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Abstract In 1988, Geotschel and Voxman [1] introduced and explored the concept
of fuzzy matroids via the notion of fuzzy independent sets. In 2013, Al-Hawary [2]
introduced fuzzy matroids via the notion of fuzzy flats. In this paper, we introduce
the notion of fuzzy closure matroids, a new class of fuzzy matroids. We study properties
of this class and classify it. In addition, the class of fuzzy modular matroids is defined
and characterized.
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1 Introduction

Matroid theory has several interesting applications in system analysis, operations research
and economics. Since most of the time the aspects of matroid problems are uncertain, it is
nice to deal with these aspects via the methods of fuzzy logic. The notion of fuzzy matroids
was first introduced by Geotschel and Voxman in their landmark paper [1] using the notion
of fuzzy independent set. The notion of fuzzy independent set was also explored in [3,4].
Some constructions, fuzzy spanning sets, fuzzy rank and fuzzy closure axioms were also
studied in [5-8]. Several other fuzzifications of matroids were also discussed in [9,10]. Since
the notion of flats in traditional matroids is one of the most significant notions that plays
a very important rule in characterizing strong maps (see for example [11-13]), in [2], the
notions of fuzzy flats and fuzzy C flats were introduced and several examples were provided.
Thus in [2], fuzzy matroids are defined via fuzzy flats axioms and it was shown that the
levels of the fuzzy matroid introduced are indeed crisp matroids. Moreover, fuzzy strong
maps and fuzzy hesitant maps are introduced and explored. We remark that this approach
in [2] is different from those mentioned above.

Our goal in this paper is to introduce and study the notion of fuzzy closure matroids.
Several properties of this class are discussed. In addition, the class of fuzzy modular ma-
troids is defined and characterized.

Let E be any be any non-empty set. By (1) we denote the set of all fuzzy sets on FE.
That is p(1) = [0, 1]F, which is a completely distributive lattice. Thus let 0¥ and 1¥ denote
its greatest and smallest elements, respectively. That is 0Z(e) = 0 and 1¥(e) = 1 for every
e € E. A fuzzy set p1 is a subset of ug , written py < po, if pi(e) < ua(e) for all e € E.
If u1 < po and py # po, then py is a proper subset of pg, written gy < ps. When F is a
subset of fuzzy sets and pi1, p2 € F, we write p1 < pe if pu; < po and there does not exist
us € F such that py < ps < po. Finally, pu1 V pe = sup{u1, pe} and p1 A po = inf{u, po}.

Next we recall some basic definitions and results from [2].
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Definition 1 Let E be a finite set and let § be a finite family of fuzzy sets satisfying the
following three conditions:

(i) 1F e 3.
(11) If M1, f2 € 5, then n1 N\ po € 5.
(iii) If p € § and pq, po, ..., by, are all minimal members of F such that p < p; for all
i=1,2,...,n, then VI u; =17,
Then the system FM = (E,J) is called fuzzy matroid and the elements of § are
fuzzy flats of FM.

Definition 2 Let E be any set with n-elements and § = {xa: A < E, |A| =nor |A] < m}
where m is a positive integer such that m < n. Then (F,§) is a fuzzy matroid called the
fuzzy uniform matroid on n-elements and rank m, denoted by Fy, . Fi, o, is called the free
fuzzy uniform matroid on n-elements.

We remark that the rank notion in the preceding definition coincides with that in [6].

Definition 3 Let FM = (E,¥) be a fuzzy matroid and p € p(1). Then the fuzzy closure
of pis fi = Axeg.
PEA

2  Fuzzy Closure Matroids

Definition 4 A fuzzy matroid F M is called a closure fuzzy matroid if mV 7 = uVn for all
fuzzy subsets p and n of E(FM).

Consider the fuzzy uniform matroid F5 3. If ¢ and n are any two fuzzy elements of its
ground set, then each is a fuzzy flat and hence each equals its fuzzy closure. On the other
hand, gV = E(Usz3). Thus, Fs 3 is not a fuzzy closure matroid.

Definition 5 A fuzzy matroid F M is fuzzy modular if and only if every fuzzy flat p in
F M is fuzzy modular, that is if for every other fuzzy flat n, r(u) +r(n) = r(uVn)+r(pAn).

Equivalently, F'M is a fuzzy modular matroid if and only if for all flats p and 7n such
that p An =0, we have 7(u V n) = r(u) + r(n). Note that the fuzzy uniform matroid Fy 3
is a fuzzy modular matroid.

Next, we prove the following lemma which will be a basic tool in distinguishing fuzzy
closure matroids from fuzzy modular matroids.

Lemma 1 A fuzzy matroid FM is a fuzzy closure matroid if and only if unions of fuzzy
flats in FM are again fuzzy flats in F M.

Proof Let FFM be a fuzzy closure matroid. If p; and po are fuzzy flats in F'M, then
1V pe =11 V iz = p1 V g which is a fuzzy flat in F'M.

