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1 Introduction

Let {Ank}, _obe a bounded double sequence of real or complex numbers. Over four

decades ago, Srivastava [1] introduced the Srivastava polynomials (SP) S2 (x) by the fol-
lowing series definition:

SN(x) = (_Z#Anykxk(n e Nyp=NU {O}, N e N), (11)

where N is the set of positive integer [a] denotes the greatest integer in ¢ € R and
(A), , (A\)o= 1, denotes the Pochhammer symbol defined in terms of familiar Gamma func-
tion by [2, p. 22]

CT(\+v) (1 (v =10;A € C\{0})
W =S = { Ao naa 0inon bonemaeg - 02

The Srivastava polynomials SY (z) in (1.1) and their such interesting variants as follows:

2
= Z %Anﬂykxk (¢g,n € Ng; N € N), (1.3)
= !

were investigated rather extensively in [3] See [4 5] for further results. Clearly we have

o (@) = S (x) . (1.4)

Motivated essentially by the definitions (1.2) and (1. 3) the following family of the two
variables extended Srivastava polynomials (2VESP)S%" (z,y) was introduced and studied
by Altin et al. [6]:
[%] n—Nk, k
SaN Agin, kiy (g,n € Ng; N € N) (1.5)
pard NE)E!
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and further studied in [7].
However, in view of definitions (1.3) and (1.5), it is easily observed that

q,N _ ﬂ N Yy
which for z = —1 we get
"
S (-1,0) =S, ). (17

It has been shown in [6] that the SV (x,y) include many well-known polynomials of two
variables such as Lagrange-Hermite polynomials, Lagrange polynomials and two-variables
Hermite polynomials, under the special choices for the double sequence {4, x}. Here, we
will recall them and add further new particular cases as the following remarks:

Remark 1.1 ([6, p. 316] see also [7, p. 1116]). Choosing

N = 1, Aq,n = (O[)qfn(ﬁ)n (Qa ne NO)

in equation (1.5), we get

Spt (x,y) = (@), 97T (2,y), (1.8)
where g,({l’ﬁ ) (z,y) denotes the two variable Lagrange polynomials defined by [2 p. 441]
(o, ) _ - (O‘)nfk (6)k n—k, k 1

and specified by the following generating function
(1—at) * (L—yt) " = g (x,9)1". (1.10)
n=0
Remark 1.2 ([6, p. 316] see also [7, p. 1116]). Choosing
N = 25 Aq,n = (a)q72n(6>n (Qa n e NO)

in equation(1.5), we get
SE (2, y) = (@), b0 (x,y), (1.11)

where h{™? (z,y) denotes the Lagrang—Hermite polynomials defined by [8]

[

|3

(@)t (O

P (w,y) = (n — 2k)1K!

(1.12)
k=0

and specified by the following generating function:

(L—at)™ (1 —y®) " =3 he? (2,y) . (1.13)
n=0
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Now, we add the following new particular cases as remarks:

Remark 1.3 Choosing A, ., = 1(¢,n € Ny) in equation (1.5), we get

1
SZ)N (xay) = EHle) (xay) )

where HY) (z,y) denotes the Gould Hopper polynomials (GHP) defined by [9]

(%] n—Nk k

x
Z n—Nk k!

(N) n!
k 0

n

and specified by the following generating function:
exp xt—l—ytN ZH(N) z,Y) ol

Note that, for N =1 in equation (1.14) and using the relation
HY (z.y) = (z +y)"

we get
st (o) = I

n!

Also, for N = 2 in equation (1.14) and using the relation

H7(12) (xay) = Hﬂ (xay) ’

we get the known relation [6, p. 316]

517 (2,9) = - H (2.9),

73

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

where H,, (z,y) denotes the two variables Hermit-Kamp de Friet polynomials (2VHKdFP)

defined by [10, p. 341]
[

|3

] xn72kyk

Ho (@y) =) =5

k=0

and specified by the following generating function:
exp xt+yt2 ZH xy

Remark 1.4 Choosing A, , = 1/n!, (¢,n € Ng) in equation (1.5), we get

1
SZ)N (ya .I) = ENLH (.I, y) ’

(1.21)

(1.22)

