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3-total edge product cordial labeling of wheel related graphs
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Abstract For a graph G = (V(G), E(G)), an edge labeling function f : E(G) —
{0,1,--- ,k — 1} where k is an integer, 2 < k < |E(G)|, induces a vertex labeling
function f* : V(G) — {0,1,--- ,k — 1} such that f*(v) is the product of the labels
of the edges incident to v (mod k). This function f is called k-total edge product
cordial (or simply k-TEPC) labeling of G if |(vs(2) + ef(3)) — (ve(3) + er(4))| < 1 for
allé,j € {0,1,---,k—1}. In this paper, 3-total edge product cordial labeling for wheel
related graphs is determined.
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1 Introduction

Let us begin with a graph that is simple, finite, connected and undirected G = (V(G), E(G))
with order p and size q. With regards to the standard terminology and notations in Graph
Theory, we refer to West [1]. We also provide a brief summary of definitions that are
invaluable for the present study.

Definition 1 A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain condition(s). If the domain of the mapping is the set of vertices (or edges)
then the labeling is called a vertex labeling (or an edge labeling).

For a labeling function f, a vertex v (or an edge e) is an i-vertex (or an i-edge) if f(v) =4
(or f(e) = i) where i € Z. Denote the number of i-vertices (or i-edges) of G under f by
vy (@) (or ef(7)), respectively and let f(i) = vs(i) + ef(3).

Cahit [2] introduced cordial labeling and called a graph G cordial if there is a vertex
labeling f : V(G) — {0,1} such that the induced labeling f* : E(G) — {0, 1}, defined
by f*(zy) = |f(z) — f(y)| for all edges zy € E(G) such that |vs(1) — v;(0)] < 1 and,
lef(1) —ef(0)] <1 where vy(i) (respectively ef(i)) is the number of vertices (respectively,
edges) labeled with i.

Product cordial labeling was introduced by Sundaram et al. [3]. A product cordial
labeling of a graph G with vertex set V is a function f from V to {0, 1} such that if each
edge uv is assigned the label f(u)f(v), the number of vertices labeled with 0 and the number
of vertices labeled with 1 differ by at most 1, and the number of edges labeled with 0 and
the number of edges labeled with 1 differ by at most 1. A graph with a product cordial
labeling is called a product cordial graph.

Recently, Vaidya and Barasara [4] proposed edge product cordial labeling. Given an
edge labeling function defined as f : E(G) — {0,1} and induced vertex labeling function
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f*: V(G) — {0,1} such that f*(v) = f(e1)f(e2)--- f(en) for edges ey, eq,- -, e, that
are incident to v. The function f is called edge product cordial (or simply EPC) labeling
of graph G if |vs(1) — v(0)] < 1 and, |ef(1) —ef(0)] < 1. A graph G is called edge
product cordial if it admits edge product cordial labeling. Vaidya and Barasara [5] used
same labeling strategy and they called the function f a total edge product cordial (or simply
TEPC) labeling of G if |(v;(0)+ef(0)) — (vs(1)+er(1))] < 1. A graph G is called total edge
product cordial if it admits total edge product cordial labeling. For an extensive survey on
graph labeling, we refer to Gallian [6].

Azaizeh et al. [7] introduced k-total edge product cordial labeling which is defined as
follows.

Definition 2 Let f be a map from E(G) to {0,1,---,k—1} where k is an integer, 2 < k <
|E(G)|. For each vertex v, assign the label f(e1)f(e2) - f(en) (mod k) where ey, ez, - , e,
are the edges incident to vertex v. The function f is called a k-total edge product cordial
(or simply k-TEPC) labeling of G if [(vf(i) + ef(i)) — (ve(y) + er(4))] < 1, for i,j €
{0,1,---,k—1}. A graph G with a k-total edge product cordial labeling is called k-total
edge product cordial graph.

In [7], the authors proved that paths P, for n > 4, cycles C,, for 3 < n # 6, some trees
and some unicyclic graphs are 3-TEPC graphs. Azaizeh et al. in [8] showed that complete
graph K, for n > 4, bipartite graph K,, ,, for all n > m > 2 and generalized friendship
graphs are 3-TEPC graphs. Recently, Azaizeh et al. [9] investigated the 3-TEPC labeling for
more families of graphs namely, fans, double fans, triangular snake graph, double triangular
snake graph, quadrilateral snake graph, double quadrilateral snake graph, cycle with one
chord and cycle with two chords.

As a continuation of these results [7—9], the main aim of this paper is to determine the
3-total edge product cordial labeling for wheel related graphs.

2 Main result

Let W,, = C,, + K1(n > 3) denotes the wheel of order n and a vertex which corresponds
to C,, in W, is called rim vertices and a vertex which corresponds to K is called an apex
vertex. We first give some definitions which are useful for our investigation.

The following definitions are due to Vaidya et al. [10].

Definition 3 Consider two wheels Wél) and W,g2), then G =< W,gl), W7§2) > is the graph
obtained by joining apex vertices of wheels to a new vertex x. Note that G has 2n + 3
vertices and 4n + 2 edges.

