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1 Introduction

Hyperstructure theory was born in 1934 when Marty [1] defined hypergroups based on the
notion of hyperoperation. Since then, hundreds of papers and several books have been
written on this topic, for example, see [2-5].

Nowadays, the algebraic hyperstructures are studied from the theoretical point of view
and for their applications to many subjects of pure and applied mathematics such as, geom-
etry, topology, cryptography and code theory, graphs and hypergraphs, probability theory,
binary relations, theory of fuzzy and rough sets, automata theory, economy, etc. (see [3,6,7]).
A semihypergroup is an algebraic structure similar to a semigroup, but the composition of
two elements is a non-empty set. As a reference for more definitions on semihypergroups
we refer to [2]. One of motivations for the study of hyperstructures comes from chemi-
cal reactions. In [8], Davvaz and Dehghan-Nezhad provided examples of hyperstructures
associated with chain reactions. In [9], Davvaz et al. introduced examples of weak hy-
perstructures associated with dismutation reactions. In [10], Davvaz et al. investigated
the examples of hyperstructures and weak hyperstructures associated with redox reactions.
Also, see [4,11,12] for more applications of hyperstructures in Chemistry. Another mo-
tivation for the study of hyperstructures comes from physical phenomenon as the nuclear
fission. This motivation and the results were presented by S. Hoskova, J. Chvalina and P.
Rackova (see [13], [14]).

The concept of ordering hypergroups was investigated by Chvalina [15] in 1994 as a
special class of hypergroups. Many researchers are concerned about ordered hyperstruc-
tures because of nice connection between ordered structures and ordered hyperstructures.
The concept of ordered semihypergroups is a generalization of the concept of ordered semi-
groups. To the best of my knowledge, the concept of ordered semihypergroups appeared for
the first time in the work of Heidari and Davvaz [16]. As we know, an ordered semihyper-
group (S, 0, <) is a semihypergroup (S, o) together with a partial order relation < that is
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compatible with the semihypergroup hyperoperation. Furthermore, Davvaz et al. [17] intro-
duced pseudoorders in ordered semihypergroups, by extending the corresponding notions of
ordered semigroup theory that was first studied by Kehayopulu and Tsingelis [18,19]. They
investigated the properties of ordered semigroups derived from ordered semihypergroups.
n [20], Gu and Tang introduced the notion of ordered regular equivalence relations of an
ordered semihypergroup and studied some of their basic properties. In [20] the authors an-
swered to the open problem given by Davvaz et al. [17]. In [21], Davvaz and Omidi defined
the notion of an ordered semihyperring as a generalization of an ordered semiring.

A partial order on a set is an order which is reflexive, antisymmetric and transitive. A
set with a partial order is called a partially ordered set. A preorder on an arbitrary non-
empty set X is a binary relation on X which is reflexive and transitive. An antisymmetric
preorder is said to be an order. In [22], Ganesamoorthy and Karpagavalli introduced and
analyzed congruence relations in ordered sets. Sen and Saha [23] introduced T'-semigroups
as a generalization of semigroups. The notion of an ordered I'-semigroup was first intro-
duced by Sen and Seth [24] in 1993. Many authors studied different aspects of I'-semigroups
and ordered I-semigroups, for instance, Chinram and Tinpun [25], Hedayati [26], Hila [27],
Kwon and Lee [28], and many others. The notion of I'-H,-semiring introduced by Hedayati
and Davvaz in [29]. In [30], Heidari et al. introduced the notion of a I'-semihypergroup
as a generalization of a semigroup, a generalization of a semihypergroup and a generaliza-
tion of a I'-semigroup. For examples and other basic properties of I'-semihypergroups, we
refer [30-33].

Theorem 1 [32] Let o be an equivalence relation on a T'-semihypergroup S. Then o is a
strongly regular relation if and only if S/o is a T 5-semigroup.

2 Convex ordered ['-semihypergroups and some of their basic prop-
erties

The concept of ordered I'-semihypergroups is a generalization of the concept of ordered
I-semigroups. Omidi et al. [34] studied quasi-I-hyperideals and hyperfilters in ordered
I'-semihypergroups. For the convenience of the reader we repeat the relevant definitions
from [34], thus making our paper self-contained. Throughout this paper, unless otherwise
mentioned, S will denote an ordered I'-semihypergroup.