(1.23)
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where L, (x,y) denotes the two variables generalized Laguerre polynomial (2VgLP) de-
fined by [11 p. 213]

hyn—NE
n! 1.24
NL Z o NE) P (1.24)
and specified by the following generating functlon
exp (yt) Co (—t") Z NLn(z y (1.25)

where Cy () denotes the 0" order Tricomi function. The n*® order Tricomi functions C,, (z)
are defined by [2]

— (=Dka*
z) = kZ:O RICEwTE (1.26)

For N =1 and z = —z in equation (1.25), the 2VgLP nL, (z,y) reduce to the two
variables Laguerre polynomials (2VLP)L, (z,y), i.e., we have

1Ly, (—2,y) = Ly (2,y), (1.27)
where L, (z,y) defined by [11]:
1)k gk ynk
L =nl) —— 1.2
n(wy) =n kZ:O B (7 (1.28)

an specified by the following generating function
exp (yt) Co (— ZL (x y mrt (1.29)

Note that for N =1 in equation (1.23) and using relation (1.27), we get

1
St (@) = —Ln(=2,9). (1.30)

Further for N = 2 in equation (1.23), we get

1 1
532 (y,x) = —2Ln (,9) = =S (=2,y), (1.31)

where S, (z,y) denotes the second form of the two variables Legendre polynomials (2VLeP)
defined by [12]
k k,n—2k
T y
n! 1.32
Z (n — 2k)! (k!)? (1-32)
an specified by the following generating functlon

n

exp (yt) Co xt2 ZS z,Y) s (1.33)
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—1) "
Remark 1.5 Choosing N =1, 4,,, = %, (g, € No) in equation (1.5), we get
nl (g —n)!
R, (z,
S0 () = T l8) (131

(n!)?

where R, (z,y) denotes the first form of the two variables Legendre polynomials defined
by [13]
() ey

iz (=R~ (k)

The aim of this paper is to derive some families of bilateral and mixed multilateral gener-
ating relations involving the 2VHKAFP H,, (z,y) and the 2VESP S%¥ (x,y) by using series
rearrangement techniques. Also, the above mentioned remarks will be used to obtain some
illustrative bilateral and trilateral generating functions involving the 2VHKAFP H, (z,y)
and many other known two variables polynomials. For this aim we recall the following
generating function for the 2VHKAFP H, (z,y) [2]

(1.35)

> o _a a at+l 4yt?

The 2VHKAJFP H, (x,y) are linked to the classical Hermite polynomials H,(x) by the
relations

Hy, (z,y) = (=0)" y"/?H, (213/%) (1.37)

and
H, (2z,-1)=H, (x), (1.38)

where the classical Hermite polynomials H, (x) defined by [14, p. 187]

3]

|3

(_1)k (2x)n72k

H, (z) =n! 1.
(z) =n K (n — 2k)! (1.39)
k=0
Also, the 2VHKAFP H , (zy) satisfy the following relation:
t"Hy (z,y) = H, (xt,yt?). (1.40)

2 Bilateral generating relations

We prove the following results:

Theorem 2.1 The following family of bilateral generating relation involving the 2VHKdFP
H,(x,y) and the 2VESP S%N (z,vy) holds true:

= t"wi > vtV )" (w + t)?
D Hypn (w0)SE™ (29) —= = 7 Hye (10) A .

q,n=0 n,q=0

(2.1)
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Proof. Using definition (1.5), we have

LA TS AT
Lhs = 3 Han(u,0) 3 Aginy (n— NE)K! ¢! 22)
q,n=0 k=0
which on replacing n by n + Nk in the r.h.s. and using the lemma [2, p. 101]
SN Akn)=> > A(k,n+mk). (2.3)
n=0 k=0 n=0 k=0
in the resultant equation becomes
oo y thrNkwq
Lhs= Z Hptqine(u, v) Apggr N, e TR (2.4)

n,q,k=0

Again replacing ¢ by ¢ — n in the r.h.s. of equation (2.4) and using the lemma [2, p. 100]

n

SN Akn) =D Ak,n—k) (2.5)

n=0 k=0 n=0 k=0

in the resultant equation, we get

) q ’LUq n
l.h.s = Z HquNk(’UJ, ’U)AquNk k 'k' Z (26)
q,k=0
Finally using the binomial theorem [2]
nlen— kyk

— - 7 2.7
" =3 (2.7)
in the r.h.s. of the above equation, we get the r.h.s. of equation (2.1). |

Remark 2.1. Taking w = —ut in assertion (2.1) of Theorem 2.1, we deduce the following
consequence of Theorem 2.1:

Corollary 2.1 The following family of bilateral generating relation involving the 2VHKdFP
H,(x,y) and the 2VESP SN (z,y) holds true:

(—a)? e
q!