Definition 4 Consider k£ copies of wheels namely Wél),Wf),Wf’), e ,W,gk). Denote
G =< W,gl), 52), ,S?’), cee ,S’“’ > be the graph obtained by joining apex vertices of
each W,Sp*” and W,S“ to a new vertex x,—1 where 2 < p < k. Note that G has k(n+2)—1
vertices and 2k(n + 1) — 2 edges.

Theorem 1 The graph < WiV, W2 Wi, ... w¥ > is -TEPC.
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Proof Let V(< WY, Wi, oo Wi ) = {u@ o 1< j <k 1<i<n}U{zml<
m < k—1} and E(< WV, WP, Wi 5) = (0P 1< j < k1 <i<n—1}U
{vgj)vgj),l <j<k}u {u(j)vgj),l <j<kl1<i<n}u {u(j)xj,u(jJrl)xj,l <j<k-1}
We consider the following cases.

Case 1: k=0 (mod 3).
Case 1.1: n =0 (mod 3). Define an edge labeling
fBE(WO WE - W >) —{0,1,2)

in the following way:

f(vgj)vgi)l) =0,1<j<k1<i< (n;3)
@),y _ <k P Bnd)
f(vijviil)_2’1§]§k’§glg 3
L 2
PSSO
Sy =21 <j <k
ﬂwmghza1§jgh1gigg
ﬂMM§U:2J§jgkﬁ”;$Si§%}
f(u(j)vl(j)) =1,1<j<k, w <i<n
) k
™ Dgg; 0) =0,1<j < 3
f(u(2)331) =0
. k—
B g 1) =1,1<5 < TB
) k
B Vg 1) =1,1<j < 3
k
f®ag; 1) =1,1< 5 < 5
k—3
fag) =0,1<5< 3
FuBithg, ) =21<5< kg;?)

Case 1.2: n =1 (mod 3). Define an edge labeling
FrE(<W®H WE W ) —{0,1,2}
in the following way:

G —4
f@wﬁﬁjza1§jgh1giggl—l

k i:(n—l)

3’ 3

FP D@ =1,1<5 <
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P = 2,0 = 2D

FE ) —01 <5< B2 ;2D
ﬂ%m%ﬁﬁzzlgjggJ:(”;U
ﬂ%mﬁD:2J§j§kf”;mgi§(%;n
ﬂ%mﬁD:ngjgh@ﬁ:QSign_1
FOPW) =1,1<5<k
ﬂMW§U:Q1§j§m1gigﬁ%?Q
ﬂMW§U:2J§j§kﬁ”;®§i§Qﬁ§2
ﬂwmﬁthléjéhQ%;Qgign

fwPz)=2,1<j<k-1
fwite) =1,1<j<k-1.

Case 1.3: n =2 (mod 3). Define an edge labeling
FE(WH W W ) - {0,1,2)

in the following way:

) =01<j<k1<ic 02
f(’Ul vz+1) ) _]_ ) 3 ST 3

i) (G 2 2
f(v?)vz(i)l):l,lﬁjﬁk,% <i<n-—1
FOD =11<j<k
FuDy=01<j<k1<i< w

. k—
FuBitDz, ) =1,1<j < T3
FuWDo?)=1,1<j <k, (2”; D ci<n

i k
By 5) =0,1<j < 3
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In this case, we have

e(0) +v(0) =e(l) +v(l) =e(2) +v(2) =3n+3 + ?(371 +4).
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Therefore | f(0) = f(1)| = [£(0) = )| = [f(1) = f(2)] = 0. So [f(©) = f(H)] =0
for 0 <¢ < j <2, therefore f is a 3-TEPC labeling.

Case 2: k=1 (mod 3).

Case 2.1: n =0 (mod 3). Define an edge labeling

f:E«w® w o w5 0,1,2)

in the following way:
f?
f?
ff

f@)
f(u(j)

Fu®
Fu®)
flut®
flut®

v)=01<j<k1<i< (”;3>
) =21<j<kz<is (2”3_3>
v§i’1>:1,1§j§k,2§" <i<n-1
v =21<j<k
W=01<j<ki<i<g
Wy=21<j<k, (”;‘r” Sié%n
v§”>:1,1§j§k,w§i§n
g _9) =0,1<5 < %
71)$3j72):1,1§j§%
71)$3j—1)—1,1<]§%
Va3 1):1a1<J§%
)$3)*0a1<J§k3—1

k—1
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We have
e(0)+v(0) =e(1)+v(1) = n+%(3n+4), e(2)+v(2) = n+1+%(3n+4).

Therefore, |f(0) = f(1)] = 0,[f(0) = f(2)] = [f(1) = F2)| = 1. So [f(i)) = f(H)] <1
for 0 <i < j <2, thus fis a 3-TEPC labeling.