Definition 1 An algebraic hyperstructure (S, T, <) is said to be an ordered T'-semihypergroup
if (S,T) is a D-semihypergroup and (S, <) is an ordered set such that: for any x,y,z € S
and v € T, x < y implies zyx = zyy and xyz = yyz. Here, A = B means that for any
a € A, there exists b € B such that a < b, for all non-empty subsets A and B of S.

Let (S, 0, <) be an ordered semihypergroup and I" = {o}. Then, (5,T, <) is an ordered
I'-semihypergroup. Thus every ordered semihypergroup is an ordered I'-semihypergroup.

Example 1 Let S = [0,1] and ' = N. For every z,y € S and v € T', we define v :
SxTI xS§—P*S) by

Yy = [O, ﬁ} .
v

Then, v is a hyperoperation. For every x,y,z € S and «a, § € I, we have

TYZ

(zay)Bz = [O, a—ﬂ} = za(yBz).
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This means that S is a I-semihypergroup [31]. Consider S as a poset with the natural
ordering. Thus, (S,T, <) is an ordered I'-semihypergroup. Here, vz < yyz means that

0Tl ]

for all z,y,z2 € S, v € I' and = < y. In fact, we define a relation < in S by < y if and

only if
050

for all x,y,z € S and v € I'. With respect to this relation S becomes an ordered I'-
semihypergroup.

Strongly regular relations are important in order to study the quotient structures. Let
o C S x S be an equivalence relation on an ordered I'-semihypergroup S. If A and B are
non-empty subsets of S, then A B means that for all a € A and for all b € B, we have acb.
The equivalence relation o is called strongly reqular if for all a,b,x € S and v € T', from
aob, it follows that (ayz)a(byz) and (xya)a(zyb). Let o be an equivalence relation on S.
Let [a], be the equivalence class of a with respect to ¢ and S/o = {[a], | a € S} be the
quotient set. For every v € T', we define v, on S/o as follows:

[aloe[ble = {[clo | ¢ € ayb}.

Now, we set I'y = {7, | vy € T'}.

Example 2 Let S = {a,b,c,d} and I' = {~,} be the sets of binary hyperoperations
defined as follows:

v a b c d
a a {a,b} {c,d} d
b | {a,b} b {c,d} d
¢ | {c,d} {ed} ¢ d
d| d d d d
I6] a b c d
a a {a,b} {c,d} d
b|{a,b} {a,b} {c,d} d
c | {e,d} e, d} ¢ d
d d d d d

Clearly, S is a I'-semihypergroup. We have (5, T, <) is an ordered I'-semihypergroup where
the order relation < is defined by:

<= {(CL, CL), (CL, b)a (ba b)a (Ca b)a (Ca C)a (Ca d)a (dv b)a (dv d)}

The covering relation and the figure of S are given by:

<= {(a,b), (c,d), (d,b)}.
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Suppose that o is the relation on S defined as follows:

o ={(a,a),(b,b), (c,c),(d,d),(a,b),(b,a),(cd)),(d,c)}

Clearly, o is a strongly regular relation on S. Thus, S/o = {u1,uz2}, where u; = {a, b} and
uz = {¢, d}. We define a relation < on S/o by

=:={([%]o, [y]s) € S/o x S/o | 1 € [%]s, Iy1 € [y such that (z1,y1) €<}.

Since (d,b) €<, we obtain us < uj. It is not difficult to verify that (S/o,T',, <) is an
ordered I',-semigroup, where 7, and (3, are defined in the following tables:

Yo | U1 U2 Bo | U1 U2
Uy | U1 U2 U | U1 U2
Uz | U2 U2 Uz | U2 U2

and <= {(u1, u1), (ug, u1), (uz, u2)}.

Let o be a strongly regular relation on an ordered I'-semihypergroup (S,T, <). Then
the quotient order relation defined on S/c by setting

<:={([z]s, [yls) € S/o x S/o | z1 € [2]5, Iy1 € [y]s such that (z1,y1) €<}

is not necessarily an order on (S/0,T';). This is shown by the following example.