Conversely, let FM be a fuzzy matroid in which unions of fuzzy flats are fuzzy flats,
and let a and (3 be subsets of E(FM). As @ and (3 are fuzzy flats in FM, @V 3 is a fuzzy
flat in FM. Now aV 8 <@V 3 and as a V (3 is the smallest fuzzy flat containing o V f3,
aV B <@V 3. On the other hand, @V 3 < oV § because @ and 3 are subsets of a V 3.
Therefore, aV 3 =a V 3. O
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Theorem 1 A fuzzy closure matroid is a fuzzy modular matroid.

Proof Let FM be a fuzzy closure matroid, and let o and 3 be fuzzy flats in F'M such
that a A 8 = 0. By the fuzzy semimodular property, we have

r(aV ) <r(a)+r(d). (1)

On the other hand, assume that r(«) = n and r(8) = m where m > n. Then there exist
flats a1, 2, ..., 0p 1 and 61, 62, ceey 677171 such that

0<a;<as<.<ap1<aand0< B < fa<..<fBm <p

Moreover, these are maximal chains of flats in a and 3, respectively. By Lemma 1, a V 3,
a;V B and a V §; are fuzzy flats in FM, foralli=1,2,...,n—1landj=n,n+1,...,m—1.
Hence,

D<o VAi <agVBe<..<an_1Vfhp1<aVph,<aVpfp<..<aVpfn<aVp

is a chain of fuzzy flats in oV 3 of size n + m. Therefore, r(a V §) > n+ m = r(a) + r(8).
O

Next, we characterize fuzzy closure matroids in terms of the fuzzy rank function.

Theorem 2 The following statements are equivalent for a fuzzy matroid FM :
(i) FM is a fuzzy closure matroid,
(ii) FM has no fuzzy submatroid isomorphic to F 3 and for all fuzzy subsets a and 8 of
E(FM) such thata A B =0 and r(a) +r(8) =r(aV f),
(iii) FM has no fuzzy submatroid isomorphic to Fa 3 and for all fuzzy subsets o and (3 of
E(FM) such that@aAB=0andaVv B =1, r(a) +r(8) = r(FM).

Proof Obviously, (ii) implies (iii). We shall show that (i) implies (ii), (ii) implies (i) and
(iii) implies (ii).

Assume that (i) holds. Let o and 8 be fuzzy subsets of E(FM) such that @ A 3 = 0.
By Theorem 1, FM is fuzzy modular and as @ and 3 are fuzzy flats in FM such that
aAB =0, then r(@) +7(8) = r(@Vv B). Thus, r(a) +r(8) = r(aV (). If FM has a fuzzy
submatroid F'N isomorphic to F; 3, then there exist x and y in E(FN) such that T = =,
y=yand x Vy # x Vy, a contradiction. Thus, (ii) holds.

Assume that (ii) holds, and let o and 3 be fuzzy flats in FM. By Lemma 1, we need
only show that « V f is a fuzzy flat in F'M. That is, the set v:=a VvV f\a Vv 8 =0.

If « < Bor B < a, then clearly v = 0. If r(a) = 0 or r(8) = 0, then o = 0 or
B = 0, respectively. Hence, v = 0. Suppose o and 3 are fuzzy flats of nonzero ranks such
that none is a subset of the other. Then there exist a € a — § and b € § — « such that
r(a) =r() = 1. As@Ab =0, by (i), r(a Vb) = r(a@V b) = 2. If there exists ¢ € , then
r(c)=landaAc=c¢Ab=0and by (ii), r(aVec)=r@ve)=2=r@Evb) =rbVc). As
rlaVvpve)=r(aV ), raVvbVe)=2. Thus, FM|{.p . = F 3, a contradiction. Hence,
~ = 0. Therefore, o V 3 is a flat and then (i) holds.

Assume that (iii) holds, but (ii) does not. That is, suppose there exist fuzzy subsets a
and (3 of E(FM) such that @ A3 =0 but r(a) +7(3) # r(aV 3). f @V 3 =1 then by (iii),
r(aVvp) > r(a)+r(B) =r(FM) and hence equality holds throughout. So, we may assume
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@V (3 is a proper subset of E(FM). Thus, r(aV ) =r(@V B) < r(FM). Let  be a fuzzy
basis for the contraction FM/(a@V ). We show vV B3A@ =0 and yV 3V a = 1. Clearly
yVAvVa=1l. Suppose a is a non-loop of vV BA@ Then a ¢ 3 since @A = 0. Thus if
§ is a fuzzy basis of 3, then § V a is fuzzy independent in the restriction F'M|(@V 3). But
7 is fuzzy independent in F'M/(a V (). Therefore, vV § V a is fuzzy independent in FM, a

contradiction to the fact that a € vV 3. Hence vV 3 A @ = 0. Now by (i),

r(FM) = r(a)+r(yVp)
= r(@)+r(yVvh)
= r(a)+r(B) +l

r(a) +7(B) +r(FM) —r(aV p)

Therefore r(a) +7(3) = r(aV §). This contradiction completes the proof of the theorem.O

The following is an immediate result of Theorem 2.

Corollary 1 A fuzzy matroid FM is a fuzzy closure matroid if and only if FM is a fuzzy
modular matroid that has no fuzzy submatroid isomorphic to Fy 3.

