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Atom-bond connectivity index of graph with two edges added
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Abstract The atom-bond connectivity index of a graph G, denoted as ABC(G), is
defined as the sum of the weight

r

du + dv − 2

dudv

of all edges uv of G, where du (or dv) denotes the degree of vertex u (or v) in G. The
ABC index provides a good model for the stability of linear and branches alkanes as
well as the strain energy of cycloalkanes. In this note, we prove that ABC index of a
graph increases when two new edges are added.
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1 Introduction

All graphs considered here are finite, simple and undirected. The vertex and edge set of G

are denoted by V (G) and E(G), respectively. In chemical graphs, the vertices of the graph
correspond to the atoms of the molecule, and the edges represent the chemical bonds. For
terminologies and notations that are not defined here, please refer West [1].

A graphical invariance is a number related to a graph which is structurally invariant,
that is to say it is fixed under graph automorphisms. In chemistry and for chemical graphs,
these invariant numbers are known as the topological indices. One of the most important
topological indices is the Randic index [2]. But a great variety of physico-chemical properties
rest on factors rather than branching. Accordingly, Estrada et al. [3] proposed a new index,
known as the atom-bond connectivity index of graph G, denoted as ABC(G), is defined as
the sum of the weight

√

du + dv − 2

dudv
(1)

of all edges uv of G, where du (or dv) denotes the degree of vertex u (or v) in G. The ABC

index keeps the spirit of Randic index, and it provides a good model for the stability of linear
and branched alkanes as well as the strain energy of cycloalkanes [3, 4]. Some properties
of ABC index for trees have been studied in [5, 6]. More mathematical properties for the
ABC index may be found in [7–9]. Chen and Guo [10] proved that the ABC index of graph
decreases when any edge is deleted. Das et al. [11] studied the change of the ABC index
when a new edge is inserted into the underlying graph. In this paper, we shall investigate
the behaviour of the ABC index when two edges are inserted into the underlying graph.
This result was obtained by using the same approach in [11].
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2 Main result

We first give some examples of the ABC index for simple graphs. Let Pn, Cn, Kn denote
the path, cycle and complete graphs with n vertices, respectively.

Example 1 For n ≥ 3,

1. ABC(Pn) =
√

2

2
(n − 1),

2. ABC(Cn) =
√

2

2
n,

3. ABC(Kn) =
√

2

2
n
√

n − 2.

Assume that the vertices i and j of graph G are not adjacent. Let G + {ij} denotes the
graph formed from G by adding the new edge ij into G.

Theorem 1 [11] Let G be a simple graph with non-adjacent vertices i and j. Then

ABC(G + {ij}) > ABC(G).

Let G − uv denotes the graph obtained by deleting the edge uv from graph G.

Theorem 2 [10] Let x1x2 be an edge of a graph G and x1x2 is not an isolate edge, then

ABC(G − x1x2) < ABC(G).

Let G be a graph with n vertices. Suppose that the vertices i, j, p, q of G are not adjacent,
and insert two new edges {ij, pq} to obtain the new graph G + {ij, pq}.

Now we give our main result.

Theorem 3 Let G be a simple graph with non-adjacent vertices i, j, p, q. Then

ABC(G + {ij, pq}) > ABC(G).

Proof Note first that

√

di + 1 =
√

di

√

1 +
1

di
<

√

di

(

1 +
1

2di

)

=
√

di +
1

2
√

di

, (2)

√

di + dk − 2 =
√

di + dk − 1
(

1 − 1

di + dk − 1

)1/2

<
√

di + dk − 1
(

1 − 1

2(di + dk − 1)

)

, (3)

√

dp + 1 =
√

dp

√

1 +
1

dp
<

√

dp

(

1 +
1

2dp

)

=
√

dp +
1

2
√

dp

, (4)
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√

dp + dr − 2 =
√

dp + dr − 1
(

1 − 1

dp + dr − 1

)1/2

<
√

dp + dr − 1
(

1 − 1

2(dp + dr − 1)

)

, (5)

and consider the difference between the ABC indices of G + {ij, pq} with G:

ABC(G + {ij, pq})− ABC(G) =

∑

k∈Ni

[

√

1

di + 1
+

1

dk
− 2

(di + 1)dk
−

√

1

di
+

1

dk
− 2

didk

]