Example 3 Let S = {a,b,¢,d,e} and T' = {, 8} be the sets of binary hyperoperations

defined below:
a b

vy c d e
a | {a,b} {b,c} c {d,e} e
b | {b,c} ¢ c {d,e} e
¢ c ¢ c {d,e} e
d|{d,e} {d,e} {d,e} d e
e e e e e e
I6] a b c d e
a | {b,c} ¢ c {d,e} e
b c ¢ c {d,e} e
c c ¢ c {d,e} e
d|{d,e} {d,e} {d,e} d e
e e e e e e
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Clearly, S is a I-semihypergroup [33]. We have (5,T", <) is an ordered I'-semihypergroup
where the order relation < is defined by:

<i={(a,a), (b,1), (¢, ¢), (d; d), (¢, e), (¢, d), (e, ), (e, d)}.

The covering relation and the figure of S are given by:

<={(c¢,d), (e, 0)}.

d
o [¢] C
a b

e

Suppose that o is the relation on S defined as follows:

o ={(a,a), (b ), (cc),(d,d),(ee),(ab),(ba),
(a,0),(c,a),(b,c),(cb),(d,e),(e,d)}.

Clearly, o is a strongly regular relation on S. Thus, S/o = {u1,us}, where u; = {a,b, c}
and ug = {d, e}. We have

up = ug since ¢ € u, d € ug, (¢,d) €<,

ug =< uy since e € ug, ¢ € uy, (e,¢) €<.
Since uy # ug, it follows that < is not an order relation on S/o.

We say that a preorder relation is a relation which satisfies conditions reflexivity and
transitivity. We continue this section with the following theorem.

Theorem 2 Let o be a strongly regular equivalence relation on a preordered I'-semihypergroup
(S,I,<). Then, (S/0,T,, <) is a preordered I ,-semigroup with respect to the following hy-

peroperation on the quotient set S/o as follows:

[a]o7e [b]e = {[c]o | c € anb},
where for all [a]s, [b]s € S/o the preorder relation < is defined by the rule:

<:={([a]s, [b]s) € S/o x S/c | Va1 € [a]s,Tb1 € [b], such that (aq,b1) €<}.

Proof By Theorem 1, (S/0,T,) is a I';-semigroup. First, we show that the binary relation
= is a preorder relation on S/o. Since a < a, we have [a], <X [a], for every a € S. Thus <
is reflexive. To prove transitivity, consider the relations [a], < [b]s and [b], = [¢], in S/o.
Take any a1 € [a],; then there exists by € [b], such that a; < by. For this by € [b], there
exists ¢1 € [c], such that b; < ¢;. Hence for every ay € [a], there exists some ¢; € [¢], such
that a; < ¢;. This implies that [a], < [c],. This proves the transitivity of the relation < in
S/o. Hence S/o is a preordered set.

Suppose that [a]s, [b]s, [2]c € S/o such that [a], =< [bl,. If [t]ls = [%]o7Vela]s, then
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for every t; € [t], there exist 1 € [z], and a1 € [a], such that t; € x17ya;. Since
ay € [a]s <X [b]o there exists by € [b], such that a; < by. Hence x1va1 < x179b1. Thus there
exists s1 € x1vb1 such that t; < s1. Therefore, [t], = [t1]s =X [$1]6 = [%]o7e [b]s. Therefore,

(S/o0,T,, =) is a preordered I',-semigroup. O
In the following, we introduce the notion of convex ordered I'-semihypergroups associ-
ated to strongly regular relations and present some examples of them. We will also discuss

the link between convex ordered I'-semihypergroups and ordered I',-semigroups.

Definition 2 Let o be a strongly regular equivalence relation on an ordered I'-semihypergroup
(S, I, <). We say that S is a convex ordered I'-semihypergroup associated to o if the fol-
lowing correlation takes place:

Va,y,z€ S, (x,2) €0 andz <y < z= (z,y) € 0.

Remark 1 Consider the identity relation o;q = {(a,b) € S x S | a = b} on an ordered
I'-semihypergroup S. If our ordered I'-semihypergroup is an ordered I'-semigroup, i.e., our
hyperoperations are binary operations, we conclude that S is a convex ordered I'-semigroup
associated to o;,4. However, this is not true for ordered I'-semihypergroups, as shown in
the following example. Note that the identity relation of an ordered I'-semihypergroup is
generally not strongly regular.