Case 2.2: n =1 (mod 3). Define an edge labeling
FrE(<W®H WE W ) —{0,1,2}

in the following way:

G —4
FOPWD) =0,1<j<k1<i< %

(3j—2) (37—2)\ __ . _(k+2) . (n-1)
fo7 o) =2,1<5 < 3 T3

(35—1) (3j—1)y _ . _(k=1) . (n—1)
f(vij UHJl )=1,1<j< 3 b 3

FOPuE) =01 <5< ===

1 141 y 3
)yl 2 2n + 1
f(vgj)vgi)l)zz,lgjgk,(”;r >§i§(n; )
: o + 4

FOPo#) =11 < k’(n;)ﬁiﬁn—l
P =1,1<5<k
Fuu) =01 <j<k1<i< "t
FuDey=21<j<k, (”;5) <i< w
f(u(j)vgj))zl,lﬁjﬁk,wSiﬁn

fwWz))=21<j<k-1
FYe)=11<j<k-1.
k-1
We have ¢(0) +v(0) = n+ 1+ T(3n +4),e(1) +v(1) = e(2) +v(2) =
k-1
n+ ——(3n+4). Therefore, |£(0) - fF(1)] = [£(0) = f(2)] = L, [f(1) - f(2)| = 0.
So |f(7) — f(j)] < 1for 0 <i < j <2 and therefore f is a 3-TEPC labeling.
Case 2.3: n =2 (mod 3). Define an edge labeling
fBE(WOWE - W >) —{0,1,2)

in the following way:

—
3
|
ot
~

IN
ol
IN
IN

FPvI ) =01 <

K3

IN
>

7 =

FPvy =21 <
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f(«;f%ﬁ’ﬁﬁ@gjgk,%ﬁ <i<n-1
f(v,(lj)vgj)) =1,1<;<k

FuDol)y =01<j<k1<i< @
FDu?) =2,1<j <k, (”;4> <i< w
FuDv?Py =1,1< Sku@n;2)§i§n
™5 ) =0,1<5< %

WOy ) =1 1<j< S22

Ny ) =11<5< S22
s ) =1,1<5 < 1

sy =0,1< < P22

g <31 £

We have ¢(0) + v(0) = e(1) + v(1) = n+ kg;l(fin +4),e(2)+v(2)=n+1+

=23+ 1), Therefore, [7(0) ~ /(1] = 0, £(0) ~ f2)| = 1£(1) ~ () = 1. So

(@) — f(5)] <1 for 0 <i<j <2 and therefore f is a 3-TEPC labeling.
Case 3: k=2 (mod 3).
Case 3.1: n =0 (mod 3). Define an edge labeling
frBE(«wO,wR Wik >) - {0,1,2}

in the following way:

V) =01<j<k1<i< (”;3>

FoPuh) =21<<k g <is< (2”3_ 3)
). 2

Foul) =11 <k S <i<n—1

FPvy =21<j<k

WDy =0 1<j<k1<i<’
1 3 ] ) 3
FDo?) =2,1<j <k, (”;‘r” <i< %”
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Case 3.2: n =1 (mod 3). Define an edge labeling
FE(WH W W ) - {0,1,2)

in the following way:

FePD) =0,1<j<k1<i< (”;4>
feDuy =2,i= E2

FRE ) Zg << L (”; D)
FOPE)) =1,1<5 < k;2,i— (”; D)
ST — 1< < b = 2 i= (”; D)
FODuD) =21 <j <k, (”;m <i< (27"‘3—“)
JEPD) =11 <5<k, (2”; Veicni
FOPV) =1,1<5 <k
Fu)y=0,1<j<k1<i< (”;m
fuin?y =21 <5<k 0 <o @
ﬂMM&h:L1gjghQﬂngign

3
fwWz)=21<j<k-1

fwitzj) =1,1<j<k—1.
Case 3.3: n =2 (mod 3). Define an edge labeling
FE(WH W W ) - {0,1,2)
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in the following way:

) =01 << k1<i< Y
fe ) =2.1<j <k, (”;2) <i< (2”3_ 2
FOPWE ) =11<5 <k, (2”’;2) <i<n-1
FPo) =1,1<5<k

FuoP) =0,1<j<k1<i< (”;1)
Fuoy =21 < j <k, (n;r4 <i< (2n3_ 1)
fDoP) =1,1<j <k, (2n3+2 <i<n
F® g 0) =0,1<j < k:si1

f(u(BJ 1)x3j )=1,1<j< k:si

Fw® Vg, 1) =0,1<j< k3;2

Fu®zs; 1) =2,1<;< %

f(u(gj)xgj) =1,1<5< kgi

F@® gy =1,1< 5 < kfs;2

In this case, we have e(0)+v(0) = e(2)+v(2) = 2n+2+k—;2(3n+4), e(1)4+v(1) =

k—
214522 (3n44). Therefore, [£(0)~F(1)] = |£(1)~/ ()| = 1,17(0)~f(2)] =
0. So |f(i) — f(j)] < 1for 0 <i< j <2 and therefore f is a 3-TEPC labeling.

Hence, this completes the proof. O

Example 1 The graph < Wél), Wé2) > and its 3-TEPC labeling is shown in Figure 1.

3 Conclusion

We completely determined the 3-total edge product cordial labeling for wheel related graphs.
The labeling pattern is elucidated by means of illustrations. To derive similar results for
other families of graphs and in the context of different labeling problems is an open area of
research.
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Figure 1: The graph < Wél), Wé2) > and its 3-total edge product cordial labeling
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