N
— Z Huvn (1, 0) Annn (ytn!) (2.8)

n=0

> Horn(u,0)S3N (2,y)

q,n=0
Remark 2.2 Taking w = 0 in assertion (2.1) of Theorem 2.1 we deduce the following
consequence of Theorem 2.1:

Corollary 2.2 The following family of bilateral generating relation involving the 2VHKdFP
H,(x,y) and the 2VESP SN (z,vy) holds true:

ZH (u,v)S%N (z,y)t Z H o n (u,0) AgiNnn p (2.9)

n=0 q,n=0

In the next section, Corollaries 2.1 and 2.2 will be exploited to derive families of mixed
multilateral generating relations involving the 2VHKAFP H,,(x,y) and 2VESP SV (x,y)
with the help of the method considered in [2].
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3 Multilateral generating relations

We prove the following theorem by using Corollary 2.1:

Theorem 3.1 Corresponding to an identically non-vanishing function Q, (z1,...,2z1) of
complex variableszy, . ..,z (I € N) and of complex order p , let
Ay (z1,- 0 2i5m) ::Z arQuror (215, 21) 0" (ax # 0,,n € C), (3.1)
k=0

then we have, for n, p € N

—pk +n—pk
(=) (wt)

s oo [3]
Z Z Z . Hgpn—pk (0, 0) 5PN (2,9) Qi (21,0, 2001

q=0 n=0 k=0 (q — pk)!
= (v @t™)
= A‘uﬂp (Zl, cey 2 77) HZ:OHNH (u, ’U) AN”’”T’ (32)

provided that each member of assertion (3.2) exists.
Proof Using relation (2.3), we find

(=)’ (wt)™™

L.h.s= Z ak gk (21, 2) 0" Z Hypn(u,0)STN (2,y) J

k=0 q,n=0

(3.3)

Using equations (3.1) and (2.8) in the r.h.s. of equation (3.3), we get the r.h.s. of equation
(3.2). O

Next, following the same procedure leading to assertion (3.2) of Theorem 3.1 and using
Corollary 2.2, we get the following result:

Theorem 3.2 Corresponding to an identically non-vanishing function Q, (z1,...,2z1) of
complex variables z1, ...,z (1€ N) and of complex order p, let

Ay (21, ..,zl;n)::ZakQ#H,k (z1,-.-,21) n" (ar, #0,¢%,m € C)
k=0

(3] (3.4)
@ﬁ:g’ (U, 0, @, y; 21, . oy 25T )i= Z apH ,,_p, (u,v) Sg’i\;k (2,9)Qurpr (215, 21) T
k=0
where n,p € N. Then, we have
S U
Z @ﬁi}é)(ua Uy Y5 215 -+ 45 215 t_p)tn
n=0

o0
=N,y (z1,...,25m) ZO Hyinn (4,0) AgtNnn "
q,n=

provided that each member of assertion (3.5) exists.
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Notice that, for every suitable choice of the coefficients aj, (k € Np), if the multivariable
function Q4 ¢k (21, .. ., 21), (I € N), is expressed in terms of simpler function of one and more
variables, the assertions of Theorems 3.1 and 3.2 can be applied in order to derive various
families of multilinear and multilateral generating relations involving some polynomials of
two variables

For example, if we set | = 2,9 = 1,= 0,Q (21, 22) =Lk (21, 22) and ap = 1/k! in
assertion (3.2) of Theorem 3.1 and using (1.28) we readily obtain the following mixed
trilateral generating function:

oo 0o [%] AN le (_x)quk (wt)qunfpk
g nzzo ]§)Hq+nfpk (u, ) SI7PPN (2, y) Ly (2122) (= ph)]
(yn™)"

= oxp (227) Co (—21m) Y Hyvn (4, 0)Annn (3.6)

n=0

n!