+

∑

k∈Nj

[

√

1

dj + 1
+

1

dk
− 2

(dj + 1)dk
−

√

1

dj
+

1

dk
− 2

djdk

]

+

√

1

di + 1
+

1

dj + 1
− 2

(di + 1)(dj + 1)
+

∑

r∈Np

[

√

1

dp + 1
+

1

dr
− 2

(dp + 1)dr
−

√

1

dp
+

1

dr
− 2

dpdr

]

+

∑

r∈Nq

[

√

1

dq + 1
+

1

dr
− 2

(dq + 1)dr
−

√

1

dq
+

1

dr
− 2

dqdr

]

+

√

1

dp + 1
+

1

dq + 1
− 2

(dp + 1)(dq + 1)
. (6)

Bearing in mind inequalities (2) and (3), we get

√

1

di
+

1

dk
− 2

didk
−

√

1

di + 1
+

1

dk
− 2

(di + 1)dk

=

√
di + 1

√
di + dk − 2−

√
di

√
di + dk − 1

√

dkdi(di + 1)

<

√
di + dk − 1

√

dk(di + 1)

[(

1 +
1

2di

)(

1 − 1

2(di + dk − 1)

)

− 1
]

=
2dk − 3

4di

√

dk(di + 1)(di + dk − 1)
<

1

2di

√
di + 1

from which follows

∑

k∈Ni

[

√

1

di
+

1

dk
− 2

didk
−

√

1

di + 1
+

1

dk
− 2

(di + 1)dk

]

<
1

2
√

di + 1
(7)
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and

∑

k∈Nj

[

√

1

dj
+

1

dk
− 2

djdk
−

√

1

dj + 1
+

1

dk
− 2

(dj + 1)dk

]

<
1

2
√

dj + 1
(8)

Similarly, from inequalities (4) and (5), we obtain

√

1

dp
+

1

dr
− 2

dpdr
−

√

1

dp + 1
+

1

dr
− 2

(dp + 1)dr
<

1

2dp

√

dp + 1

from which follows

∑

r∈Np

[

√

1

dp
+

1

dr
− 2

dpdr
−

√

1

dp + 1
+

1

dr
− 2

(dp + 1)dr

]

<
1

2
√

dp + 1
(9)

and

∑

r∈Nq

[

√

1

dq
+

1

dr
− 2

dqdr
−

√

1

dq + 1
+

1

dr
− 2

(dq + 1)dr

]

<
1

2
√

dq + 1
(10)

Without loss of generality, assume that dj ≤ di and dq ≤ dp, and then by simple
calculation, we have

1

2
√

di + 1
+

1

2
√

dj + 1
<

1
√

dj + 1
≤

√

di + dj
√

(di + 1)(dj + 1)
(11)

and

1

2
√

dp + 1
+

1

2
√

dq + 1
<

1
√

dq + 1
≤

√

dp + dq
√

(dp + 1)(dq + 1)
(12)

Using the formulas (7)–(12), we get

∑

k∈Ni

[

√

1

di
+

1

dk
− 2

didk
−

√

1

di + 1
+

1

dk
− 2

(di + 1)dk

]

+
∑

k∈Nj

[

√

1

dj
+

1

dk
− 2

djdk
−

√

1

dj + 1
+

1

dk
− 2

(dj + 1)dk

]

<

√

di + dj
√

(di + 1)(dj + 1)
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and

∑

r∈Np

[

√

1

dp
+

1

dr
− 2

dpdr
−

√

1

dp + 1
+

1

dr
− 2

(dp + 1)dr

]

+
∑

r∈Nq

[

√

1

dq
+

1

dr
− 2

dqdr
−

√

1

dq + 1
+

1

dr
− 2

(dq + 1)dr

]

<

√

dp + dq
√

(dp + 1)(dq + 1)
.

Combining this with (6), we obtain the result as desired. This completes the proof. 2

3 Conclusion

In general, we do not know how the ABC index changes when some edges are added or
deleted. Das et al. [11] studied the change of the ABC index when a new edge is inserted
into the underlying graph. In this paper, we investigated the behaviour of the ABC index
when two edges are inserted into the underlying graph. We proved that the ABC index of
a graph increases when two edges are added. It seems to be very challenging problem to
determine the behavior of the ABC index when many edges are added (or deleted).
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