1- (11)
Now with the aid of Proposition 5 and 7 and formula (i) of Proposition 3, we conclude
that

1

c
Wi (Pom+1, 5)2,1 n_23k ‘Bk¢2m+1|\2,l

. m
< 1B~ Bl + Y 1B B — B s,
§=0
c - ]
< n_23k AL (ot + Z 92kGHDHL B, (f)a
§=0
c - j—
< n_23kQ4k+1 Eo(f)2,0 + Z 22KV By (f)a,
§=0
C. . S
< n_23k24k+1 Eo(f)zl + El(f)zl + Z Z nzk*lEn(f)zz
Jj=1 77:2]‘714’1
C. S
< n_23kQ4k+1 Eo(f)2,0 + Ev(f)2, + Z(J + D* T (fa

Jj=2
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Therefore

1 c . _
Wk(Pami1, —)20 < n—fk G+ D> Ej(f)2a- (12)

1 C5 N, -
wi(f, )20 € 2 En(fag + —= (G + D 1 Ej (£ (13)
n 2k~
By Proposition 6 and formula (13), we have
1 C Ny 2k—1
wi(fy 2)20 < 7 ZO(J + 1) E (f)2, O
3=

Theorem 4 Suppose that f € L}(R?) and

D P E(f)2 < oo
j=1

Then f € W3, and, for every positive integer n, we have

1 1 . N o o
wi(B™f, ~)20 = C WZ(]JFUQ(HM YEi(faat Y 2mTUE ()2 |
J=0 j=n+1

where C = c¢(k,m, «) is a positive constant.

Proof.

Let 2™ < n < 2™*! for any integer m > 0. For every positive integer r < m, we consider
the series

Dj®y + > (D} ®Paer — D} yy). (14)
§=0

It follows from Propositions 7 and 5 that the series (14) converges in the norm of L?(R%)
because

Z HD{(I)2J'+1 _ DI(I)2J' HQJ < Z 22r(j+1)+1E2j (f)2,l
Jj=0 j=0

_ 22r+1E1 (f)2,l + 0224T+1 Z 22r(j71)E2j (f)2,l < 24r+1 F (f)2,l + Z 22r(j71)E2j (f)2,l

j=1 j=1

o) 29
<2 B (o +> Y. 0 E(f)2

J=1n=2-141

S 24T+1 Zj2T71Ej(f)2,l < 0.
j=1
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Note that
f =& + Z((I)erl — (I)Qj). (15>
§=0
where the series (15) converges in L?(R?) and, a fortiori, in the space D’ of distributions.
Since the operator D; is a linear continuous operator on D’, the equality
i f=D]® + Z(fobgjﬂ — D] ®y;), (16)
§=0
holds in the space D’. Since the right-hand side of (16) belongs to L?(R%) for 7 < m, we

see that f belongs to the Sobolev space Wy7;. In particular, D" f € LZ(RY).
By formula (i) of Proposition 4, we obtain

1 1 1
wi (D" f, 5)2,1 < wi(DPtf — D" ®gsv1, =)o + wi (D] ®gstr, 5)2,1-

n
Using Propositions 4, 5 and 7 we get

1
wi(DP" f = D" ®osr, 5)2,1 28| D" f — Di" ®gasa |2,

25 > D @gien — D@y |a,

<
Jj=s+1
< 2F 37 2mORIRIE, (f),y
Jj=s+1
< gkramtd Z 22MU=D By, (f)a
Jj=s+1
[e’e) 27
S 2k+4m+1 Z Z n2m71En(f>2,l
Jj=s+1np=21-141
S 2k+4m+1 Z j2m71EJ_ (f)Q,l-
j=2541
Therefore
1 N e
wi(DI"f = D" ®get1, —)20 < € > PTTE (e (17)
j=2541

Now with the aid of Propositions 5 and 7 and by formula (ii7) of Proposition 4, we conclude
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that

1 c
wi (D" ®get1, 5)271 < n_23k ‘DZ”JFk DPyotr HQJ

c S
< o [ 1D 5@ — DD o+ D D] Bosan — DBy o
2k
=0
C3 4(k+m)+1 - 2(k+m)(+1)+1
< o (2 Eo(f)z,er;?( WO By (fa
C3 54(k+m)+1 - 2(k+m)(j—1 )
< 2t Eo(f)z,er;?( 00 By (£)a
c s 27
< n—23k24(k+m)+1 Eo(f)Q,l-i-El(f)Q,z-l-Z Z 772(k+m)71En(f)271
j=1n=2i-141
C: 2
< n—;cz4<k+m>+1 Eo(£)20 + Er(fai+ Y (G + 1D*F™ B (f)2y
j=2
Therefore
1 cr &
k(D" @esr, Dar S g 3 3+ DM (Fa (18)
=0
Thus from (17) and (18) we derive the estimate
1 - 1 my—
Wk(Dfnf,ﬁ)zzSC S 1Ej(f)2,z+ﬁz:(]+1)2(k+ B (f)2a |- O

j=n+1 7=0
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