Example 4 Let (S, T, <) be the ordered I'-semihypergroup defined as in Example 3. Set
oia = {(a,a), (b,b), (c,c),(d,d), (e,e)}. Clearly, 0,4 is not a strongly regular relation of S.
This implies that S is not a convex ordered I'-semihypergroup associated to ;4.

In the following, we present some examples of convex ordered I'-semigroups.

Example 5 Let S = {a,b,c,d,e} and T' = {~}. We define

v la b c d

{a,b} {a,c} {a,d}
{a,b} {a,c} {a,d}
{a,b} {a,c} {a,d}
{a,b} {a,c} {a,d}
{a,b} {a,c} {a,d}

Then S is a I'-semihypergroup. We have (S,T', <) is an ordered I'-semihypergroup where
the order relation < is defined by:

< ={(a,a),(b,b),(c,c),(d,d), (e ), (a,c), (b,a),
(b,0),(d,a),(d,c),(e,a),(e )}

The covering relation and the figure of S are given by:

<= {(CL, C), (b, CL), (da CL), (6, CL)}

QLo o
Q@ & & & &
o 0o 0o 0o oo
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Let o be strongly regular relation on S define as follows:

o = {(a,a),(b,b),(c,c),(d,d), (ee),(a,b), (ba),
(a,¢), (¢ a), (a,d), (d, a), (b, ), (¢, b), (b, d),
(d,b), (c,d), (d,c)}.

Then, S/o = {u1,uz}, where u; = {a,b,c,d} and ug = {e}. It is not difficult to see that S
is a convex ordered I'-semihypergroup.

Example 6 Let S = {a,b,¢,d,e} and T' = {v, 8} be the sets of binary hyperoperations
defined below:

a b d

vy c e
a | {a,b} {be} ¢ {cd} e
b | {b,e} e ¢ {cd} e
c c c ¢ c
d|{cd} {c,d} ¢ d {c,d}
e e e ¢ {cd} e
I6] a b c d e
a | {b,e} e ¢ {c,d} e
b e e ¢ {cd} e
c c c c c c
d|{c,d} {c,d} ¢ d {c,d}
e e e ¢ {cd} e

Clearly S is a I-semihypergroup [35]. We have (S,T', <) is an ordered I'-semihypergroup
where the order relation < is defined by:

< ={(a,a),(b,b),(c,c),(d,d), (e e€), (a,b), (a,c),
(a,e), (b,c), (b,e),(d,c), (e )}

The covering relation and the figure of S are given by:

<= {(a,b), (b,e), (d, ¢), (e, )}

a &

Let o be strongly regular relation on S define as follows:

o ={(a,a), (b ), (cc),(d,d),(ee),(ab),(ba),
(a,e), (e,a), (b, e), (e,b), (c,d), (d,c)}.

Then, S/o = {u1,usz}, where u; = {a,b, e} and us = {c,d}. We can easily verify that S is
a convex ordered I'-semihypergroup.
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Example 7 Let S ={1,2,3,4,5,---} and I" = {71,72, -+ , Y} for some k € N. For every
z,y € Sand~y; €T, wedefine ; : SXI'x S — P*(S) by zviy = {2z € S| 2z < min{z,4,y}}.
Then, ~; is a hyperoperation. Clearly, S is a I'-semihypergroup. Consider S as a poset with
the natural ordering. Thus, (S,T', <) is an ordered I'-semihypergroup. Here, x7v;z < y7v;2
means that {v € S | v < min{z,4,2}} C {v € S | v < min{y, 1, z}}, for all z,y,z € S,
~vi € T and x < y. In fact, we define a relation < in S by <y if and only if {u € S | u <
min{z,i,2}} C {v € S| v < min{y,,2}} for all z,y,z € S and 7; € I'. With respect to
this relation .S becomes an ordered I'-semihypergroup. Consider

o={(a,b)eSxS|a=0b}U{(12),(21)}

By routine checking, we can easily verify that o is a strongly regular relation on S. It is
not difficult to verify that S is a convex ordered I'-semihypergroup.

Now, we present an example of an ordered I'-semihypergroup which is not a convex
ordered I'-semihypergroup.

Example 8 Assume that we want to consider the ordered I'-semihypergroup S given in
Example 3. By routine calculations, (S,T, <) is not a convex ordered I'-semihypergroup.
Indeed:

(e,d)eoand e <c<dbut (ec) ¢ o.e

Using Theorem 2, we obtain the main result of this paper.