In the next section, we derive some bilateral and trilateral generating functions for the
2VHKAJFP H, (x,y) and other polynomials as applications of the results derived in Sections 2
and 3 with the help of certain generating functions and the remarks introduced in Section 1.

4 Applications
First, the following bilateral generating functions are obtained as applications of Corollaries

2.1 and 2.2:
(i) Taking N =1 and {A%"}fn:o as in Remark 1.1 and using relation (1.8) in equation

(2.8), we get
e — ) nta e n
3 (@) Horm 00 g7 (o) SLEL 2 5 ), 1) B )
q,n=0 ’ n=0 ’

which on using equation (1.36) in the r.h.s. gives the following bilateral generating

function:
> o —x)l¢nta
S (@), Hytn(t, 0)get 0 (o) T2
q,n=0 T

g B+1 4uy?t?
2 ’(1—uyt)2>' (4.2)

Now, using the following relation between the Jacobi polynomials pled) (z,y) and
Lagrange polynomials [2, p. 442 ]:

e} n —a—n,—F—n $+y
89 (o) = (y =) P (24, (@3
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(if)

(iii)

in the r.h.s. of equation (4.2), we get

Z (), Hypn (u, v) P07 07m=A7m) (‘T + y) (y —z)" (—z)T¢n+d
q,n=0 I " r—Y q'
B A+1 4y t?
=1 —uyt)” Por, 3y n 5 |- (4.4)
(1 — uyt)

Again taking N =1 and {Aqm};on:o as in Remark 1.1 and using relation (1.8) in
equation (2.9), we get

S Ho () g0 )17 = 3 (@), (8), oo (u) B0 (5

n=0 q,n=0

which on using relation (4.3) in the r.h.s. becomes

ZH (u, v) P o= —8=n) (“y> (yt — at)"

n=0 r—y
=3 (@, ), 8, () L (46)
q,n=0 ’

Taking N = 2 and {Aqm}gon:o as in Remark 1.2 and using relation (1.11) in equation
(2.8), we get

e ) nta o 2\
3 (@) Hyo () 0 (o) UL 5 (8), Ha a0 W
q,n=0 ’ n=0 ’

Again taking N = 2 and {4,,} "

gn=o 3 in Remark 1.2 and using relation (1.11) in
equation (2.9), we get

S Ho (0, 0) B (@,9) " = 3 (), (B) Hopan (u,0) (y;,) ("’;ﬁ)q. (4.8)
n=0 q,n=0 ’

as in Remark 1.3 and using relation (1.14) in equation (2.8), we

Taking {Ag.n},.,—
get,

)9 gnta

ZHNn u, ) (ytN) . (4.9)

S Hyn (u,0) B () 520 —

nl |
q,n=0 T

which for N = 2 and then using relation (1.19) and the following generating function
[15, p. 412]:

1
Hy, 4.10
\/1—4vz (1—4vz> nz 2n (v, 0) ( )
in the Lh.s. and r.h.s. of the resultant equation respectively gives

> (—x)Ttnta 1 u?yt?
S Hypn (u,0) Hy (2, y) = o) (1D

ex
gm0 nlg! V1 —4doyt?
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Again taking {Aqyn}gonzo as in Remark 1.3 and using relation (1.14) in equation (2.9),
we get

W) ( N) (xt)?
ZH u,v) H™ (z,y) Z Hyinn i (4.12)
n=0 ! q,n=0 ! ’

which for N = 2 and using relation (1.19) gives

n! q!

S Ho (a0 o () o = 3 Hypan (a0) C2 0y
n=0 '

q,n=0

Now, using the following bilinear generating function [16, p. 717 |:
" 1 xzt + 2 (wa? + yz?)
H,(z,y) H, (z,w) — = exp 4.14
in the Lh.s. of equation (4.13), we get

1 aut + % (va? + yu? = yt2)" (xt)?
mexl)( 1—(4yt2v )> = Z Hgyon (u,v) ( ) () , (4.15)

which for x = 0 and yt? = z gives equation (4.10).