Theorem 3 A fuzzy matroid FM is a fuzzy closure matroid if and only if FM s free.

Proof Let FFM be a fuzzy matroid such that FM is free, and let o and 3 be fuzzy flats
in FM. By Lemma 1, we need only show oV 3 is a fuzzy flat. Let 1" be the set of all fuzzy
loops and parallel elements in aV 3. Then as (aV 3) — T is a subset of E(FM), (aVp)—T
is a fuzzy flat in FM and hence, aV =TV (aV ) =T is a fuzzy flat in F M. Therefore,
FM is a fuzzy closure matroid.

Conversely, let F'M be a fuzzy closure matroid such that ’E (W )’ = n. Then every
clement in E(FM) is a fuzzy flat in FM. If « < E(FM), then o = \e/ z. By Lemma 1 and

since F'M is a fuzzy closure matroid, « is a fuzzy flat of FM. Hence, FM = Fon. O

Next, we show that direct sums of fuzzy closure matroids are fuzzy closure matroids.
Moreover, we show that if the direct sum of loopless fuzzy matroids F'M; and F M, is a
fuzzy closure matroid, then FM; and F My are fuzzy closure matroids.

Theorem 4 Let FM; and F My be loopless fuzzy matroids on disjoint ground sets. Then
FM, & FM;y is a fuzzy closure matroid if and only if FMyiand FMs are fuzzy closure
matroids.

Proof Assume FM; @& F'Ms is a fuzzy closure matroid, and let o and (3 be subsets of
E(FM;y). Then @ and BFMI are both fuzzy flats in FM; and as F'M; is a loopless
fuzzy matroid, @+ and BFMI are fuzzy flats in FFM; @ FM,. By Lemma 1 and since
F M, & F M, is a fuzzy closure matroid, af M \/BFMl is a fuzzy flat in F'M; & F Ms. Thus,
afMy M = @My YY) A B(FM) s a fuzzy flat in FM;. Therefore, FM, is a
fuzzy closure matroid. Similarly, F'M; is a fuzzy closure matroid.



Fuzzy closure matroids 73

Conversely, assume FM; is a fuzzy closure matroid for ¢« = 1,2, and let « and 3 be

fuzzy subsets of E(FM;)V E(FMy). Then @@ M@FMz A B(FM;) and BT "2 A B(F M)

are fuzzy flats in F'M;. By Lemma 1 and since F'M; is a fuzzy closure matroid,

—FM,®F Mo

(@ MOFMz \ GEOIMey L pop Y = @FMSFMa A BFM,)) V (B A E(FM;))

is a fuzzy flat in FM;. Thus, alM®FMz BFMI@F]% is a fuzzy flat in FM; © FM,.
Therefore by Lemma 1, FM; @ FMs is a fuzzy closure matroid. O

The following result, in which we classify all fuzzy closure matroids, follows immediately
from Theorem 3 combined with Theorem 4.

Corollary 2 A fuzzy matroid FM is a fuzzy closure matroid if and only if F M is the direct
sum of a parallel extension of a free fuzzy matroid and Fy n, for some positive integer m.

Acknowledgments

The author would like to thank the referee for useful comments and suggestions.

References

[1] Goetschel, R. and Voxman, W. Fuzzy matroids. Fuzzy sets and systems. 1988. 27T:
291-302.

[2] Al-Hawary, T. Fuzzy flats. Indian J. Mathematics. 2013. 55(2): 223-236.

[3] Novak, L. A comment on ”Bases of fuzzy matroids” . Fuzzy sets and systems . 1997.
87: 251-252.

[4] Novak, L. On fuzzy independence set systems. Fuzzy sets and systems . 1979. 91: 365-
375.

[6] Goetschel, R. and Voxman, W. Fuzzy matroid sums and a greedy algorithm. Fuzzy
sets and systems. 1992. 52: 189-200.

[6] Goetschel, R. and Voxman, W. Fuzzy rank functions. Fuzzy sets and systems. 1991.
42: 245-258.

[7] Goetschel, R. and Voxman, W. Spanning properties for fuzzy matroids. Fuzzy sets and
systems. 1992. 51: 313-321.

[8] Li S., Xin, X. and Li,Y. Closure axioms for a class of fuzzy matroids and co-towers of
matroids. Fuzzy sets and systems. 2007. 158: 1264-1257.

[9] Hsueh, Y. On fuzzification of matroids. Fuzzy sets and systems . 1993. 53: 319-327.

[10] Novak, L. On Goetschel and Voxman fuzzy matroids. Fuzzy sets and systems. 2001.
117: 407-412.

[11] Oxley, J. Matroid Theory. New York: Oxford University Press. 1976.



74 Talal Al-Hawary

[12] Al-Hawary, T. A Decomposition of strong maps. ltalian J. Pure Appl. Math. 2003. 15:
67-86.

[13] Al-Hawary, T. Decompositions of strong maps between matroids. Italian J. Pure Appl.
Math. 2007. No. 20: 9-18.