Theorem 3 Let o be a strongly regular equivalence relation on a convex ordered I'-semihypergroup
(S,I,<). Then, (S/o,Ty,=) is an ordered T ,-semigroup with respect to the following hy-

peroperation on the quotient set S/o as follows:

[alove[b]e = {[clo | ¢ € anb},

where for all [a]s, [b]s € S/o the order relation < is defined by the rule:

<:={([a]s, [b]s) € S/o x S/c | Va1 € [a]s,Tb1 € [b], such that (aq,b1) €<}.

Proof By Theorem 2, (S/0,T,, <) is a preordered I',-semigroup. It remains to prove only
that < is antisymmetric. To see this, let [a], < [b]s and [b]s < [a], in S/o. Take a € [a]o;
then there exists by € [b], such that a < b;. For this by € [b], there exists a; € [a], such
that by < a;. This implies that a < b; < ay. Since S is a convex ordered I'-semihypergroup,

it follows that [a], = [b]o. Hence the proof is completed. O

Example 9 We come back to Example 5 and consider convex ordered I'-semihypergroup
(S,T,<). By routine checking, we can easily verify that (S/o,T's, <) is an ordered I',-
semigroup, where v, is defined in the following table:

Yo | U1 U2

Up | U1 U2
Uz | U1 U2

and <= {(u1, u1), (ug, u1), (uz, u2)}.
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Example 10 Let (S, T, <) be the convex ordered I'-semihypergroup defined as in Example
6. It is not difficult to verify that (S/o,T',, <) is an ordered I',-semigroup, where 7, and
0B, are defined in the following tables:

Yo | U1 U2 Bo | U1 u2
Uy | U1 U2 Uy | U1 U2
Uz | U2 U2 Uz | U2 U2

and <= {(u1, u1), (u1, us2), (uz, u2)}.

Definition 3 Let (S,T',<g) and (T,T,<r) be two ordered T'-semihypergroups. The map-
ping @ : S — T is called a homomorphism if for all a,b € S and v € T', we have

(1) plarb) C p(a)yp(b);
(2) ¢ is isotone, that is, for any a,b € S, a <g b implies p(a) <7 ¢(b).

If the condition (1) holds for the equality instead of the inclusion, ¢ is said to be a good
homomorphism. An isomorphism from S into T' is a bijective good homomorphism from S
onto T'. If S is isomorphic to T, then it is denoted by S = T'.

We will consider ordered I'-semihypergroups that satisfy the following condition: Ifa < b
and (a,a1) € o, then there is an element b; € S such that (b,b1) € o and a; < b;. The
natural map of S onto S/o is 7 : .S — S/o given by 7(z) = [z],. Let a < b. Then, by the
previous condition, for given a; € [a],, there is a by € [b], such that a; < b;. So, we have
[a], < [b]s. Hence, the mapping 7 is isotone.

Example 11 Let S = {a,b,c,d,e} and T = {~}. We define

¥ | a b c d
ala a a a
bla a a a
cla a {ab} a
d|la a {a,b} {a,b}

Then S is a I'-semihypergroup. We have (S,T', <) is an ordered I'-semihypergroup where
the order relation < is defined by:

< = {(CL, a)a(ba b)a(ca C)a(dvd)a(aa b)}

The covering relation and the figure of S are given by:

<= {(a,)}.
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Let o be strongly regular relation on S define as follows:

o ={(a,a),(bD),(cc),(d,d),(a,b),(b,a),(ac),
(¢,a),(b,c),(c,b)}.

Then, S/o = {u1,uz}, where u; = {a,b, ¢} and us = {d}. It is easy to see that the natural
map of S onto S/o is isotone.

A key property of the product of ordered I'-semihypergroups is depicted in the following.
Theorem 4 Let (S;,T;,<;) be an ordered T';-semihypergroup for alli € I. Then, [[ S; =
iel
{(zi)ier | x; € Si} is an ordered ] T';-semihypergroup.

il
Proof Define © : (I S;) x ([T ') x (II Si) — P*(I] Si) by (zi)icr © (i)ier © (yi)ier =
el el el el

{(zi)ier | 2 € xiviyi}, for all (z;)ier, (yi)ier € H S; and (7;)ier € [[ Ti- It is easy to verify

i€l
that © is well defined. The order defined on H S as follows:
i€l

(zi)ier < (yi)ier if and only if, for alli € I, z; <; y;.