Taking {Agn},,—o
get,

q,n=0

as in Remark 1.4 and using relation (1.23) in equation (2.8), we

) ¢nta

Z H(I“Fn (u’ 'U) NL" ('r5 y) n|q| Z HNH 'LL 'U
q,n=0

xtN)
(n1)?*

Now, for N =1 and replacing x by —z in equation (4.16) and using equation (1.27)
we get

(4.16)

Z Hyin (u,v) Ly (x,y) M = ZH" (u,v) ((—xft)" (4.17)

q,n=0

which on using relation (1.40) in the r.h.s. and then using the following definition of
the n'" order Hermite-Tricomi function [15, p. 407 |: (for n = 0)

= (=) Hy (2, y)
n\L, = 4.1
#Cn(z.9) ;0 KU (k + n)! (4.18)
gives the following bilateral generating function:
e —)qnta
Z Hgtn (u,v) L (2, y) % = nCo(uzt,vat’). (4.19)

q,n=0

Also for N = 2 and replacing z by —z in equation(4.16) and using equation (1.31),
we get

)1 ¢nta

Z Hyin (u,v) Sy, (z y) n'q' ZHgn (u,v)

q,n=0

xt2)

4.20
)’ (4.20)
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which on using relation (1.40) in the r.h.s. and then using the following definition of
the O' order Hermite-Bessel functions [12]

o~ (=) Ho, (2,)

aJo(z,y) = 3 (4.21)
= 227 (rl)
gives the following bilateral generating function:
(—y)tnta 2
Z Hyin (u,0) Sy (2,y) ~——— = mJo (2u/at, dvat®). (4.22)
nlq!
q,n=0
Again taking {A%"}fn:o as in Remark 1.4 and using relation (1.23) in equation (2.9),
we get
tN)" (yt)?
ZH (u,v) NLp, (2,y) ZH(HN"UU (") (y), (4.23)
n=0 q,n=0 (TL') q!

which for N =1 and replacing « by —z and using equation (1.27) becomes

ZH (u,v) z,Y) t" Z Hgin (u,v) (=zt)" (yt)" . (4.24)

2
gm0 (n!) q!

Now, using the following bilateral generating function [16, p. 718 ]:

n

i H, (z,y) L, (z,w) % = exp (y (wt)® + xwt) uCo (2zt (; + ywt) Y (zt)Q) ,
n=0

(4.25)
in the Lh.s. of equation (4.24), we get
exp (v (yt)® + uyt) uCo (2xt (g + vyt) U (Xt)2)
xt)" (yt)?
Z Hyyn (u,v ((n')) ( q? : (4.26)
q,n=0 ’
Also for N = 2 in equation (4.23), we get
- NG )" (yt)"
;Hn (u,v) Ly, ' q;@ Hyion (u,v) 7 (4.27)

which on using the following bilateral generating function [16, p. 720]:

o0 tn

ZHn(x, y) 2Lip (z, w) ol

n=0 ’
= exp (xwt +y (wt)2) uJo (4y\/zt (;_y + wt) : 4zyt2> : (4.28)



82

Ahmed Ali Al-Gonah and Hussein Abdulhafed Saleh

in the Lh.s. gives
exp (uyt + v (yt) )HJO (41)\/_t ( + yt) ,4xv2)

ZOHquzn u,v) ((xt')) (y;!) (4.29)

Taking N = 1 and {A4,, n} o as in Remark 1.5 and using relation (1.34) in equation
(2.9), we get
S ( )" (—at)!
> Hy (u,v) Ry, (x, Z Hyin (u,v) @ (4.30)
= q,n=0 q:

Now using the following bilateral generating function [16, p. 721]:

o0 tn
Z Hy(z,y) Ry (2, 0) ——
=0 (n!)
=uCoyo (—xwt, y(wt); zat,y (=) | — 2wyzt2) . (4.31)

in the Lh.s. of equation (4.30), we get

#Co,0 (—uyt, v (yt)?; zut, v (xt) — 2yvxt2) qnzo Hyyn(u,v E ; ((qx')tg (4.32)

where ;;Co o(a, 3;7,d]e) denotes the (0, 0'1) order of the two-index Tricomi-Bessel
function defined by [16] (for m = n = 0)

(-1 H, (2, yz, w|T)
aCo0(7,y; 2, w|T) 2, 2 :
;o (r)™ (sh)
Next, the following trilateral generating function is obtained as an application of the
result (3.6):
Taking N =1 and {4} "
(3.6), we get

(4.33)

gn=0 s in Remark 1.1 and using relation (1.8) in equation
x)q*pk (wt>q+nfpk
k! (g — pk)!