Now, we prove that (][] S;, [] T, <) is an ordered [] I';-semihypergroup. We have
i€l i€l i€l

(wi)ier © (qi)ier © ((Yi)ier © (Bi)ier © (2i)ier)

= 1)16[ ®© (al)’LEI ®© {(ul)’LEI | u; € ylﬁlzl}

( 1)16[ | Vj € TiQiUg, U; € ylﬂlzl}

(vi)ier | vi € zi0(yiBizi)}

(vi)ier | vi € (ziauyi)Bizi}

(vi)ier | vi € wiBizi, w; € Ti0uYy;}

(wi)ier | wi € Tioyi} © (Bi)ier © (zi)ier
(wi)icr © (vi)ier © (Yi)ier) © (Bi)ier © (2i)ier-

Now, suppose that (331')1'61 < (yi)iel for (.Ii)ie[,(yi)ie[ € H S;. If (ti)ie[ S (ai)ig ®
i€l
(vi)ier © (zi)icr, where (a;)ier € [[Si and (vi)ier € [[ T4, then t; € a;yix;. Since
iel i€l
(zi)ier < (yi)ier, it follows that x; <; y; for all i € I. By hypothesis, we have ¢; € a;v;z; <;
a;v;yi- So, there exists s; € a;v;y; such that ¢; <; s;. Thus we have (¢;)ier < (8;)icr- This
implies that (a;)icr © (Vi)ier © (Ti)ier < (ai)ier © (Vi)ier © (Yi)ier. Therefore, J] S; is an
i€l
ordered [] I';-semihypergroup and the proof is completed. O
i€l
In view of the Theorem 4, we have the following:
Theorem 5 Let (S;,T;,<;) be a convex ordered T;-semihypergroup for all i € I. Then,

11 Si is a convex ordered ] T';-semihypergroup.
iel iel

Proof Let o; be a strongly regular relation on S; for all ¢ € I. Then o is a strongly regular

relation on [] S; where (z;)icro(y:)ier if and only if x;0;y; for all z;,y; € S; and i € I.
i€l

Indeed: If (x;)icro(yi)icr, then x;ozy; for all x;,y; € S;. Hence, (x;v:2:)03(yivizi) for all

z; € i, vi € Iy and i € I. Thus, ((z:)ier © (Vi)ier © (2i)ier)o((Yi)ier © (vi)ier © (zi)ier).
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Similarly, ((2;)ier © (Vi)ier © (21)ic1)T((2:)icr © (i)ier © (yi)ier). Therefore, o is a strongly
regular relation on [] S;. Now, let ((zi)ier, (2i)ier) € o and (2;)ier < (Yi)ier < (2i)ier-
iel
Then, (z;,2;) € o; and x; <; y; <; 2z;. Since S; is a convex ordered I';-semihypergroup for
all i € I, it follows that (z;,y;) € ;. So, we obtain ((x;):er, (¥i)ier) € 0. This completes
the proof. O
Let (S, T, <) be an ordered I'-semihypergroup. A relation o on S is called a pseudoorder
on S if (1) <C o; (2) acb and boc imply acc for all a,b,c € S; (3) acb implies aycobyc
and cyaccyb for all a,b,c € S and v € T. In the following, we investigate the behavior of
pseudoorders on the product of ordered I'-semihypergroups.

Lemma 1 Let o; be a pseudoorder on the ordered T';-semihypergroup (S;, i, <;) for all

i € I. Then, o is a pseudoorder on [[ S; where (x;)icro(yi)icr if and only if x;0:y; for all
i€l
Ti,Yi € S; and i€ 1.

Proof Let ((x;)icr, (¥i)ier) €<. Then (z;,y;) €<;C o; for all i € I. So, we have
((zi)ier, (Yi)ier) € o. Thus, <C o. Let ((zi)icr, (¥i)icr) € o and ((yi)ier, (2i)icr) €
o. Then, (x;,y;) € o; and (y;,2) € o; for all ¢ € I. Hence, (z;,2;) € o; and so

((x3)ier, (zi)ier) € 0. Now, let ((zi)ier, (Yi)ier) € o and (2;)ier € [ Si- Then, (x;,y;) € 0;
i€l

for all 4 € I. Since o; is pseudoorder on S;, we obtain (x;7;2;)0;(yivizi) for all 43 € T'; and

1 € I. Hence, for all u; € x;v;2; and for all v; € y;y;2;, we have (u;,v;) € o;. This implies

that ((ui)ier, (vi)ier) € 0. So, we have

(zi)ier © (Vi)ier © (20)iero(Yi)ier © (Vi)ier © (2i)ier-

By a similar argument, we obtain

(zi)icr © (i)ier © (2:)ic10(2i)icr © (Vi)ier © (¥i)ier-

Therefore, ¢ is a pseudoorder on [] S;. O
icl

Theorem 6 Let (S,T', <) be an ordered I'-semihypergroup and o a pseudoorder on S. Then,

there exists a strongly reqular equivalence relation o* = {(a,b) € S x S | acb and boa} on

S such that (S/o*,Tox, Zpx) is an ordered Ty« -semigroup, where <= {(c*(z),0*(y)) €

S/o* x S/o* | Ja € o*(x),Tb € 0*(y) such that (a,b) € o}.

Proof See Omidi et al. [34]. O
Now, we are in the position to end this paper as follows:

Theorem 7 Let o; be a pseudoorder on ordered T';-semihypergroup (S;, T, <;) for alli e I
and o the pseudoorder on [] S; mentioned in Lemma 1. Then,

(IT Si)/o™ = T1(Si/o7)-

icl iel

Proof Let o; be a pseudoorder on ordered I';-semihypergroup (S;,I';,<;) for all i € I,
respectively. On [] S; we define
i€l
(wi)iero(Yi)ier © wiowi, Vi, yi € Si.
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By Lemma 1, ¢ is a pseudoorder on [] S;. By Theorems 6 and 4, (][] S;)/c* and [](S;/o})
icl iel iel
are ordered [] I';-semigroups. Define ¢ : [[(Si/0}) — (I S:i)/o* by ¥((o7(x:))icr) =
icl iel iel
o*((zi)ier) for all x; € S; and ¢ € I. We prove that v is an isomorphism. We have

(07 (@i))ier = (0] (yi))ier & o} (xi) = 0] (yi), foralli e
& xioly;, foralli el
& xi0:Y;, Yi0ix;, foralli el
< ((@i)ier, (Yi)ier) € 0, ((Yi)ier, (Ti)ier) €0
< ((wi)ier, (Yi)ier) € 0°
& 0" ((zi)ier) = 0" ((Yi)ier)

& (07 (70))ier) = (0] (Y:))ier)-

Therefore, 1 is well defined and one to one. Clearly, ¢ is onto. Now, we prove that 1 is
a homomorphism. Suppose that (o] (x;))icr and (o] (yi))ier are two arbitrary elements of

[1(Si/cF). Then,

icl

(zi))ier | zi € o} (i) o (Vi)ier 0 0 (y:), Vi € I}
0’;-‘ (wi))iel | w; € {Ei"yiyi,V’L' S I}

* (wi)ig) | w; € CCi")/iyi,V’L' S I}

(i)ier) © (Vi)ier © o™ ((yi)ier)

(07 (w3))ier) o (Vi)ier o (o7 (vi))ier)-

Now, suppose that (o} (z;))ier = (07 (y:i))ier- Then, of(x;) <; o} (y;) for all ¢ € I. Thus,
x;0:y; for all i € I. Hence, (x;)icro(y;)icr. This means that o*((x;)icr) = 0*((yi)ier) So,
we have ¥((0F(z;))ier) = (07 (y:))icr) Therefore, ¢ is an isomorphism. This completes
the proof of the theorem. O

Remark 2 If o* is a strongly regular relation mentioned in Theorem 6, then (S/0*, Ty« , <=
) becomes a convex ordered I'y«-semigroup. Indeed: Let x <y < z with (z, z) € o*. Then
[]ox S0 [Ylox and [yls+ <o+ [2]or = [z]s+. Applying antisymmetry of <,-, we coclude
[2]o+ = [y]o~. It follows that (z,y) € o*. Hence S/o* is convex.
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