(ywt)"
n!

p ko
ZZZ Hoy i (1, 0) g5 (2, ) Ly (212) T
q=0n

o0

— exp (z2m) Co (—21m) 3 (@), H(u, 0)

n=0

: (4.34)

which on using relation (1.36) in the r.h.s. give the following generating functions:

‘dI-Q

] k _x)quk (

Z Z Hgin- pk(u v) gy (a-+a—pk, ﬁ)( )Lk(z’12’2)77 ( v

p o s k! (q — pk)!

Cu +1 4 t)?
=exp (221) Co (—21m) (1 — uywt) ™" 2 Fy (%’ @ - v (ywt) ) . (4.35)

t) q+n—pk

2 7 71— uywt)?
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Similarly other trilateral generating functions can be obtained as applications of the result
(3.6) with the help of Remarks 1.2-1.5

Finally, it is worthy to note that by using relation (1.38) the results obtained in this
section give many bilateral and trilateral generating functions for the classical Hermite
polynomials H, (x) associated with other polynomials.

5 Concluding remarks

The approach adopted in this paper is general and can be exploited to establish further con-
sequences regarding other special polynomials. Here, we establish some generating functions
involving the 2VLP L, (z,y) given in equations (1.28) and (1.29)

Now, following the same procedure leading to assertion (2.1) of Theorem 2.1, we get
the following family of bilateral generating relation involving the 2VLP L, (z,y) and the
2VESP S%Y (z,y):

> t"w > ytN " (w + xt)?
5" Lt (00) ST (0.3) T = 3 Lyt (100) Agenn Lo I 5
q,n=0 ' n,q=0 ' 7
Putting w = —zt and w = 0 in equation (5.1) respectively, we get
oo (—.I)q tn+q ytN
> Lot (w )™ (@,y) ~——— = ZLM (u v>ANm( n!) (5.2)
q,n=0 n=0
and Nn
yt xt)?
ZL (u, v)SON (z, )t Z Lyt nn (u, U)Aq+Nnn( n') ( |) , (5.3)
n=0 q,n=0 ’ 7
respectively.
Taking {A,, n} o as in Remark 1.4 and using relation (1.23) in equation (5.2), we get
0 _ qthrq 0 .ItN n
S Lyn (00) 9o o) O S L ) £ (5.4)
q,n=0 g n=0 (n)

For N =1 and replacing = by — in equation(5.4) and then using relation (1.27) and
the identities

we get the following bilinear generating function:

N (=)t
Z Lgin (u,v) L (z,y) Tl £Co(uzt, vay), (5.6)
q,n=0 o
where ;,Co(z,y) denotes the O'" order Laguerre-Tricomi functions defined by [12]
= YLy (z
1Co(z,y) Z i D Lk (29). (5.7)

=0
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Again taking {A, n} _o as in Remark 1.4 and using relation (1.23) in equation (5.3),
we get

xtN 4
nzoL u, V) NLyp (2,9) ' anOLquNn u,v ((Z')) (yqt') , (5.8)

which for N = 1 and replacing z by —z and using equation (1.27) becomes

ZL" (u,v) Ly, Z Lgin (u,v) (—xt) ()" . (5.9)
n=0

gn=0 (n))* !

Now, using the following bilinear generating function [17]:
o0 tn
Z L, (u,v) Ly, (z,y) — = exp (vyt) Co,0 (zvt, yut, zut), (5.10)
n!
in the Lh.s. of equation (5.9), we get

exp (vyt) Co o (zvt, yut, Tut) Z Lgin (u,v ((_Tj? (y;) , (5.11)

q,n=0

where Co o (2, y, z) denotes the (0™, 0*") order 2-indext 3-variable Tricomi functions defined
by [18]

Lk
Coo (z,y, 2 ch k' (5.12)

Remark 5.1 As in Section 4 many generating functions can be obtained as applications of
results (5.2 ) and (5.3) with the help of Remarks 1.1-1.3 and 1.5
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